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PREFACE 



Imagine it may feem a 
rajh Attempt to write on 
the Subject of the Mathe- 
matics, feeing the Book- 
fellers Shelves are al- 
ready filled with them ; but confi- 
dering thofe Books already publijhed, 
there are none that jhews how to ma-, 
nage an Equation higher than a Qua- 
dratic, or at leaf in a very tedious^ 
clumfy^ round-about Way., Upon 
thefe Considerations 1 was inclined to 
believe^ that could a f mall Tract be com- 
piled, Jo as to fhew how to manage 
Equations in a Method plainer than 
'. " ' A 2 ufual, 



iv PREFACE. 

ufual, it would meet with a favoura- 
ble Reception. 

Mr. Ralphfon fome Tears ago pub- 
UJhed *a Book on this SubjeSl, called 
Refolutio Equationum ; but as the 
ingenious Author wrote it in Latin, and 
the Analytic Art being vafily improved 
fince its Publication, it is but of very 
little Ufe now, efpecially as he confined 
himfelf chiefly to Quadratics. 

I might quote many great Men, did 
I not chufe rather to draw a Vail over 
their DefeSls, from whom we daily 
reap Advantage in other Things, than 
to triumph over them on this Account. 

My Inclinations therefore led me to 
purfue this Part, which I hope 
I have in fome Meafure anfwered: 
Nay, if 1 jhould go no farther than to 
bring down fome of the befi and mofi 
ttfeful Things, already known, to be un-< 
derflood by thofe of an ordinary Capa~ 
city, I Jhould think this would exempt 
me from Cen/ure. 

Firft, i" have given the Reader 
fome choice Examples for ordering 

Equations, 
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Equations, with the Rules from Sir 
Ifaac Newton' j own Words, beginning 
in as plain, familiar, and eafy Me" 
thod as pojfible, leading him on Step by 
Step, which I jhould think would en- 
courage all thofe that are willing to 
venture and proceed with Chearfulnefs. 
Ana\ when the Reader has made him- 
felf Mafier of Managing Equations, 
where the Exterminating of Quanti- 
ties, and Do&rine of Surds, are con- 
cernedy then let him proceed to our 
Univerial Method of Converging Se- 
ries, wherein are laid down a great 
Variety of Examples in the plaineji 
and eafieft Method imaginable. 

Secondly : At the Defire of fome 
Friends, to render the Work more ge- 
nerally ufeful to thofe that are ac- 
quainted with the morefublime Branches 
of the Mathematics, / have added fome 
curious Pieces translated from the La- 
tin of the Philofophical Tranfa&ions ; 
as fome ufeful Properties of Conies ; 
Sir Ifaac NewtonV Differentials, or 
Method of Fluxions, explained \ Centre 
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»/*Ofcillation, Percuflion, &c. the di- 
reU and inveffe Method of the Laws of 
Centripetal Forces. And, if 1 have 
not rendered the Englijb in fuch a 
flowing, elegant Strain, as fome curious 
and ingenious Perfons might wijb for ; 
w if my Manner of explaining fome 
of thofe great Truths, and a few of the 
Confluences 1 have drawn, fhould be. 
defe&ive ; and perhaps, by fome Links 
being dropt, and from Faults in the 
Wording, the Chain of 'Reafoning may not 
always be clear andftrong ; yet I am 
furt the Foundation is folid arid juft ; 
and perhaps the Method, when ma- 
naged by a clearer Head, and more 
folid Judgment, may- become a noble 
Source in divine Knowledge and fub- 
lime Fhilofophy. 

Laftly, J have added fome choice 
Problems, that were propofed in the 
public Papers byfeveral ingenious Ma- 
thematicians, that I might make the 
Book the more anfwerable to the Title : 
And to the Whole is prefixed, An Effay 
«» a&* Mathematics. 

'A 
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As to the Work in general, I think 
tbere is nothing left undemonftrated, 
that is capable of it', and, if any f mall 
Miftake may have happened, which in 
a TVorh, oflhis Nature is not altogether 
unlikely >, / am fure the generous and 
honefi Part of Mankind will excufe if, 
and as for thofe Perfons whofe Excel- 
lency lies in finding Fault with every 
Thing, and very often- when there is 
no real Occafion, and of dif covering 
Errors where there are nohe ; all I 
can Jhy to them is, that they would 
produce fomething better. •'";' 

*- . " ' ■ ' ■ i 
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I Would have die Reader underftand, that 
the following are Tranflations from the 
Latin of the P&ilofopbicaiTranfa&ions, Mottfs 
Abridgment* Vol i-. 

ftp 

i. An Unrverfal Solution of Cubic and Biquadratic 

Equations analytically — 1 40 

2. A Method of Approximating in extra&ing the Root 

of Equations — — J £4 

3. Conflruftion of Equations — - 102 
4« Some Properties of Conic Seclions 9 from Mr. Dc-' 

Moivre •— — 170 

5. Of the Meafure of Ratios y from Mr. Cotes 189 

6. * new Method of Computing Logarithms 20 3 

7. Sir Ifaac Newton** Differentials, illufiratei by 

Mr. Stirling -— 208 

&. To find the Center of Ofcillation — 231 

9. Of the Motion of a Mujica I String — 242 

10. Of the Laws of Centripetal Force — • . 248 
ii< Of tb* Length of Curve Lines, by Craig 284 



And alfo, I would have the Reader under- 
ftand, that Part of the Efay on the Vfejuhefs of 
Mathematical Learning was printed in 170 1» 
being a Letter from a Gentleman in Town to 
his Friend at Oxford : But, as it has been long 
out of Prints I thought it would not be amifs 
to revive it -, which I have done, by carrying 
it on much further. 
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ESSAY 

O N T H E 

USEFULNESS 

O F 

Mathematical Learning. 

IN all Ages and Countries, where Learn- 
ing hath prevailed, the Mathematical Scien- 
ces have been look'd upon as the moft 
confiderable Branch of it. The very Name 
Ma&nffi* implies no lefs, by which they were cal- 
led either for their Excellency, or becaufe, of all 
the Sciences, they were firft taught, or becaufe 
they were judged to comprehend *&/]* ri M*9«fw0*. 
And amongft thofe that are commonly reckoned 
to be the Seven Liberal Arts, four are Mathemati- 
cal, to wit, Arithmetic* Mufic, Geometry and 
Aftronomy. 

But notwithftanding their Excellency and Re- 
putation, they have not been taught nor ftudy'd 
fo universally, as feme of the reft, which I take 
to have proceeded from the following Caufes: 
B fbi 
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$he Averfwn of the great eft part of Mankind to fc- 
rious Attention and clofe Arguing ; their not compre- 
hending fufficientfy the Neceffpy or great Ufeftdnefs of 
tbefe in other parts of Learning : An Opinion that 
this Stiujp requires a particular Genius and turn of 
Head j which few are fo ham as to he born with : 
And the want 'of publick Encouragement and able 
Mafters. For theie, and perhaps feme other Rea- 
fons, this Study hath been generally negle&ed, 
and regarded only by fome few Perfbns, whofe 
happy Genius and Curiofity have prompted them 
to it, or who have been forc'd upon it by its 
i ni mediate fubferviency to fome particular Art or 
Office. 

Therefore I think I cannot do better Service 
to Learning, „Youth, and the Nation in general, 
Chan by fliewing, that the Mathematics ', of all parts 
of human Knowledge, for the Improvement of the 
Mind) for ib&r fubferviency -to other Arts, and their 
ufefulnefs to the Commonwealth, deferve moft to be 
encouraged. 

I know a Difcourfe of this Nature will be of- 
fenfive to fome, who, while they are ignorant of 
Mathematics* yet think themfelves Mafters of 
all valuable Learning : But their Difpleafure muft 
not deter me from delivering an ufcful Truth. 

The .Advantages which accrue to the Mind 
by Mathematical Studies,, confift chiefly in theie 
Things*, 

Firft, In accuftoming. it to Attention. Secondly, 
In giving it a Habit of clofe and demmjlrative 
Reafoning. Thirdly, in freeing it from Prejudice^ 
Credulity and Superftition. 

Firft, the Mathematics make the Mind at- 
tentive to the Objects which it confiders. This 
they do by entertaining it with a great variety of 

Truths, 
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Truths, which are delightful and evident, but 
not obvious. Truth is the fame thing to the Un- 
derftanding, as Mufick' to the Ear, and Beauty 
to the Eye. The purfuit of it does really as mucn 
gratify a natural Faculty, implanted in us by out 
wife Creator, as the pleafing of our Senfes % only 
in the former Cafe, as the Object and Faculty 
are more fpiritual, the Delight is the more pure, 
free from the Regret, Turpitude, Laflitude and In- 
temperance, that commonly attend fenfual Plea- 
sures. The mod part of other Sciences confift- 
ing only of probable Reafonifigs, the Mind has 
not where to fix, and wanting lufficient Princi- 
ples to purfue its Searches upon, gives them over 
as impoffible. Again, as in Mathematical Invefti- 
Rations Truth may be found, fo it is not always 
obvious \ this fpurs the Mind, and makes it dili- 
gent and attentive. In Geometrid (Tays Quinftilian, 
Lib. 1. cap. 10.) partem fatentur effe utilem tenuis 
Mtatikus : Agitari namque Animos atqtu am ingenia y 
tt celeritatem percipiendi venire inde concedunt. And 
Plato obferves, that the Youth, who are furnifhed 
with Mathematical Knowledge, are prompt and 
quick at all other Sciences, «V to/jo, r& M*fl»/*4* 
h££t tpaivovlat. Therefore he calls it **]* **}**» iMv. 
And indeed Youth are generally fo much more 
delighted with Mathematical Studies, than with 
the unpleafant Talks that are fometimes impofed 
upon them, that I have known fome reclaimed 
by them from Idlenefs and negledt of Learning, 
and acquire in time a Habit of Thinking, Dili- 
gence and Attention j Qualities which we ought 
to ftudy by all means to beget in their defultory 
and roving Minds. 

The fecond Advantage, which the Mind reaps 
from Mathematical Knowledge is, a Habit of 

Bz clear 9 
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clear, demonftrative, and methodical Reafoning. 
We are contriv'd by Nature, to learn by Imita- 
tion more than by Precept: And I believe in 
that refpedt, Reafoning is much like other infe- 
rior Arts (as Dancing, Singing, fcfrj acquired 
by Practice. By accuftoming ourfelves to reafon 
clofely about Quantity, we acquire a Habit of 
doing fo in other things. It is furprizing to fee, 
what fuperficial, inconfequential Reafonings fatisfy 
the mow part of Mankind. A piece of Wit, a 
Jeft, a Simile, or a Quotation of an Author, 
paffes for a mighty Argument : With luch tilings 
as thefe [are the moft part of Authors ftuflF'd; 
and from thefe weighty Premifes, they infer their 
Conclufions. This Weaknefe and Effeminacy of 
Mankind in being perfwaded, where they are de- 
lighted, have made them the Sport of Orators, 
Poets, and Men of Wit. Thofe Lutnina Oratio* 
nis are indeed very good Diverfion for the Fancy, 
but are not the proper Bufinefs of the Underftand- 
ing; and where a Man pretends to write on Ab- 
ftraft Subje&s in a fcientifical Method, he ought 
not to debauch in them. Logical Precepts are 
inore ufeful, nay they are abfolutely neceflaf y for a 
Rule of formal arguing, in publick Difputatioris, 
and confounding an obftinate and perverfe Ad- 
versary, and expofing him to the Audience, or 
Readers. Geometers will carry a Man further, 
than all the Dialeftical Rules. Their Anafyjis is 
the proper Model we ought to form ourfelves 
upon, and imitate in the regular Difpofition and 
gradual Progrefc of our Enquiries ; and even he 
who is ignorant of the Nature of Mathematical 
Analjfis, ufes a Method fomewhat Analogous to 
it. The Compofition of the Geometers, or their 
Meth6d of demonftrating Truths already found 

out, 
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out, viz. By Definitions of Words agreed upon, by 
Self-evident Truths, and Propofitions that have been 
already demonfirated, is practicable in other Sub* 
je£ts, though not to the fame Perfection, the na* 
tural want of Evidence in the things themfelve* 
not allowing it; but it is imi table to a confider- 
able Degree. I dare appeal to fome Writings of 
our own Age and Nation, the Authors of which 
have been Mathematically inclined. I (hall add 
no more on this Head, but that one who is ac- 
cuftomed to the methodical Syftems of Truths* 
which the Geometers have reared up in the (everai 
Branches of thofe Sciences which they have cul- 
tivated, will hardly bear with the Confufion and 
Diforder of other Sciences but endeavour as far 
as he can to reform them. 

Thirdly, Mathematical Knowledge adds a 
manly Vigour to the Mind, frees it from Preju- 
dice ^ Credulity, and Superftition. This it does two 
ways. Fifft, by accuftoming us to examine, and 
not to take Things upon truft. Secondly, by 
giving us a clear and extenfive Knowledge of the 
Syftem of the World ; which as it creates in us 
the moft profound Reverence of the A l m i g h t v , 
and Wife Creator, fo it frees us from the mean 
and narrow Thoughts, which, Ignorance and Su- 
perftition are apt to beget. How great an Ene- 
my Mathematics are to Superftition, appears 
from this, that in thofe Countries where Ro- 
mijb Priejls cxercife, their barbarous Tyranny over 
the Minds of Men, Aftronomers, who are fully 
perfwaded of the Motion of the Earth, dare not 
jpeak out. But tho' the Inquifition may extort a.Re- 
cantatAxi, the ftpe, and a general Council too, will 
not find thetn&lves able to periwade to the con* 
trary Opinion. Perhaps this may have given oc- 

k cafnp 
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cafion to a Calumnious Suggeftion, as if Mathe- 
matics were an Enemy to Religion, which is a 
Scandal thrown both on the one and the other % 
for Truth can never be an Enemy to true Reli- 
gion, which appears always to the beft Advan- 
tage, when it is mod examined. 



-—btfroptusjtes* 
Te capiet magis. — - 

.On the contrary, the Mathematics are Friends 
to Religion, inafmuch as chey charm the Paffi- 
ons, reftrain the Impetuofity of Imagination, and 
purge the Mind from Error and Prejudice. 
• Vice is Error, Confufion and falfe Reafoning, 
and all Truth is more or lefs oppofite to it. Bd- 
fides, Mathematical Studies may ferve for a pleaiant 
Entertainment for thofe Hours, which young Men 
are apt to throw away upon their Vices; the de- 
lightfulnefs of them being fuch, as to make So- 
litude not only eafy, but defirable. 

What I have laid may ferve to recommend 
Mathematics for acquiring a vigorous Conftitu- 
tion of Mind, for which purpofe they are as ufe- 
fill, as exercife is for procuring Health and 
Strength to the Body. I proceed now to (hew 
their vaft Extent and Ufefulnefe in other Parts of 
Knowledge. And here it might fuffice to tell 
you, that Mathematics is the Science of Quantity, 
or the Art of Reafoning about Things, that are 
capable of more and lefs, and that the moft part of 
the Obje&s of our Knowledge are fuch, as Mat* 
tir, Space, Number, Time, Mjrtion, Gravity, &c. 
We have but imperfeft Ideas of Things without 
Quantity, and as imperfeft a o|ie of Quantity ic* 
fel? without the help of Mathematics* All the 

vifible 
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vifible Works of God Almighty, arc made Irt 
Number ■, Weight* and Meajure * and therefore Cft 
confider them, we ought to underftand Arithme- 
tic^ Geometry* and Statics: And the greater 
Advances we make in thofe Arts, the more cap 
pable we are of confidering foch things, as ate 
the ordinary Objects' of our Conceptions. But 
this will farther appear from Particulars. 

And firit, if we confider, to what perfe&kto 
we now know the Cburfes, Peijods, Orders, 
Diftances, and Proportions of the feveral great 
Bodies of the Untverfe, at lead fuch as fall with- 
in our View; we lhall have caufe to admire the 
Sagacity and Induftry of the Mathematicians* 
arid the Power of Numbers* and Geometry* well 
apply'd. Let us caft our Eyes backward, and 
confider Agronomy in its Infancy ; or rather let Us 
fuppofe it ftill to begin ; for Inftance, a Colony 
of rude Country People, tranfplanted into an 
Ifland, remote from the Commerce of all Man- 
kind, without lb much as the knowledge of the 
* Kalindar, and the Periods of the Seafbns, with- 
out Ihftruttoents to make Obfervations, or any 
the leaft Notion of Obfervations or Inftruments. 
When is it, we could expeft any of their Pofte- 
rity (hould arrive at the Art of predifting an 
Eclipfe? Not only fo, but the Art of reckoning 
all Eclipfes that are paft, or to come, for any 
number of Years ? When is it we could fuppofe 
that one of thofe Wanders, tranfported to any other 
Place of the Eatoh, Ihould be able, by the Infpec- 
tion of the Heavens, to find how much he were 
North, or South, Eaft, or Weft, of his own 
Ifland, and to coridudt his Ship back thither? 
For , my part, tho* I know this ipay be, and is 
$aily done? by whkt is known in AJlronomy * yet 

when 
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when I confidcr the vaft Induftry, Sagacity, - 
Multitude of Obfervatlons, and other extrinfick 
Things, neceflary for fuch a Sublime Piece of 
Knowledge, I fhould be apt to pronounce it im- 
poffible, and never to be hoped for. Now we 
are let fo much into the Knowledge of the Ma- 
chine of the Univerfe, and Motion of its Parts, 
by the Rules of this Science, perhaps the Inven- 
tion may feem eafy : But when we reflect, what 
Penetration and Contrivance were neceflary to lay 
the Foundation of fo great and extenfive an Art, 
we cannot but admire its firft Inventors ; as Tba- 
les Milejius, who as Diogenes Laertius, and Pliny 
fay, firft predicted Eclipfes-, and his Scholar 
Anaximander Mikfas, who found out the Glo- 
bous Figure of the Earth, the EquinoAial Points, 
the Obliquity of the Ecliptic, the Principles of 
Gnomonics, and made the firft Sphere or Image 
of the Heavens ; and Pythagoras^ to whom we 
owe the difcovery of the true Syftem of the 
World, and Order of the Planets, Tho* it may 
be they were aflifted by the Egyptians and Chalde- 
ans. But whoever they were, that firft made 
thefe bold Steps in this noble Art, they deferve 
the Praife and Admiration of all future Ages. 

Felices Animae, quibus b*c cognofcere primis> 

Inque Domos fuperas fcandere curafuit. 
Credibik eft illos pariter vitiifque jocifque 

Alius bumanis exferuije caput. 
Non Venus et Vinum fublimia fe flora fregit, 

Officiumque fori) miUtiaeque Labor : 
Non levis ambit io^ pcrfufaque gloria fuco> 

Magnarumque fames follicitavit opum. 
Admovere OcuUs diftaniia Sidera noftris 9 « 

Aether aque ingemo fuppofuere fuo. 

Qvid. i. Faft. 

But 
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But tho v the Indaftry of former Ages had dis- 
covered the Periods of the great Bodies of- the 
TJniverfe, and the true Syftem, and Order of 
them, and their Orbits pretty near; yet was 
there one thing ftill referved for the glory of this 
Age, and the honour of the Englifb Nation, the 
grand Secret of the whole Machine; which, now 
it is discovered, proves to be ( like other Contri- 
vances of Infinite Wifdom ) fimple and natural, 
depending upon the moft known, and mod com- 
mon Property of Matter, viz. Gravity. From 
this the incomparable Sir Ifaac Newton has do- 
monftrated the Theories of all the Bodies of the 
Solar Syftem, of all the Primary Planets, and 
their Secondaries, and among others, the Moon 
which feem'd moft averfe to Numbers: And not 
only of the Planets, the flowed of which com* 
pleats its Period in lefc than half the Age of a 
Man, but Jikewiie of the Comets, fome of which 
its probable, fpend more than 2000 Years in one 
Revolution about the Sun; for whofe Theory he 
has laid fuch a Foundation, that After-ages affi- 
fted with more Obfervations, may be able to cal- 
culate their returns. In a word, the Prcceflion of 
the Equino&ial Points, the Tides, the unequal 
Vibration of Pendulous Bodies in different Lati- 
tudes, &c are no more a Qucftion to thole, that 
have Geometry enoOgh to underftand, what he has 
delivered on thoie Subjects. A Perfe&ion in Phi- 
iofopby* that the boldcft Thinker durft hardly 
have hoped for ; and, unlefs Mankind turn bar-* 
barous, will continue the Reputation of this Na- 
tion, as, long as the Fabric of Nature fhall endure. 
After thk, what is it we may not expedt from 
Qem^ryp\n % d to Obfervations and Experiments? 

Q The.. 
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The next ctfnfiderable Obje& of natural: Know- 
ledge, I take to be Light. How unfiiccefiful 
Enquiries >are about this glorious Body without 
the Help of Geometry* may appear from the 
empty and frivolous Difcouifes and Difputatiens 
of a fort of Men, that call themfelves Pbilofo- 
pbers* whom nothing will ferve foriboth, but die 
Knowledge of the very Nature, and intimate 
Qitfes of every Thing ; while on the other hand, 
the Geometers not troubling themfelves with thefe 
fruitlefs Enquiries about the Nature of Light* 
have difcovered two remarkable Properties of it, 
in the Refle&ion and Refraftion of its Beams : 
and from thole, and their Streightnefs in other 
Cafes, haste invented the noble Arts of Optus* 
Catoptrics* and Dioptrics* teaching us to manage 
this fubtiJe Body for the improvement of Qur 
Knowledge, and ufeful purpofes of Life. They 
have likewife demonftrated the Caufes of feveral 
cseleftial Appearances, that arife from the In- 
flexion of its Beams, both in the Heavenly Bodies 
themfelves, and other Phenomena* as P^rbelia^ the 
Iris* fcfc. and by a modern . Experiment, tl>ey 
have difcovered die Celerity of its Motion. And 
we have had Surprizing Properties of Light, fince 
the great Sir Ifaac Newton has been pleas'd to 
gratify the World with his Book of Light and 
Colours. 

The Fluids* which involve our Earth* viz. 
Air and Water* are the next great and confpicuous 
Bodies, that Nature prefects to our View, and I 
think we know little of either, but what is owing' 
to Mechanic j^and Geometry. The two chiefeft 
Properties of Air* its Gravity and Elaftic Force, 
have been difcovered by mechanicalExpcrimemsi 
From thence the decreafe of the Air's Denfity 

according 
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according to the increafe of the Difiance of the 
Earth, has been detoonftrated by Geometers % and 
confirmed by Experiments of the SubfidejKe of 
the Mercury in the TorriceKan Experiment. From 
this likewife, by AJfiftance of Geometry, they have 
determined the Height of the Atmofphere, as 
far as it has any fenfiblc Denfity ; which agrees 
exaftly with another Obfervation of the Duration 
of the Twilight. Air and Water make up the 
Objcft of the Hydroftatics, though denominated 
only from the latter, of which the Principles 
were long fipce fettled and demohftrated by Ar- 
chimedes > in his Book <r«p» xfir O^W. where ait . 
demonstrated the Caufes of feveral iurprizing 
Phenomena of Nature, depending only on tht 
ASjuiltfriumoi Fltids^ the Relative Gravities of 
thefe jF1mds, and of Solid? fwiiflming or finking 
therein. Here alfi> the Mathematicians confider 
the different Preflures, Rcfiftances, and Celerities 
of Solicjs moved in Fluids •, from whence they ex* 
plain a great many Appearances of Nature, un- 
intelligible to thofe who are ignorant of Geometry. 
Next, if we defend to the Animal Kingdom* 
there we may fee Ac brighteft Strokes of Divine 
Mechanics. And whether we confider firft the 
Animal Oeconamy in general, either in the internal 
Morion, and Circulation of the Juices forced 
through the feveral Canals by 4 the Motion of the 
Heart, or their external Motions and the Inftru- 
ments wherewith thofe are perform'd, we mufr 
reduce them to Mechanical Rules, and confefi 
the neceffity of the Knowledge of Mechanics to 
underftand them, or explain them to others. Bo- 
reUi* in his excellent Trcatife de motu Animalium y 
Steno in his admirable Myohgue Specimen, and 
other Mathematical Men on the one hand, and 
C a the 
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the nonfenfical, unintelligible Scuff* that the conr- 
mon Writers on thefe Subjeft have fill'd their 
Books with, on the other, are fofficient Inftan- 
ces to (hew how neceflary Geometry is in foch Spe- 
culations. The only Organ of an Animal Body, 
whole Stru&ufe and Manner of Operation is ful- 
Jy underftood, has been the only one, which the 
Geometers have taken to their Share to confider. 

It is incredible, how fillily the greateft artd 
ableft Phyficians talked of the Parts of the Eye, 
and their Ufe, and of the Modus Vifionu* before 
Kepler by his Geometry found it out, and put it 
j»ft difpute, th</ they apply'd themfelves par* 
ticularly to this, and valued themfelves on it : And 
Galen pretended a particular Divine ComfnHBon 
to treat of it. Nay, notwithftanding the full 
Difcovery of it, feme goon in topying their Pre- 
decefibrs, and talk as touch UngeometrieaSy as 
ever. It's true, we cannot reafon fo clearly of 
the internal Motions of an Animal Body, at of 
the external, wanting fofficient data, and decifive 
Experiments: But what relates to the latter (as 
the Articulation, Strudure, Infertion, and Vires 
of the Mufcles) is as Subject to ftrid Mathematical 
Difquifition,' as any thing whatfoever : And €vcrt 
in the Theory of DHeafes, and their Cures, thofe 
who talk Mechanically, talk mod Intelligibly * 
which may be the Heafon for the Opinion of the 
ancient Phyficians, that Mathematics a*e necef- 
lary for the Study of Medicine itfclf ; for which 
I could bring long Quotations out of their 
Works. Among the Letters that are afcribM to 
Hippocrates * there is one to his Son fbejjhlus, re- 
commending to him the Study of Arithmetic, 
and Geometry, as neceflary to Medicine. Galen 

in 
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in his Book entituled tn 3e*r& i«t7f J* *ai *t\fo*p&p 
begins thus. 

OiSf rt vvritbeunt ei toAaoi ? dt)^9rlfm^vySi\%t'Jfi 
OKuprm\iuu y**'%&<u 9 fjoiXip 5 *{*!«* •* *rr* ?e;gdr 
hnrnftfopfaf ruSrit n j£ rtic <gr«AAo7 * *8r imfSr nfh 
.€§£»&»* iictunci $£ >8 IinrDjtgirZut x*i «rf£r*r Ar*7«r 
wySrrcu* ytvi&cu j ai>T*< iv i/uoioJ* «*^ **V}« M&Av 

fvpCiKki&cu ¥ ir&voyitiv, juu ^uxorir* tW. ro&Tiff »>*- 
j^tou §£ ivdyuxs f««fttT«tttF. ei. /' v >(ror «i/t#I fdrif- 
3toi7tf/ t*tw iHrtyv, d\toLK&i role ptwfi pippr?**. 

If one of the Reafons of the Ancients for this be 
now ftmewhat unfafhionable, wc. becaufe they 
thought a Phyficiart fhould be able to know the 
Situation and Afpe&s of the Stars, which they 
believed had Influence upon Men and their Dif- 
cafes ( and positively to deny it, and lay, chat 
they have none at all, is the effe&of want of 
ObfemtionJ we have a much better and un- 
doubted one in the Room, viz. That Mathe- 
matics are found to be the beft Inftrument of 
promoting natural Knowledge; Secondly, If we 
confider, not only the animal (Economy in ge- 
neral, but likewife the wonderful Structure of the 
different forts of Animals, according to the dif- 
ferent purpofes for which they were defign'd, 
the various Elements they inhabit, the feverat 
ways of procuring their Nourilbment, and pro* 
pagating their Species, the different Enemies they 
have, and Accidents they are fubjeft to, here is- 
ftill a greater need of Geometry. It is pity, that 
the Qualities of an expert Anatomift and fkilful 
Geometer^ have feldom met in the lame Perfon. 
When fuch a One (hall appear, there is a whole 

Term 
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Terra incognita of delightful Knowledge to .employ 
"his Time, and reward his Induftry. 

As for the other two Kingdoms; BoreSi^nd 
'Other Mathematical Mm, feem to have talked ve- 
ry clearly of Vegetation: And,£/i*a* another Ma- 
thematician, in his excellent Treattfe de Solid* **• 
fra Sriidm naturaHter contekto, has applied this 
*art of Learning very handfbmely to FqffUjj aiKl 
tome other Pkrts '6f Natural Hiftory. I lhall add 
only onejtjiihg^mbre, i\izX if we confider Motion 
itfelf, the great In ft rumen t. of the A&ions of 
Bodies upon one another; the Theory of it is en- 
tirely owing to the Geometers,., who have dbmpn- 
ftrated its Laws both in hard and elaftic Bodies * 
Jhew'd how to meafure iesi Quantity, how to 
compound ^nd refolve the feveral Forces* by 
which Bodies are agitated, and to, determine th<t 
Lines which, Chofe compound forces make them 
defcribe; of fuch Forces^ ../Gravity* being th* 
mod ; conftant and uniform, affords a great , Va* 
riety of ufcftjl Knowledge^ in iconfidering federal 
Motions that happen upon the Garth, viz. As Co 
the free Defcent of heavy Bodies, the Curve ,of 
Proje&iles ; thfe. Defcent and Weight of ththea^ 
vy Bodies when they lye on inclined Planet i the 
Theory of the Motion of Pendulous Bodies, &c. 
3II which are very ingenioufly a»nd methodically 
treated of by the imcomparabk Mathematician 
Mr. Thomas Simpfon, who has exceeded all Men 
(in Mathematical Sciences) fince Sir Ifaac 
Newton. 

. From what I have (aid, I (hall draw but one 
Corollary, that a natural Philofopher without 
Mathematics is a .very odd fort of a Perfon, 
that reafons about things that have Bulk, Figure, 
Afoticrty Number, Weight, &c. without Arithme- 
tic, 
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tic, Qfptnctry, Mechanics, Static s r &c I muft 
needs fay I have the laJEt Con tempt Jfbr : thofe Gen- 
tlemen, that pretend to explain.' how the Earth ( 
was framed, and yet can hardly Kjeafurcan Acre., 
of Ground upon the Surface of it. And as the. } 
Philofopher lpeaks f gui repenfe] ftfflus fflotis ail 
Pbihfdphos dhertunt, no* hue eflfatu,, quodfint om T t 
tiino d$nb$mot t £{ji*<roaj, y%»\£T%wT*t> fed legem etiam 
dant, qui philofipbari dfeant. , 

The,Ufefulnels of Mathematics in fevcral others 
Arts and Sciences is fully as plain. They were 
look'd upon by the antient Philofophers, as the 
Key to all Knowledge. Therefore Plata wrote 
upon his School, viz. 

OvXcW dyt*pkTyn& iff It*, i. e. 

; ' Let-none unskilled in Geometry enter* 

And Xenocrates told one ignorant in Mathematics* 
whoctefiredto be his Scholar, that he was fitter to 
card Wool, x*6fe >8ife %x** *i\oftyU<* you want the 
bandk tfPtihfifby, viz. Geometry. There is no 
underftanding the. Works without it. ^beo Smpr- 
nus has wrote a Book entitulpd, an Explanation. 
of thoft things- in Mathematics, that are neceffii- 
ry fer the rtading of Plato. Arijtotk .flluftrates . 
hWFrecepts and other Thoughts by Mathematical , 
Examples, and that not only in Logic ^ Sec. bur; 
even in Ethics, where.he makes ufe of Geome?" 
trical, and Arithmetical' Proportion, " to exj%in x 
Gotmntitatnre and'Diftributive Jufficfc. / l ' A % 

1 Bvery Body knows^ that Chronology and GIw- : 
grapby -are indifpenftb|fe Preparations fof Hiftoiy£ 
A ; idatph of Matter df Faft, ..befog.*' very; life-' 
lcfe;in%id -thing "wfttfciirt xhe OVctimfences 6f 
Tttne' and Race. r * Nor is #' ti&Mttlft for on<V 

that 
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that would underftand things thoroughly, chat 
he knows the Topography, where fuch a Place 
lies, With thofe of the near adjacent Places, and 
how .thefe lie itx refpedt of one another, but it 
will become him like wife to underftand the Sci« 
entifical Principles of the Art; that is, to have a 
true Idea of a Place, we ought to know the re- 
lation it has to any other Race, as to the Diftance 
and Bearing, its Climate, Heat, Cold, Length 
of Days, &c. which things do much enliven the 
Reader's Notion of the very Art itfelf. JuftTo 
it is neccfiary to know the Technical or Do&ri- 
nal Part of Chronology, if a Man would be 
throughly fkill'd in Hiftory, it being impoffible, 
without it, to unravel the Confofion of Histori- 
ans. I remember the late Dr. Hallty has deter- 
mined the Day and Hour of Julius CefaPs land- 
ing in Britain, from the Circumftances of his 
Relation. And every Body kpows how great 
ufe Mr. DodweUhdS made of the calculated Times 
of Eclipfey for fettling the Times of great 
Events, which before were, as to this ejfentialCk* 
cumftahce, aim oft fabulous. 

Both Chronology and Geography, and alio the 
Knowledge of the Sim and Mborf% Modems, fo 
far as they relate to the Conftitution of the Ka- 
lendar and Year, are neccfiary to a Divine, and 
howfadly feme otherwife Eminent have blundered, 
when they meddled with things that relate to 
thefe, and border on them, is too apparent. 

Nobody, I think, will queftion the Intereft^ , 
that Mathematics have in Painting, Mufic and 
Architecture ) which are all founded on Numbers. 
Peripe&ive, and the Rules of light and Shadow* 
are owing' to Geometry and Optics: And I think 
thofe two comprehend pretty near the whole Art 

of 
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of Painting* except Decorum and Ordinance, which 
are only a due Obfervance of the Hiftory and 
Circumftances of the Subjedt you reprefent. For 
by Perfpedtive may be underftood the Art of 
defigning the Out-lines of your Solid, whether 
that be a Building, Landskip, or Animal ; and the 
Draught of a Man is really as much the Peripec- 
tive of a Man, as the Draught of a Building is 
of a Building j tho' for particular Reafons, as be- 
caufe it confifts of more crooked Lines, &c. it 
is hard to reduce the Perfpe&ive of the former 
to the ordinary, eftablilhed Rules. 

If -Mathematics had not reduced Mufic to a 
regular Syftem, by contriving its Scales, it had 
been no Art, but Enthufiaftic Rapture, left to 
the roving Fancy of every Practitioner. This 
appears by the extraordinary Pains which the 
Ancients have taken to fit Numbers to three 
Sorts of Mufic, the Diatonic, Chromatic, and En- 
harmonic: Which, if we confider with their Nice- 
ty in diftinguiftiing their feveral Modes, we fhall 
be apt to judge they had fomething very fine 
in their Mufic, at leaft for moving the Paffions 
with fingle Inftruments, and Voices. But Mufic 
had been imperfed ftill, had not Arithmetic 
fteppM in once more, and Guido Aretinus, by in- 
venting the Temperament, making the Fifth 
falfe by a certain determined Quantity, taught 
us to tune our Organs, and intermix all the three 
kinds of the Ancients ; to which we owe all the 
regular and noble Harmony of our modern 
Mufic. 

As for Civil Architecture (of Military I (hall 
fpeak afterward) there is hardly any Part of 
Mathematics but is fome Way fubfervient to it. 
Geometry and Arithmetic, for the due Meafure of 

D the 
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the feveral Parts of a Building, the Plans, Mh 
dels, Computation of Materials, Time and Char- 
ges; for ordering right its Arches and Vaults, 
that they may be both firm and beautiful : Aft- 
ebonies, for its Strength and Firmnefi, tranfport- 
ing and railing Materials;. and Optics for the 
Symmetry and Beauty. And I would not have 
any aflume the Chara&er of an ArcbiteEt, with- 
out a competent Skill in all thde. You fee 
v that Fitruvius requires thefe and many more for 
. making a compleat Architect* I muft own, that 
fhould any one let up to pra&ice in any of thefe 
fore-mentioned Arts, furnifhed only with his Ma- 
thematical Rules, he would produce but very 
dumfy Pieces. He that fhould pretend to draw 
by the Geometrical Rules of Perfpe&ive, or eom- 
pofe Mufic meerly by his Skill in Harmonica! 
Numbers, would fhew but aukward Perform- 
ances. In thofe compofed Subjedbs, befides the 
ftifr Rules, there, muft be Fancy, Genius, and 
Habit. Yet neverthelels thefe Arts owe their 
Being to Mathematics, as laying the Foundation 
of their Theory, and affording them Precepts, 
which being once invented, are fecurely rcly'd 
upon by Practitioners. Thus many defign, that 
know not a Tittle of the Realbn of the Rules 
they pra&ice by ; and many, no better qualified 
in their Way, compofe Mufic better perhaps 
than he could have done that invented the 
Scale and the Numbers upon which their Har- 
mony is founded. As Mathematics laid the" 
Foundation of thefe Arts, io they muft improve 
them ; and thofe that would invent muft be (killed 
in Numbers. Befides, it is fit a Man fhoulci know 
the true Grounds and Realbns of what he ftudies ; 
aud he.that does fo, will certainly praftice in his 

Art 
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Art with greater Judgment and Variety, where 
the ordinary Rules fail him. 

I proceed now to ihew the more immediate 
Ufefulnefi of Mathematics in Civil Affbirs. To 
begin with Arithmetic, it were an endJefs Talk 
to relate its feveral Ufes in public and private 
Bufinefe The Regulation and quick Difpatch 
of both, feem intirely owing to it. The Nations 
that want it are altogether barbarous, as fome 
Americans, who can hardly reckon above twenty. 
And I believe it would go near to ruin the 
Trade of the Nation, were the eafy Practice of 
Arithmetic aboliflaed: For Example, were the 
Merchants and Tjadefmcn obliged to make ufe 
of no other than the Rman Way of Notation by 
Letters, inftcad of our prefcnt. And if we 
fhould feel the Want of our Arithmetic in the 
eafieft Calculations, how much more in thofe 
that are fbmething harder, as Intereft, Sim- 
ple and Compound, Annuities, &c. in which it 
is incredible how much the ordinary Rules and 
Tables influence the Difpatch of BuGnefe. Aritb* 
metic is not only the great Inftrument of private 
Commerce, but by it are (or ought to be) kept the 
public Accounts of a Nation : 1 mean thofe that 
regard the whole State of a Commonwealth, as 
to the Number, Fru&ification of its People, In- 
creafe of Stock, Improvement of Lands and 
Manufaftures, Balance of Trade, Public Reve- 
nues, Coinage, Military Power by Sea and Land, 
tic. Thofe that would judge or reafon truly, 
about the State of any Nation, muft go that 
Way to work, fubje£Ung all the fore-mentioned 
Particulars to Calculation. This is the true, po- 
litical Knowledge. In this Refpeft, the Affairs of 
a Commonwealth differ from thofe of a private 
D 2 Family 
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Family only in the Greatnefe and Multitude of 
Particulars that make up the Accounts. Machu 
avel goes this Way to work in his Account of 
different Eftates. What Sir William Petty, Dr. 
Hattey, and fevcral others of our Countrymen, 
have wrote in Political Arithmetic, does abun- 
dantly (hew the Pleafure and Ufefulnefs of fuch 
Speculations. 

Laftly, Numbers are applicable even to foch 
Things as feem to be governed by no Rule 5 I 
mean fueh as depend on Chance. The Quantity 
of Probability, and Proportion of it, in any two 
propofed Cafes, being fubjeft to Calculation as 
much as any Thing elfe. Upon this depend the 
Principles of Game, which has been thoroughly 
handled by the fagacious Mathematician, Mr. 
"Thomas Simp/on, in his Doftrine of Chances. 
We find Sharpers know enough of this to cheat 
fome Men that would take it very ill to be 
thought Bubbles: And one Gamefter exceeds 
another, as he has a greater Sagacity and Rea- 
dinefs in calculating his Probability to win or 
Jofe in any propofed Cafe. To underftand the 
Theory of Chance thoroughly, requires a great 
Knowledge of Numbers, and a pretty comper 
tent one in Algebra. 

The feveral Ufes of Geometry are not much 
fewer than thofe of Arithmetic. It is neoeflary 
for afcertaininfi; of Property both in Planes and 
Solids, or in Surveying and Gauging. By it Land 
is fold by Meafure as well as Cloth ; Workmen 
are paid the due Price of their Labour, accord- 
ing to the Superficial or Solid Meafure of their 
Work : And the Quantity of liquors determined 
for a due Regulation of their Price and Duty. 
All which do wonderfully conduce to the eafy 

1 Difpatch 
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Difpatch of Bufinefs, and the preventing of 
Frauds and Controverfics. I need not mention 
the meafuring of Diftances, laying down of Plans 
and Maps of Countries, in « which we have daily 
Experience of its Ufefulnefi. Thefe are fome 
Familiar Inftances of Things to which Geometry 
is ordinarily apply 'd. 

From Aftronomy) we have the regular Difpo- 
fition of our Time, in a due Succefiion of Years, 
which are kept within their Limits, as to the 
Return of the Seafons, and the Motion of the 
Sun. This is no fmall Advantage for the due 
Repetition of the fame Work, Labour, and Ac- 
tions. For many of our public, private, military 
and Country Affairs, Appointments, &c. de- 
pending on the Produ&s of the Ground, and 
they on the Seafons, it is neceflary that the 
Returns of them be adjufted pretty near to the 
Motion of the Sun ; and we would quickly find 
the Inconveniency of z Vague, undetermined Year, 
if we ufed that of the Mahometans, whofe Be- 
ginning, and every Month, wanders through all 
the Days of ours or the Solar Year, which 
(hews the Seafons. Befide, the adjufting of the 
Moon's Motion to the Sun's is required, for the 
decent Obfervation and Celebration of our Church 
Feafts and Fafts according to the ancient Cuftom 
and Primitive Inftitution ; and likewife for the 
Knowledge of the Ebbing and Flowing of the 
Tides, the Spring and Neap Tides, Currents, 
(£c . So that whatever fome People may think 
of an Almanack, where all thefe are fet down, 
it is oftentimes the mod ufefiil Paper that is pub- 
liflied the fame Year with it; Nay, the Nation 
could better fpare all the Voluminous Authors 
in the Term Catalogue than that fingle Sheet. 

Befides, 
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Befidei, without a regular Chronology, there can 
be no certain Hiftory; which appears by the 
Gonfufiqa ainongfl: Hiftorians before the right 
Jpftpofition of the Year, and at prefent among 
the Turks, who have the fame Confufion in their 
Hiftory as in their Kalendar. Therefore a 
Matter of fuch Importance might well deferve 
the Care of the Greet Ewpervr % to whom we 
qwc our prefent Kalendar ; who was himfelf a 
Proficient in ^ronomf. Pliny has quoted feveral 
Things from his Books of the Rifing and §HUng 
of the Stars. Lib. 18, c. 25, 26. and Lucan 
makes him fay, 
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■ Stelfarum* Cdique plagis, fuperijque vacavi. 

The Mechanics have produced fo many ufe* 
fill Engines fubfervient to Coaveniency, that it 
would be a Tafk too great to relate the feveral 
Sorts of them ; fome of them keep Life itfelf 
from being a Burden. If we confider fucli as 
axe invested for railing Weights, and are em» 
ploy'd in Building, and other great Works, in 
which no Impediment is too great for them ; or 
Hydraulic Engines for railing of Water, ferving 
for great Ufe and Comfort to Mankind, where 
they have no other Way to be fupply'd readily 
with that neceflary Element; for fuch as by 
jraking Wind and Water work for us, iave 
Animal Eorce, and great Charges, and perform 
thofe Actions which require a vaft Multitude of 
Hands, and without which every Man's Time 
would be too little to prepare his own Aliment 
and other Neceflaries; or thoie Machines that 
have been invented by Mankind for Delight and 

Curiofity, 



Mathematical Learniuc. 23 

Curiofity, imitating the Motions of Animals, or 
other Works of Nature, we ihall have Reafon to 
admire and extoll fo excellent an Art. What 
ihall we fay of the fcveral Inftrathents which 
are contriv'd to meafiire Time? We fhould 
quickly find the Value of them, if we were re- 
duced to the Condition of thofe barbarous Na- 
tions that want them.. The Pendulum Clock, in- 
vented and compleated by that famous Mathe- 
matician Monficur Hugens, is an ufeful Invention. 
Is there any thing more wonderful than leverat 
Planetary Machines, which have been invented to 
fliew the Motions of the Heavenly Bodies, and 
their Places at any Time ? Of which the moft in- v 
genious, according to the exa&eft Numbers, and 
true Syftem, was made by the fame M. Hugens* 
to which we may very juftly apply Claudia*? f 
noble Verfes upon that of Archimedes. 

Jupiter in panto cumcerneret Aetbera vitro, 

Rifit, et adfaperos talis diffa dedU. 
Haccine mortalis progrejfa potentia afra ? 

Jam mens in fragili htditur orbe labor. 
Jura Poti, rerumqtte fidem, legesque Deorm* 

Ecu Syracufius tranfiulit artefenex. . 
Inclufus variis famulatur Spiritus ajWis, 

Et vivum certis mttitims urget Opus. 
Percurrit ptoprim mentHus Signifer Annum* 

EtJimuUaa nova Cynthia menfe redit. 
Jamqwe fieum.vafoens audax induftria mundum 

Qaudet, et human&fidera Mente regit. 
Quid falfb infontem tonkru Salmonea miror ? 

Aefjfula natane parva report a maims. 

Here I ought to mention the Sciatherical If* 
ftruinetus, for Want of which thdre was a Timtf. 

when 
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when the Grecians themfelves were forced to 
meafure the Shadow, in order to know the Hour ' 
of the Day. To this ought to be referred Spheres, 
Globes, Aflrolabes, Projeftions of • the Sphere, &V. 
Thefe are fuch ufeful and neceflary Things, that 
alone may recommend the Art by which they 
are made. For by thefe we are able in our 
Clofet to judge of the Celeftial Motions, and to 
vifit the utmoft diftant Places of the Earth, 
without the Fatigue and Danger of Voyages; 
to determine concerning their Diftance, Situation* 
Climate, Nature of the Seafons, Length of their 
Days, and their Relation to the Celeftial Bodies, 
as much as if we were Inhabitants. To thefe I 
might add thofe Inftruments which the Mathe- 
maticians have invented to execute their own Pre- 
cepts, for making Obfervations either by Sea or 
Land, Surveying* Gauging, &c. 

The Catoptrics and Dioptrics furnifti us with 
Variety of ufeful Inventions, both for the pro- 
moting of Knowledge and -the Conveniences of 
Life; whereby Sight, the great Inftrument of 
our Perception, is fo much improved, that nei- 
ther the Diftance, nor the Minutenefi of the 
Objeft, are any more Impediments to it. The 
, Teiefcope is of fo vaft Ufe, that befides the de- 
lightful and ufeful Purpofes it is apply'd to here 
below, as the defcrying Ships, and Men, and 
Armies at a Diftance, we have by its Means 
difcovered new Parts of the Creation, frefli In- 
ftances of the furprizing Wifdom of the adora- 
ble Creator ; we have by it difcovered the &- 
SelHtes of Jupiter* the Satellites and Riug of Sa- 
turn, the Rotation of the Planets about their own 
Axes, befides other Appearances, whereby the 
Syftem of the World is made plain to Senfe, as 

it 
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it was before to Reafon. The Telefcope has alio 
improved the Manner of Agronomical Obfervations t 
and made them much more accurate, than it 
was poflible for them to be before. And thefe 
Improvements in AJlronomy have brought along 
with them (as ever) correfpondent Improvements 
in Geography. From the Obfervation of Jupiter's 
Satellites, we have a ready 'Way to determine 
the Longitude of Places on the Earth. On the 
other hand, the Micro/cope has not been Ids ufe- 
ful in helping us to the Sight of fuch Objefts, 
as by their Minutenels efcape our naked Eye. 
By it Men have purfucd Nature into its rooft re- 
tired Recefles ;• fo that now it can hardly any 
more hide its great Myfteries from us. How 
much have we learned by the Help of the Aft- 
crofcope, of the Contrivance and Stru&ure of 
Animal and Vegetable Bodies, and the Compo- 
fition of Fluids and Solids ? But if thefe Sciences 
had never gone further than by their fingle Spe- 
cula and Lentes to give thole furprizing Appear- 
ances of Objeds and their Images, and to pro- 
duce Heat inimitable by our hotted Furnaces, 
and to furnifh infallible, eafy, cheap, and lafe 
Remedies for the Decay of our Sight, arifing 
commonly from old Age, and for Purblindnefe* 
they had . merited the greateft Efteem, and in- 
vited to the clofeft' Study : Efpecially, if we con- 
sider, that thofe who naturally are almoft blind, 
and' either know not their neareft Acquaintance at 
the Diftance of a Room's Breadth, or cannot 
read in order to pafs their Time pleafantly, are, 
by Glaffcs adapted to the Defeft of their Eyes, 
fet on a Level again with thofe that enjoy their 
Eye-fight beft, and that without Danger, Pain 
or Charge. 

E Again, 
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Again, Mathematics are highly fcrviceable to 
a Nation in Military Affairs. I believe this will 
be readily acknowledged by every Body. The 
Afiairs of War take in Number, Space, Force, 
Diftance, Time, &c. (Things of Mathematical 
Confideration) in all its Parts, in "TaEtics, Caftra- 
nutation. Fortifying, Attacking and Defending^ 
The Ancients had more Occafion for Mechanics 
in the Art of War than we have : Gun-powder 
readily producing a Force far exceeding all the 
Engines, they had contrived for Battery. And 
this I reckon has loft us a good Occafion of im- 
proving our Mechanics : The Cunning of Man* 
kind never exerting irielf lb much, as in their 
Arts of deftroying one another. But, as Gun- 
powder has made Mechanics lefe fcrviceable to 
War; it has made Geometry more necefiary; 
there being a Force or Refiftance in the due 
Meafures and Proportions of the Lines and An- 
gles of a Fortification, which contribute much 
towards its Strength. This Art of Fortification 
has been much ftudied of late, but I dare not 
affirm that it has attained its utmoft Perfection. 
And tho* where the Ground is regular, it admits 
but of fmall Variety, the Meafures being pretty 
well determined by Geometry and Experience, 
yet where the Ground is made up or natural 
Strengths and Weahteffes, it affords fome Scope 
for thinking and Contrivance. But there is ana 1 
ther much harder Piece of Geometry, which Gun- 
powder has given us Qccafion to improve, and 
that is the Do&rine of Projectiles, where- 
upon the Art of Gunnery is founded ; and I 
think no One has given neater Inveftigations of 
the Fundamental Principles of Prqje&iles, than 
the acute and ingenious Mathematician, Mr. 

Thomas 
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Tiomas Simpfon, from Page 143 to 163 , in bis ex- 
cellent Treatife of Fluxions. 

As for Taffies and Caftrametatian, Mathema- 
tics retain the fame Place in them as ever. And 
feme tolerable Skill in thefe is neceflary for 
Officers as well sis for Engineers. An Officer 
that underftands Fortification, will ceteris pari- 
bus much better defend his Ppft, as knowing 
wherein its Strength confifts, or make ufe of his 
Advantages and Difadvantages in defending 
and attacking, how to make the beft of his 
Ground, &V. And hereby can do truly more 
Service than another of as much Courage, who, 
for want of iuch Knowledge, it may be, throws 
away himfelf, and" a Number of brave Fellows 
under his Command ; and it is well, if the Mi£ 
chief reaches no further. As for a competent 
Skill in Numbers ', it is fo neceflary for Officers t 
that no Man can be fafely trufted with a Com-* 
pany that has it not. And I dare appeal to all 
the Nations in Europe, whether, ceteris paribus* 
Officers are not advanced in Proportion to their 
Skill in Mathematical Learning, except that fome- 
times great Names and Quality carry it ; but dill 
to as t that the Prince depends upon a Man of 
Mathematical Learning, that is put as Diredtor 
to the Quality, when that Learning is wanting 
in it. 

Laftly, Navigation, which is made up 
of dftronomy and Geometry, is fo noble an Art, 
and to which Mankind owes fo many Advan- 
tages, that upon this (ingle Account thofe ex- 
cellent Sciences deferve moft of all to be ftudy'd, 
and merit the greateft Encouragement from a 
Nation that owes to it both its Riches and Secu- 
rity, And not only the common Art of Navi- 

E 2 gation 
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gation depends on Mathematics ', but whatever Im- 
provements fhall be made in the Arcbiteftura No- 
valisj or building of Ships, whether they are 
defigned for Merchant Ships, or Ships of War, 
whether fwift running, or • bearing a great Sail, 
or lying near the Wind, be defired, thefe muft 
all be the Improvements of Geometry. Ship Car- 
penters indeed are very induftrious ; but in thefe 
Things they acknowledge their Inability, con- 
fefs that their beft Produ&ions are the Effedts of 
Chance, and implore the Geometer's Help. Nor 
will common Geometry do the Bufmefs, it re- 
quires the mod abftrufe to determine the diffe- 
rent Seftions of a Ship, according as it is de- 
fign'd for any of the aforefaid Ends. 

The great Objection that is made againft the 
Neceflity of Mathematics in the forementioned 
great Affairs of Navigation^ the Art Military \ 
&V. is, that we fee thofe Affairs are carried on 
and managed by fuch as are not great Mathe- 
maticians, as Seamen, Engineers, Surveyors, 
Gaugers, Clockmakers, Glafs-Grinders, fcfc. and 
that the Mathematicians are commonly fpecula- 
tive, retir'd, ftudious Men ; that are not for an ac- 
tive Life and Bufinefi, but content themfclves to 
fit in their Studies, and pore over a Scheme or 
Calculation. To which there is this plain and 
eafy Anfwer. The Mathematicians have not 
only invented and ordered all the Arts above 
mentioned, by which thofe grand Affairs arc 
managed, but have laid down Precepts, con- 
trived Inftruments and Abridgments fo plainly, 
that common Artificers are capable of praftifing 
by them, tho* they underftand not a Tittle of 
the Grounds on which the Precepts are built. 
And in this they have confulted the Neceflities of 

Mankind. 
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Mankind. Thofe Affairs demand fb great a 
Number of People to manage them, that it is 
impoflible to breed fb many good, or even tole- 
rable Mathematicians. The only Thing then to 
be done was, to make their Precepts & plain, 
that they might be underftood and praftifed by 
a Multitude of Men. This will beft appear by 
Examples. Nothing is more ordinary than Di£ 
patch of Bufinefi by common Arithmetic* by the 
Tables of Simple and Compound Inter eft. Annuities* 
&c. Yet how few Men of Bufinds, nay pretend- 
ed Teachers tbemfelves, underftand the Reafons 
of common Arithmetic* or the Contrivance of 
thofe Tables, now they are made ; but fecurely 
rely on them as true. They were the good and 
thorough Mathematicians that made thofe Pre* 
cepts fb plain, and calculated thofe Tables, that 
facilitate the Practice fb much. Nothing is more 
univerfally neceflary than the meafuring of Plains 
and Solids : And it is iqipolfible to breed fb many 
good Mathematicians, as that there may be one 
that underftands all the Geometry requifite for 
Surveying and Meafuring of Prifins and Pyra- 
mids ^ and their Parts, and Meafuring Fruftrums 
of Conoids and Spheroids in every Market Town, 
where fuch Work is neceflary. The Mathema- 
ticians therefore have infcrib'd fuch Lines on 
their common Rulers, and flipping Rulers, and 
adapted fb plain Precepts to them, that every 
Country Carpenter and Gauger can do the Bu- 
finefs accurately enough ; tho' he knows no more 
of thofe Inftruments, Tables and Precepts he 
makes ufe of, than a Hobby-Horfe. So in Na- 
vigation* it is impoflible to breed fb many good 
Mathematicians, as would be neceflary to fail the 
hundredth Part of the Ships of the Nation. But 

the 
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the Mathematicians have laid down fo plain and . 
diftindt Precepts, calculated neceflary Tables, and 
contrived convenient Inftruments, fo that a Sea- 
Man, that knows not the Truths on which his 
Precepts and Tables depend, may pfa&ice fafcly 
by them. They refolve Triangles every Day, 
that know not the Reafon of arty one of their 
Operations. Seamen, in their Calculations, make 
ute of Artificial Numbers or Logarithms, that 
know nothing of their Contrivance. And in- 
deed all thole great Inventions of the moft fa- 
mous Mathematicians, had been almoft ufelefs for 
thole common and great Affairs, had not the 
PVaftice of them been made eafy to thofe who 
cannot underftand them. From hence it is plain, 
that it is to thofe fpecukthe, retired Men we owe 
the Rules, the Inftruments, the Precepts for 
ufing them, and the Tables which facilitate the 
Difpatch of fo many great Affairs, and foppty 
Mankind with fo many Conveniences of Life, 
They were the Men that taught the World to 
apply Arithmetic, Ajlronomy and Geometry to Sail- 
ing, without which the Needle would be ftill 
ufelefs. Juft the fame Way in the other Parts 
of Mathematics, the Precepts that are pra&ifed by 
Multitudes without being underftood, were con- 
trived by fome few great Mathematicians ; *s for 
Inftance, 
" How few underftand this allow 9 J for Truth 
in the blown common Way of proving. Multi* 
plication and Divifion by calling away the 
£ Nines, that 

PROPO? 
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PROPOSITION. 

" The Number 9 has that Property, that any 
" Number whatsoever divided by it, ffaall leave 
" the fame Remainder, as if the Sum of the 
" Figures compofing the faid Number, were di- 
♦ 4 vided by 9. 

« For the clear Demonftration of this Pro? 
" petition, I fliall premife two felf-evident 

LEMM A's. 

t: " The Local Value of any Figure is equal 
" to the Redtangle of its fimple Value, and 
*' the Denomination of its Place. 

LEMMA, 

2. c * To multiply or divide one Number by 
" another, is in Conclufion the fame Thing with 
" multiplying or dividing refpe&ively the Sum 
€€ of the Parts of the former by the latter*" 

Since then it has been (hewn how much Ma* 
thematics improve the Mind, how fiibfervient 
they are to other Arts, and how immediately 
ufeful to the Commonwealth ; there needs no 
other Arguments or Motives to a Government 
to encourage them. This is the natural Con- 
clufion from thefe Premifes. Plato* in his Re* 
public* takes care, That whoever is to be educated 
for Magiftracy, or any conjiderabk Po/i in the Com* 
monwealtb, may be inftruSed firjt in Arithmetic, 
then in Geometry, and thirdly in Aftronomy. 

ThQ 
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The prefent Lords Comtniffioners of the Ad- 
miralty know that there are ftill two great 
Defiderata in Navigation, to wit, &be theory of 
the Variation of the Magnetical Needle, and a 
Method of finding out the Longitude of anj Place , 
that may be pra&icable at Sea by Seamen. 

And now what can . I lay more to recom- 
mend the Study of the Mathematics? It not only 
makes a Man of Quality and Eftate his whole 
Life more illuftrious and more ufefal for all Af- 
fairs, Iroekf $ fJLtKiTv *ol S to? TivpiTejutX* x} AeeS- 
V&fiQr i >3 /xoror, vio xai rlf 0iW fitoita *** vjri 

xai tW •\v t xtu* i^vrifUjj r% *) rti \<wy% rlf fco* But Ul 
Particular, it is the beft Companion for a Coun- 
try Life. Were this once become a fafhionable 
Study (and the Mode exercifes its Empire over 
Learning as well as other Things) it is hard to 
tell how far it might influence the Morals of 
our Nobility and Gentry, 'in rendering them 
ferious, diligent, curious, taking them off from 
the more fruitlefs and airy Exercifes of the Fancy 
which they are apt to run into. 

The only Objection I can think of, that is 
brought againft thefe Studies, is, that Ma the* 
matics require a particular Turn of Head, and a 
happy Genius that few People are Mafters of, 
without which all the Pains beftowed upon the 
Study of them are vain. They imagine, that a 
Man tnuft be born a Mathematician. I anfwer, 
that this Exception is common to Mathematics* 
and other Arts. That there are Pcrfons that 
have a particular Capacity and Fitnels to one 
more than another, every Body owns : And from 
Experience I dare lay, it is not in any higher De- 
gree true concerning Mathematics than the others. 

' A Man 
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A Man of good Senfe and Application is the , 
T^erfbn that is by Nature fitted for them, efpe- 
cially if he begins betimes ; and if his Circum- 
ftances have been fuch, that this did not happen 
by prudent Diredtion; the Defedt may be fup- 
ply'd as much as in any Art whatfocver. The 
only Advantage this Obje&ion has, is, that it is 
on the Side of Softneis and Idlenefs, thofe pow- 
erful Allies. 

There is nothing further remains, but that I 
could wifh they were praftifed more in our great 
Schools, to inftrud the brave, heroic Minds of our 
Englifh Youth in them, rather than ftupify and 
debauch their Morals and Underftanding by that 
nonfenfical Ribaldry, the effeminate, foppifli, 
French Language, which is got to fuch a Cuftom 
amongft us now a-days, that Master mull 
have his Monfieur forfooth, and fo the poor 
School-matter is forced to teach ^that which he is 
himfelf a Foreigner to. Let me therefore re- 
commend the Study of the Greek and- the old 
brave Roman's Difcipline, with Philofophy, #. t. 
Mathematical Studies : But perhaps, 

Gracum eft, non eft lep 9 

A Saying in all Refpc&s fit enough for the 
Times of Darknefi, and Monkilh Ignorance, 
may, I am afraid, without much Impropriety, 
be applied to the prefent Age : The great In- 
difference* or rather the general Averfion, I have 
obferved in thefe latter Years to the Greek 
Tongue, has iuggefted to me the following 
Thoughts. If we look back into Antiquity, and 
trace the liberal Sciences up to their Source, w* 
(hall find perhaps the firft Dawnings of Learning 
F amongft 



34 AEssat « the Ufefuhtefs of 
amongft the Egyptians and Chaldeans. It$ next 
Step was into Syria and Phoenicia, but here its 
Advancement wa$ but fmall, its Progreft flow, 
and its Improvements not very confiderabta 
But when it had extended itfelf as far as Greece* 
then it began to increafe and flourifh. Here it 
met with univerfal Encouragement, was cultivated 
with wonderful Succefs, and grew up to Maturity. 
Then arofe with unufual Splendor the City Athens* 
that illuftrious PatroneJs of Letters, and Metro- 
polis of the learned World : Then were thofe 
celebrated Academies eftablifhed, and thofe fa- 
mous Schools of Pythagoras, Socrates, Zeno, 
Plato, Arifiotle, inftituted ; which have been the 
inexhaufted Treafures of Philofophy to all Pofte- 
rity. From hence proceeded the learned and 
eminent Heroes of Antiquity, that have done 
Honour to human Nature, and left fuch Trafts 
of Glory behind them, as diftinguifli the Years 
in which ihey afted their Parts from the ordinal 
ry Courfe of Time. From this Part of the 
World, notwithftanding all. the Fury and Op- 
pofition of Ignorance and Barbarity, have dc- 
fcended down to us thofe elaborate and excellent 
Writings, which have been the perfeft Copies of 
whatever is great or noble amongft us. How can 
we then defpife thofe glorious Models ? 

That no Exceptions can juftly be alledged 
againft the Matter of the Greek Tongue, is very 
evident, firft, from the general Encouragement 
that was given to the Grecian Philofophers, who 
being invited over to Rome, and referring thither, 
brought away with them a great Share of the 
Politenefs and refined Arts of their Country * 
Witnefs the famous Pofybius, Carneades, Diogenes* 
Critolaus, and others* whofe eloquent Difcourfes 
" ' - had 
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had even altered the very Nature and Genius 
of the Roman Youth. For they were fo ena- 
mour*d with Philofophy, and heard its Le&ures 
with fuch Pleafore, that at length they (bew'd as 
much Application in their Purfuits after Know* 
ledge, as ever they hud done before in the Ex- 
ercife of Pomp and War. Secondly, from the 
vaft Improvements that have been made on thofe 
ancient Foundations, not only in the Roman 
Empire, but alio in this and mod other Nations 
of Europe. 

By imitating thofe bright Examples, by tran- 
fcribing thofe Originals, and as it were translating 
jtokens into herfclf, Rome at length became the 
Seat of Learning, as well as of Empire. Thus, 
by Refle&ion, ftione forth with unparallel'd 
Luftre that Meridian of the elegant Sciences the 
great Auguftan Age. From whence did we de- 
rive thofe Streams of Oratory, Poetry, Hiftory, 
Philofophy, and, in a Word, the whole Circle 
of Arts and Sciences, but from the firft Authors 
and Improvers of them, the Schools of Greece ? 
Can we then look upon the Caufes of fuch valua- 
ble Bteffings to our Nation with an Eye of In- 
difference? Shall the lofty Homer be buried in 
Oblivion, and the great Iliad be no more ? Shall 
the eloquent Demofibenes, the inimitable Pindar, 
the great Sophocles^ Euripides ^ Tbucydidest Arif- 
totle, lie negle&ed and forgotten? Shall the 
Divine Plato be loft for ever ? Shall one of the 
nobleft of the learned Languages be defaced and 
obliterated for a little mercenary French? No; 
for if fuch an unhappy Change as this fhould 
ever fucceed, what muft be the fatal Confe- 
rence, but a Return of that Night of Ignorance 
and Error we formerly labour'd under ; and that 
F 2 we 
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we muft of Neceflity degenerate again into hor- 
rid Barbarity ? 

Another forcible Argument for maintaining 
and fupporting the Greek Tongue, is the Study 
of the Scriptures and primitive Fathers : When- 
ever this Language is out of Date, our Religion 
muft of Confequence expire along with it, and 
be extinguished. ' 

Pofterity wifely regulates the Recompences due 
to learned Men, which puts them on Foot wirti 
the greateft Princes \ their Glory fhines out three 
thoufand Years after they have rendered up their 
Spirit, and cannot be eclipfed by the Fame 6t 
the greateft Heroes. Homer is as well known to 
the Learned as Acbillej, and the Name of Virgil 
as renowned as that of Augufius i and therefore let 
us prize Horace and Virgil in our Days, as they 
were in the Courts of Augufius. 

Si quia Graecorum funt antiqu'JJina quaeque 
Scripta vel optima ; Romani penfantur eadem 
Scriptores Trutina, ■ 

I fhall only add one general Head more upon 
this Subjeft, and thence make a Tranfition to 
my intended Work. 

This Life is a public Theatre, on which 
Men are to aft; their Parts. AThirft after 
Glory, and an Emulation of whatever is gr$at 
and excellent, is implanted in our Minds to 
quicken our Purfuits after real Grandeur, and to 
enable them to approach, as near as our finite 
Abilities will admit, to Divinity itfelf. Upon 
thefe Principles we account for the vaft Stretch 
and Penetration of the human Underftanding 5 
to thefe we afcribe the Labours of Men of 
* < • • Genius j 
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Genius j and by the Predominancy of them in 
our Minds, afcertain the Succefs of our Attempts. 
In the fame Manner we account for that Turn 
in the Mind, which biafies us to admire mote 
what is great and uncommon, than what is ordi- 
nary and familiar, however ufeful. 

Yet the telling us we were born to purfue what 
is great, without informing us what is £>, would 
avail but little. Ars Matbmatka declares for a 
clofe and attentive Examination of all Things. 
Outfidcs and Surfaces may be fplendid and allur- 
ing, yet nothing be within deferving our Ap- 
plauie. He that fuffers himielf to be dazzjed with 
a gay and gaudy Appearance, will be betray'd 
into Admiration of what the Wife contemn -, his 
Purfuits will be levelled at Wealth and Power, 
find high Rank in life, to the Prejudice of his 
inward Tranquillity, and perhaps the Wreck of 
. his Virtue. The Pageantry and Pomp of Life 
will be regarded by iuch a Perfon as true Ho- 
nour and Glory, and he will negled the nobler 
Acquifitions, which are more fuited to the Dig- 
nity of his Nature, which alone can give Merit 
to Ambition, and centre in folid and fubftantial 
prandeur. 

The Mind is the Source and Standard of what* 
ever can be cpnfider'd as great arid illuftrious in 
any Light: prom this our Addons and our 
Words muft flow, and by this mud they be 
weighed ; we muft think well before we can aft 
or fpeak as we ought ; and it is the inward Vi- 
gor of the Soul, tho* variously exerted, which 
forms the Philosopher, Poet, or Orator. Yet 
this inward Vigor is chiefly owing to the Bounty 
of Nature, is cherUhed and improved by Edu- 
cation, but cannot reach Maturity without other 

* "' concurreht 



§8 tin T? & i a v On the ®%fu!mfs tf 
toneort-cnt KDaufes, fcdi as £«#& Liberty, and 
*e ftri&eft P*a&iee of Vfrtue. 

That the Seeds of a, greaft Oenias in any kirid 
tntfft be Itafplanted within, and eherilhed and im- 
proved by • Education, ate Points m which the 
whole World agrees : But the Importance so 
liberty iff bringing it to Perfe&ion, may perhaps 
be more, liablfc to debate. Ats Matbematka is 
clear on the Affirmative Side. The Scope of 
the Ars Mdthematica 5s this; that Genius can 
never exert itfelf, or rife to Sublimity, where 
Virtue is rfcgledbed, and the Morals are de- 
praved. Men of the Ifaeft Genius which have 
-hitherto appealed in the World, have been for 
-the mdft part not very defe&ive in their Morals, 
rand lefi in their Principles. 1 am fenfible there 
are" Exceptions to this Observation, but little to 
- *he Credit of the Perfons, fmce thteir Works be- 
come die fevereft Satyrs on therrrielves, and (fee ma- 
nifeft Oppofitibn between their Thought and 
Pradtice detradts its Weight from the one, and 
marks out the other for public Abhorrence. 

An inward Grandeur of Soul is the comtnoti 
Centre, l from whence every Ray of Sublimity, 
either in Thought, or Adiion, or Difcourie, h 
darted out : For all Minds are no more of the 
Tame Complexion, than all 'Bodies Of the femfe 
Texture. In the latter Cife, our Eyes would 
meet only with the feme Uniformity of Colour 
in every Objedb. In the former, we (hould be 
all Orators or Poets, all Philofopbcrs, or all 
Blockheads. This wotild 4sreak in upon that 
ufeful . and beautiful Variety, with which the 
Author of Wature has adorned the rational, as 
well as the rtiaterial Creation. There isl in eve- 
ry Mind a Tendency,* tho*~ perhaps differently 

inclin'd 
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inclin'd, to what is great and excellent. Happy 
they, who know their own peculiar Bent, who 
have been blefled with Opportunities of giving 
it the proper Culture and Polifh, and are not 
cramped or reftrained in the Liberty of (hewing 
and declaring it toothers. There are many 
fortunate Concurrences, without which we can- 
not attain to any Quicknefe of Tafte or Relifli 
for the fublime Branches of Learning. 




ALGfcBRA. 
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ALGEBRA 



IS the Art of abftraft Reafoning upon Quantity by 
indefinite and general Reprefentations, in order to 
foive Problems, invent Theorems, and demonstrate 
both : It is a Science of Univerfal Quantity, which 
properly implies thefe three Things. 

Firft, Analyfit, which teaches us to folve Queftions, 
and to demonftrate Theorems, by enquiring into the 
Bottom, into the Fundamental Constitution and Nature 
of the Thing, and in this Senfe Analytical Demonftra- 
tions are oppofed to Synthetical ones : The Ancients had 
Ibme Knowledge of this Art, but kept it concealed, whofe 
Invention Tbeo afcribes tcr Plato, and he defined it (ac- 
cording as Vtcta renders it) ajfumpti quajiti tanquam con- 
ceffi per Confeqiuntia ad vtrum conajfum, i. e. a taking 
' of that as granted or corifeflcd, which is enquired after, 
and thence going back by Confequences to what is con- 
fcfledly true. 

Secondly, Syntbefis, which is a Method of Enquiry or 
Demonstration in Mathematics, is, when we purfue the 
Truth chiefly by Reafons drawn from Principles before 
eftablifhed, and Proportions formerly proved, and pro- 
ceed by a long regular Chain, till we come to the Con- 
dufion, as is done in the Elements of Euclid, and in al* 
moft all the Demonstrations of the Ancients : This is 
called Compofition, and is oppofed to the Analytical Me- 
thod, which is called, Thirdly, 

Refolution, a Method of Invention, whereby the Truth 
or FaMhood of a Proportion, or its Poffibility or Im* 
poffibility is difcovered, in an Order contrary to that of 
Syntbefis or Compoiltion : For in this Analytical Method 
the Proportion is propofed as already known, granted ot 
done ; and then the Confequences thenct deduciMe are 
G examined, 
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examined, till at laft wc come to fome known Truth or 
Falfhood, or Impoflibility, whereof that which was pro- 
pofed is a neceflary Confequence, and from thence juftly 
conclude the Truth or Impoflibility of the Propofition ; 
which, if true, may then be demonftrated in a Synthetical 
Method. This Method confifts more in the Judgment, 
Penetration and Readinefe of the Enquirer or Artift, 
than in any particular Rules ; tho' thofe of Algebra are 
of neceflary U fe, and a good Treafure of Geometry in his 
Head will be of great Advantage to him in all Manner 
of Inveftigations. * 

And therefore, " when any Problem or Queftion (as 
" Ward has it) is propofed to be Analytically refolved ; 
" it is very requifite, that the true Defign or Meaning 
"" thereof be fully and clearly comprehended (in alL its 
" Parts) that fo it may be truly abftracled from fuch 
* 4 ambiguous Words , as Queftions of this kind are often 
" 'difguifed with, otherwife it will be very difficult, if 
" not impoffible, to ftate the Queftion right in its fub- 
^ ftituted Letters, and ever to bring it to an Equation," 
which the great and incomparable Mathematician, Sir 
Ifaac Newton^ in his Univerfalisj fays, that Equations 
are Ranks of Quantities, either equal to one another, or 
taken together, equal to Nothing. Thefe are to be con- 
fidered chiefly after two Ways ; either as the laft Con- 
clufions to which you come in the Refolution of Pro- 
blem* ; or as Means, by the Help whereof you are to ob- 
tain final Equations. 

An Equation of the former kind is compofed only out 
of one unknown Quantity involved with known ones, 
if the Problem be determined, and propofes fomething to 
be found , out. But thofe of the latter kind involve feve- 
ral unknown Quantities, which, for that Reafon, muft 
}>e compared among one another, and fo conne&ed, that 
but of all there may emerge a new Equation, in which 
there is only one unknown Quantity* which we feek, 
mixed with known Quantities, Which Quantity, that 
it may be the more eaiay difcovered, that Equation muft 
:l>e transformed moft commonly various Ways, untill it 
becomes the moft fimple that it can, and alfo like fome of 
ithe following Degrees, of .them, in which x denotes the 
.Quantity fought, according to whofe Dimenfions the 

Terms* 



Terms, as you fee, arc ordered, and p 9 q y r, x, /, &c* 
denote any other Quantities, from which, being known 
and determined, x is alio 4etetmined, and may be invefti- 
gated by Methods in the enfuing Treatife hereafter to be 
explained. 

x-=p Or, x—pz=LQ 
xx=zpx-\-q xx— px — q—o 

x3=px z -\-qx-\~r xl—px 2 —qx-~r~9 

x*=px3-]-qx 2 .-{-rx-\-s x* — px* — qx 1 —*rx — s =0 

&c. &c. 

After this Manner therefore the Terms of Equations 
are to be ordered according to the Dimenfions of the urfi 
known Quantity, fo that thofe may be in the firft Place, 
in which the unknown Quantity is of the moft Dimen- 
fions, as x 9 xx 9 *3, *4, &c. and thofe in the fecond 
Place, in which x is of the next greateft Dimenfions, 
as Pi pv> P**9 P x3 t &c. As to what regards the Signs, 
they may ftand any how ; and one or more of the Inter- 
mediate Terms may be fometimes wanting. 

Thus*3* — b 2 x~\-fo—o 9 or xl—b z x— £3, is an Equa- 
tion of the third Degree, and 2*+* z3 ~~te 3 *4~** 3 "--^ 4 
=0 is an Equation of the fourth Degree. For the De- 
gree of an Equation is always eftimated by the greateft 
Dimenfion of the unknown Quantity, without any Re- 
gard to the known ones, or to the intermediate Terms. 
But by the Defect of the intermediate Terms, the Equa- 
tion is mbft commonly render'd much more fimple, and 
may be fometimes depreffed to a lower Degree. For 
thus x4T=zqxx-\-s is to be reckon'd an Equation of the fe- 
cond Degree, becaufe it may be refolved into two Equa- 
tions of the fecond Degree. For fuppofing xx—y, and 
y being according writ for xx in that Equation, there will 
come out in its {lead yy~qy-\-s 9 an Equation of the fe- 
cond Degree, by the Help whereof, when y is found, the 
Equation xxzzy alfo of the fecond Degree will give x. 

And thefe are the Conclufions to which Problems are 
to be brought. But before I go upon their Refolution by 
Converging Series, it will be neceflary to (hew the Me* 
thod ot transforming and reducing Equations into Order, : 

G 2 and. 
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and. the Methods of finding the $nal Equations, according 
to Sir IJaac Newton^ vi%. 

RULE I. 
If there are any Quantities that may deftroy one ano- 
ther, or may be joined into one by Addition or Subtrac- 
tion, the Terms are that Way to be dimintfh'd. 



Suppofe = 

2 — 2X 



Suppofe = 

1 x a 

2 + ah 

3 — lab 

A~b 



Example i. 
5* — 3* 4- 2* = 5* -4- 3* 

8*4-* = s A * 
x = 5* — Sa. 

Again. 

%ab -\-bx~ab=zaa + ab 
tab + bx = aa -J- tab 
bx — aa 
aa 

b ' 



x = 



XJ.E. D. 



Suppofe SSB 

I -I- #3 

3 — a b* * " 
Or, 



Again. 

* J*-f-* 3— -**# — ab z —2*bx — #3 
*3-|- tf J#-f * 3— a *x z= <?£*— 2*te 

xi-\ r $abx-±>a'}~-ab*--a*xz=$ \ ffcnrwboj* 
^ 3 4"3«*^ — «•*=«**— *3. 



the &»«£« 

(juatjon. 



Hence the fame Equation may be folv'd by Converging 
Series, when we come to the other Part of this Treatifc, 
where the Learner will meet with Plenty of Examples. 

RULE II. 

I L thcrc * any Qw dt y ty whi «h all the Terms of / 
the Equation are multiplied, all of them muft be divided / 
by that Quantity, or if all are divided by the feme Quan- 
tity, all muft be multiplied by it too. 

Suppofe 



C 45 1 



Suppofc= 



That* 

3 in Num- 
bers 

4-c a 

5" * 
6+36 



bi b*x 



Utaz=ii f fr=%+a?;8. 



ft 






#»— 



b* 

€ 






^*yy4 »^ — j3q6-~i ifii — 144 

RULE III 

If there be any irreducible FraAien in whofc Denomi* 
nator there js mind the Letter, according to wbofc £)L- 
menfians the Equation is to be ordered, *11 thp Tsnns 0/ 
the Equation muft be multiplied by that Denominator, or 
by fomeDiviforofit. 



Suppofc 

IXtf— •* 

a + ## 
3— -or 
4 — tf£ 
5'D 

6 «» 2 

7±i* 



— * ^ 

^ ?£ if* «+•'<** -—*#« *# 






Qt&JV 




rule IV. 



If that particular Letter, acceding *d iphqfe Pimm- 
fions the Equation is to be ordered, -he inyolvfd ..^rjf^i 
an irreducible Surd, all the other Terms are to be trapf- 
pofed to the other Side, their Signs being changed, and 
each Part of the Equation ipuft be once multiplied by 
itfdf, if the Rogt tea Scjuarcpne, jpj tpice, ifjt .fee a 
pubic one, kit. 

Siippefti 
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Suppofe= 
I — a 
2©"2 

3 + ** 

4 — aa 

6 + « 



Suppofe = 


1 


1 ©• 2 


,2 


*± 


3 


3 -e« 


4 


4©- * 


5 


5+7* 


6 


6-r-ajr 


7 



V <yg — ax ~\- a = x 

^aa — ax r= x**a t 

aa—ax = #*— 2**4** 

« = # z —vW+-<W 

# a — a*~o 

x — a tzo 

#■=*. • ---- Q.E.D. 

Again. 
yy = <tyA ry z —a Vfy—y* 

ay = a «Jay— yt 
yz= A/ay—y* ... V ; r 
yyz=.*y— y* 
2y* = *y 

/=-—• Q.E.D. 

Again. 



Suppofe ~ 
i-f-* — * 

3 — a % x 

4+* 3 
5+4* 1 * 

6— *3 


I 
2 

3 
4 
5 
6 

7 


7 — %ax % 
% + a 
9+4** 


8 

9 
10 


10* □ 


11 


1 1 mi 2 ; 


12 


I2-J-20 ? 


'3 



iJa z x-\-%ax % — #3 = *— # ; 
a z x+2ax z — #3 — a3— 3a** -J- ^ax^xS 
2ax*—x3~al—4a*x-%-$ax*-+x$ 
al—yfx 4- 3«** = 2*** 
, ^3 + 3*** 5= 4*** 4. 2*** 
3*** = 4* 1 * +*ax % — *3 . 
*** = 4p *x~ a* i 

* % r£i4ax—a* 
x*~4ax = — a * — a Quadratic of the 3d 

Form. 
**^-4**+4* > = 4**— +a % =r 3a* 
**- 2n =; ij $g % 
x =2 a± <Jyi % . Q. E. D. 

R U L E V. 

The Terms, by Help of the preceding Rules, being dif- 
pofed according to the Dimenfions of fome one of the 
Letters, if thehigheft Dimenfion of that Letter be mul- 
tiplied 
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tiplied by any known Quantity, the whole Equation muft 
be divided by that Quantity. 



Suppofe = 

i-r-2<w — c* 
Or, 



Equation is 



2acx3 — c % x* + a lx % -\-a*cx % — 2ac*x-{~ 

a % c*x — a U * = o 
m i *3#*4-***** — 2a&xA-* % c % x—m%c* 

* 3 + — ^_ — — - 

1 zac—cc 
Subftitute f = ^±f!£ ; — * * =— ? , and 



24C—CC 

i « 3 * 

2tf— -C 



«»* 



2* — C 

x*-\-px* — qx — N = #• Hence by Con- 
verging Series the Value of x may be 
found, and is fhcwn in the enfuing 
Treatifc. Q^E. D. 



RULE vr. 

Sometimes Redu&ion may be performed by dividing 
the Equation by fome compound Quantity. 

N. B. But I muft beg leave to acquaint the Reader y 
that this Way is very difficult by inventing proper 
Divifors. 



Suppofe = 

v± . 

z-ry — * 

J ««i 2 

6 — C 



y % = by* — %cy x + %bcy — A*r 
^ 3 -|- 2*?* — iy* — 3&y+f ** s a 

JP*-f-2rjr — hfZZ.0 

y*-\-tcy ■=■ be 

y -|" f = fe -j-fc^ 1 

y = ic-f-H* — c. Q. E. D» 



Here I (hall give the Explanation of the 4th Step, vfa 
y—b)y\+zcy % —by % —3f><y+P c if^cy—be. 

2<y x — %hcy 
2cy* — zbey 

bcy^b'c 

bcy+b % c 



R U L E 
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RULE VII. 
Sometimes alfo the Redudton is performed by Ex- 
txa&ion df the Root out of eadh Part of the Equation. 



i — ax 
icQ 
3 no* 

4±£* 



2 
J 

4 
5 



**z=ax — A* 



^^'■■■IfA*^ ^ 0gT 355 



— ** 



*' "yg 






And thus univer&lly, if you have ** = /*. f ; jr wiO bt 

*ip±</%p.1. wlterfe£f arid fare to be aftaed with 
the fame Sigifc a* / and ? fa the former Equation, but 
ipp muft always be made Affirmative. 



For Exahple* 

x*-pxzf$ 9 

*—ip=i/IpM 



This = I i 

a c a 3 
3u«2 4 

4±i* »5 

And this Example is a Rile, acoWdirig to which all 
Quadratic Equations may be reduned to the Forms of 
Simple ones. 

For £x *-**-*«£• 
Suppofcy*»-2f3L4*\ to extraft the Rooty, com- 

x * 

pare -^ — p+ «n» 4*^** ffiatfc, write -C fot { 



^, and 



4 

*4 



tftf 



-**forj^*.?; and there Will arife y = 






=: .££-> — ^5l 



T+* 1 * After 



the lame Way, the Equationyy zz:#y — i : 2<y4* **— *% 

by 
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fcy comparing a — ic with^, and a % — c* with q y will 

give y = i a—c ± V "^ a% ~ ac * 
4 
Moreover, the Biquadratic Equation *4 = — a % x x 4- 
ah* j where odd Terms are wanting, by Help of this 
Rule becomes xx = — \ a * + y/fe4-l-gfrS and again ex- 

trading the Root x — V—{a*± VfH+**'- And fo 
in others. Q, E. D. 

Here follows a few Examples promifcuoufly fet for clear- 
ing Equations. 



Suppofe rr 

2c a 

That is 

4iw 2 
hence. 



Suppofe =s 
x-*- 7 , 
%cO 
That is, 
4 w % 

' Hence 



Example i. 

3** 4. 5* = 232 

3 3 

*M-4 



36 " 3 ^ 3* 



* + JL ^^ = 22Mzl5 



36 



X-\-^r~ * 



JL 

6 



«1 



__ , .2809 _. 

*6 * 3 

Q.E. D. 

Example 2. 

7** 4- 9* — 1498. 

^7 7 

* +— *f I96 — ? T , 96 
. , o , 8r 42025 

. 7 196 196 

+ o , #4.202«; 1 2.05 

14 — 190. 14 

H PROOF. 



[*>] 



. PROOF. 

Here let us prove, that * = — 15 ~, 

7 



Ergo 
And 
And 

Confequently 

Suppofe =r 

2 c D 
that is 
41U » 
hence 



a 107 

x = — 15 — or — . — '- 

7 7 

** — U442 
49 

+ 9 , = 9X _i£Z = =263 

7 *M-9*= ' U49 ~ Q6 ^=I^i 6 =i498. 
7 7 

Q. E. D. 

Example 3. 
9** — *= 140 

t *_ 140 

9 9 

** f_4-_L. == il? L^*_ 

? . 3*4 9 3 2 + 

#* _ _*_ 4. _L — 5040-\-i 
9 3H 3 2 4 

ar-J- — ±Z1 
,18—18 

* 18 - 4 > or 3 V 

g 

Now we will prove, that x rr — 3 — *. 
PROOF. 

* = — 3~!r> or ^- E'go* 2 = ^, and 9** 
9 9 01 



9 9 9 



Ergo 9? 



^ I22$-H* I26o = 



I4O* 



Suppofe r= I 1 
1x2^+3 

2x4^4-5 



3. viz. 

4, viz. 

5± 
6± 

7-7-56 



8c a 

That 



11 iui.2 
Hence 



■1 



12 



EXAMPLS 4, 

45 4- -n6 _ 
2 *+3 4*4~5 

180*4-225 + 232*-!- 348=56**4-70* 
-f- 84* -J- 105 

4ia#+2i5-f-348=56#*4-i54*-4-io5 
4i2*--l-573=56^-{-i54*-t- 105 
258^ + 468 = 56** 

. 56«»— 258* = 468 

56 50 

^ _ 2*8 x , 66564 __ 468 , 66564 

Sb 12544 56 "*" 12544 

«*- ^ x4- 66564— 1048 , ^24-66564 

56 12544 ' 12544 

Tl — *** x 1 66564 _I7i;q6 

50 11544 12544 

# — 2fii = + !!± 



3 

4 

5 
6 

7 
8 x 

91 
ic 

11 



112 



112 



■3 



= ^ \ TO =6, or = — i——. 



112 



PROOF, that* is= — i-i-. 

28 

= -,-£, or = ^. ^a8=^,and 



2* 



+-3=-T? + -~-. or +-^7- Therefore 
14 14 14 



45 



**-h3 



= 4$, divided by -2-, or (which is the fame thing) =s 
*4 

Ha 45 X 



[5*1 



45 x — — ty Fraftional Divifion = -2? = ZI0 Again 
.5 5 6 

4* = ^,and4* + 5 = ^+£- = ^- 4 , and 
JLIjt. = i.6, divided by =3 = n6 x ^=-203. 
Therefore^. .+ ^ = al0 _ 203 = 7 . 

Q. E. D. 



Suppofe = 


I 


1 ©■ 2 


2 


2 X«' 


3 


3*4*y 


4 


4x4/ 


5 


6-r-4 


6 

7 


7~i 6M 


8 


S un 4 


9 



Example 5. 

* — 4% 2 47 2 ' 4^ 2 1^ 



^ 2 v* __ 



+ — 

4^ = _2 4 iL 4 .££ 



'*/■* 



64*^4 — 4< 74 tf * _^_ 4*24^* 
i6My4 rr a*c* -{- i*a*f* 

~ i6£4 



^4 



_ «/ ^f»+^W _ a4c»4-6 * g »ffe 



lt>£4 



16M 

aE.D. 



Suppofe — 
1©-* 
. That is 



Example 6. 



jl * b'—** — a*-^iax-\-M* 

b*4-tb3x — ibx* — *4 . . • 
A , = «*-2«*-f-*» 

3X<» 



or thus 

s± 
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£4 4_ zfcx — 2**3 — *4 = tf*i*-~ an*** 

4- tor* 
— #4~2**3 4-l*3#4-M=:tf** 1 — 2**** 

— #4— 1£#3 — **#* 4- 2*3* 4. 2tf**# —5 
****— *4. 



Which is an Equation of the fourth Power, or of four 
Dimenfions, and may be folved according to our Method, 
that we ihall lay down for Converging Series. 



Equation, 

or 
x>a ± 

ac a 

5 iui 2 

6 + 



i 



Example 7. 

. 2**~ a % -\-2ax — **= «* — 2**4-**— 4** 
** — 2* * — $x-\-a % = — ** + 2*# + 

2** — ** 
2** — 4** — 46* =3 *** — la * 
**—- -2** — 2** = 4* — ** 
**— 2**— ibx-\-a z -\-b*= 2***4-2** 
x — a — * = V^2**4-a** 
xz=za-\-b+A/2ab+2bb. Q.E.D. 

Example 8. 



Suppofe = 
1 ©■% 
x± 


1 

3 


Z<Q 


4 


4»i2 
5-4- *• 

be a 


5 
6 

7 


7 u» 2 


8 


9^lo 


P 







aX — **=* V'tf* — 2**4-2.** 
*4_ 2 **34-***» — ****— 2****4-2**** 
*4 2**34-****— 2****4- 2****=**** 

Add to both Sides ****4-*4 
*4— a**'.^****— 2****4-2****4- ***M- 

*4=****4^4 

**—**—*» = — * \/* *4-**= */****+** 
**— *# = **— *V**4-** 
**—**+ -J- * * — ^ **4-**— * V** ^-* 1 
*—**== Via*+b*—b *J&\V> 

* — t « ± /?**4-**— *v**4-** 

Q. E. D. 



Example* 
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Equation 

3©-a J 

4± 

5-7-2*— tf 



Equation 

i± 
a ©- 2 

3± 
4 ©-a 

6 ttu 2 



Example $. 

atf— *« */4*.*— 4**4- ^4** — 3** — aa 
m* — 44x- \- x * — 4**— 4 ** x ly/^ax — 4** 

x Vtax— 3**— #*+4«*— 3**--** 
5** --l ag* 4- 8^« a V 4^-v — 4** x 

V^i^r — $x* — a* 
25*4 — lzoa*x -|- 224**** — 192*** -\~ 

64*4 »=» 

4 x tax— 4** x 4**— 3**— ** = 8ofl 4 Ar* 

— 1 1 lax*— 1 6*3*-|-48 (r 4' 
l6*4 — 8o**3 4. 144a*** r- 104*3* -f. 

25*4 M ^ 

8*3—36*** -j- 5 4a*x— 2;ia r « ,, hence 

by Convergin^Series the Value of* 
will be found. 

Example 10. 

bb+2bx+x*— c *t -f fr—ibx+xt—c^i 
= * 

**— ibx*\*x*— <*> =*-- **-f.2^^*_^T 
**— 2bx+X x — € % as **— 2* */**+***+ 

a+4-Sa*bx-\-i6b % x z = 4**** + 8**i*+ 



4*** 1 — 4**** 



** = 



4****— 4f*£*— *+ 
16**— 40* 

V l6b % — 4a 1 



Q. E.D. 



Example 



I JSl 



Equation 



Then 

2± 

jr □ 

4uw i 



Equation 



Example ii. 

Seeing the Divifors are both alike 
they vanUh. 

2yM-4*y+2**==3J* 
y* — 4*y = 2tf * 

J*— 4^4-4** = 6tf * 

y =s 2fl+ ^6**. 



Equation 


i 


Then 


2 


2± 


3 


becomes 


4 


4-2 
5©-a 
6± 


5 
6 

7 



Example 12. 
J»4-<:*— *»*4-2y i/c*—b % +y* 



= i 



4*+c»— «M-2jr x V* *— **+jf* = ai X 

2JP X ,,/,> _**-}.,» a- 24*4-24*— < * f ~ 
<* + »* 

Subftitute a4* — **—**-{-** = V» thcn 
th e Eq u ation 

v x y,*— $qy a 2*424* 

y X */*»— **4j* =*44* 
yy<r*^** 1 +y4~fM-2*4*+*/*y4 
d t y*--y++izdy t +by~r tfy* ==«. By 
putting the Equation into Numbers, 
the Value of y will be found, by com- 
pleating the Square, 



Example 



*3- 



c* , eb*-\-ebf ^ 

TjebxA-zebc ■ • - aic ! ^ 






2* 



1X4 
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iXdc 



*xc 



ar Van, 



Then 

$xx4~c 

Reduced 



Ja % x* 



-dee* 



* ebx\tbc _ c % x % — a*x % 
%ebx-\-zebc "*" 2 A " , " - zbcx~~* 
b_ 

da z x t —dc t e % , W k-f'fo 
iebcx4-2*bc % * 



2<fr 



2fo 



2* 



*&*4-*& *" d ~ b 



b 



eb 



Tranfpofe -~- at, and fuhftitute m, for 
da*x % -~dc % e % . rfr 



' + — *+ — =OT * 



rf# •+- e br 
Ja*x*—i c % £* 
eb 
-f- mcx 
#****— d*c** % +f % Pcx+t % b % c % = tUfar » 

+ ehdemx. 
Hence the Value of x may eafily be found f 
by compleating the Square. Q^ E. D. 

Example 14. 



Equation 


I 


2®-2 


2 


a± 


1 

3 



4* 4 4 

4 " "".* 
*■* ex % - 

-5 ;p = V**i-3«»x 



r x v£=a-: 

3®"* 



$& a A" 



x* 



4± 
5* 

6-r-« 

7.-** 
8 tw 4 



Suppofc 
i± 

3± 

4®-a 

5± 

6 reduc'd 

9 c D 

IOW2 



If 

7 



t 57 1 

+ ' " 4 

»»** «*» i._2£i 

. ** *.-"" 4 

4a*** — 4»£x+ = — 9«+A*. 
4foH — 4**+' =» 9#3&* 

4^—44 

X — — « 

4 fc— 4a 



1 + 3 « * X 



4 



QtE.D. 






a % a xx xx 



7 
8 

9 

10 

it 



= x 



XX 

aa 2x z 



x* , aa 2x l ^ a*)£ 

aa xx a xx 

a±^ a* T ^ 

=»= 4a 4 — 4^ *#* 

* 8 — 2a*at 6 — tf*A-4-J- zaPx^a * 
x* — aaxx~-a 4 = 0. 
a- 4 — a *#* = a 4 

— - 4 



1 4 



[58] 






i-i\+*+fZ 



1% > 

*3 



4 



= £**+-£ a*)*? That is 
4 

14 *^/ 1 «a + /-^tf 4 - Both 



which 



are the fame, but a different Way of Expreffion, the lat- 
ter is called the old, and the former new Method. 

But left the Learner fhould be non plus'd how I divide 
the feventh Step, I thought proper to give him this 

EXPLANATION. 

*8_ a *x*—a+x* 



Given 

i & 2 
That is 

3* 

4-*-* 

S± 



>x 6 -\~2a 6 x % 



*x*+ a *x*+a*x* 
—a+x+-\*a*x**\Hfi " 
— •a*x*+q6x*-\-a* 

o o o 




'-IT 



id X I — « = 
dd—dd$s = 



ss — aa 
ssaa 
ss—aa 



dW+dtsW—d*** — d*a % = s % a? 



s*a* 






EX AMP tfi 



Given 

f ®-2 

That Is 



[59] 

Example 17. 
T [ +ax^ r x c % +ax*F X s=zdxxb*—x*t 



+ c* — x 



~Z* 



b % + ax x xc % -\-ax % xs % = d*x % x 
V—xi+c'^x'+rtxXbZ^x** 



X C 



A v^» 



s* X a % x*+b % ax*+c % ax*+k*c % , 4 
** — e % = adx x *♦ — **** — **** 



+ AV*1 T . Hc&ce by involving both 

Sides of the Equation, and ordering and tranfpofing the 
Terms you will find the Value of x will arife to an ad- 
fefted Equation of the eighth Power. Q. E. D. 



Of Transforming and Exterminating 
the Unknown Quantities. 

WHEN in the Solution of any Problem, there are 
more Equations than one to comprehend the State 
of the Queftion, in each of which there are feveral un- 
known Quantities, thofe Equations (two by two, if there 
are more than two) are to be fo conneded, that one* of 
the unknown Quantities may be made to vanifh at each of 
the Operations, and fo produce a new Equation. 

And to exterminate Quantities, you muft obferve. 

Firft, to know whether the propofed Equations be re* 
ally dtftinft, and depend on one another : And Secondly, 
whether they are more or fewer, or whether they be equal 
in Numbers with the unknown Quantities, which are 
contained in them ; for, if you have never fo many un- 
known Quantities, yet, if you have as many Equations for 
them, they may very eafily by Redu&ion be brought to 
pne Equation, where only one unknown Quantity (hajl 

I 2 * * remain, 



[6o] 

remain, for all the unknown you may caft out at diffe- 
rent Subftitutions ia your Operation, except one, which 
you may find in known Quantities, and then after this, or 
any one?, is found, you may find the a(her$ jby the frefc- 
tion you will find them to have -by your Operation. 

But fuppofe you cannot find the faveral unfenown Quan- 
tifies jn«the feveral Equations, their JEx^refepns may be 
difcoaered hy a Procefc -not muoh^Jike, J mean, by find- 
ing divers Ways fcy which ijhe fame unknown may be ex- 
prefs'd in the Terms of die others, unknown and given 
Quantities : Theref o re -the incomparable Sir %faac Newtop. 
has given us j&e MowiJig Rules. 

I. When the Quantity to be exterminated is only of 
.OiieXJimeftC^njiiF^h f^tt*tio(tis, bpth its Values are to 
oe fought by the foregoing Rules,, «pd the qne made equal 
to the other; as Example I. 2. 3. &c. 

JJ. Whoa atleafl; ia .one of the Ecjuariojas the Quantity 
to ^exterminated is only of one Buipenfion, Us Value h 
to be fought in (that Equation, and {hep to he futyfctuted 
in its Room in the other Equation ; as Example 5. &c 

III. When the Quantity to be exterminated is of more 
than one Dimenfioft in both the Equations, the Value of 
its greateft Power jnuft he*fot|ght in Hpoth, then H thofe 
Powers are pot the fame, the Equatio/i th^t involves the 
leffer Power muft be multiplied by the Quantity to be 
taken away, or by its Square, Cube, &c. that it may be- 
come of tjbe -fome jPowfer with the other Equation : Ttytj 
the Values of tbpfe Powers are to be -made cquaJ, and 
there will come out a new £quatjop, where thegreatefl 
Power or Dimenfion of the Quantity (to be taken is dim*- 
pQied y and by Repetition the Quantity will be exter- 
minated. ( 
Example j. 

Thus 
Suppofe 
1— b 



f 



Thus 



a-f*J=H" S! 1 Q?ere y, and hoyr to «x- 
ay-f-z— ^b i terminate q. 
a-\-y — iz=z-pNow feeing we have the 
1 _ # V Value of x in both Steps 
* ^" a)~ 3 furbftitute its Value. 

a .\-y~b=JL 

2 y 



:fci. 



&.E. D. 

Ex AM Ft; 



[>1 

Cif 1 a*-^ = abXttext *. kerf jrifltpbe 
Soppofe ^ j a v _.# 5 cxtcBBiiut*L 

ax-+ab ^ _ ^* 

ax % —abx == ^» 

a* 
ax *~-abx=z2b3> which reduced by f Q 



1+ 2 

4±&c. 

6x2* 
hence 



*^>*±yT +i ^ 



Q.E. D. 



Suppofe t i 



and 

3=4 



Exam pi* 3. 
ayz=xz i 



JL =x+y. Hence by Reduftion wege* 




This 



ExAMPte 4« 
*H*S* = 3J*^Qaerc x an4 jr. 

**=— 5^ + 3?* 

A z*r-4 3Br - 5 ^ 3y », j«iuc«l we get 

Now we havegot the Va- 

- **- Va* 

ami 



4JN ow we navcguu w 
lueof*, we put its 
faeintfiefirftStep, 
, , the Equation is 



per 



per Sub. 



Suppofc 
and 

I **- J 1 



becomes 



is 



Suppofc 

3+*» 
2 = 4 

8 wj 3 



Let ;» = 

Then { 

i — y m 
7. — p* 



4y*+6qy+22S «H^5 ^ 

. Whidh reduced out of Fraction;" is 
6Qy*— 9cy3+72y*+4qj4-3i6 = *. 



Example 5. 

xy % = bl 

# = -£L fubftitute -^- for if then the 

fecond Step. 
— + j>* = fy+ -~-» whjch reduced 
j^ 6 — ^*yS+^*Jy*+*6 



Example 6, 



tt*3=/ £ "W«l >» and *• 



J* 

y* = b+x* 

a = b-\-2X* 
ix* = a — b 
a—b 



**=: 



x- J --=-—. Q.E. 



Unive its ally. 
: the Power of the unknown Quantity. 






~-y m zzo — x m 



5+** 



7 + *" 
8—* 

I0u»2 
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* = A4" 2 * - * 



x = 



Q. E. D. 



Three unknown Quantities, how to find their Valuer 
Example 7« 



Suppofe 

a — % 
4 = 5 

7 x* 

9-r- 

5t 

3* 

n = 12 

13 reduced 



ax = zy 
bx =z-\-y 



_ V 



a c 

zj 7=2 fL — az 

£ 

czy = ay — caz 
czy-\-caz r= ay 



ay 



II 
12 

*4 



b 

J. a =*±* 



»4-*-± 



to = 15 

36 red. 
17— obey 
18 -rf* 
•«o-f «* 



Suppofe - 

5-t-» 

*± 
7-r-r 

3± 

6=8=io 

6=8 

iireduc'd 

13 ± 

14 ■+-■ 

6 = 10 
i6reduc'd 



15 

16 

*7 

18 

'9 
20 



1 

2 
3 

4 

.5 

6 

7 
8 

9 
10 

11 

12 

*3 
H 

*5 
16 

*7 



r # 3 

tf # = bey* — c*y* — f *<srjr 

*J[-ca =zBy—cy 
*=t£.'..\.. Q.E.D. 

pXAMPLE 8, 

wtf-J-'fey — P z — ^O 



nx *>\-my=a -\-pz 
nx — a+pz~-mj 
r _a+pz-my. 

n 
rx = b-\-qy — sz 
x _ bArqy-*— SZ 

r 
gx = t—hy—tz 
c — by — Iz 

a -\-p*>—™% __ k-\r<&— sz _ c — by— fa 

n r g 

a-\-pz — my -__ bAf-qy — sz 

n r 
ra + prz — mry = bn -|- qny — nsz 
prz + snz = ^ -f*" ?*? — r4 + mry 
bn-\-qny- — ra-^mry 

fr-\- sn 

a>\-pz—my c — hy-\-lx 

n - g * 

ga 4- gpz —gm} =s= cn—bny ^ Inz 

'7± 



X7± I* 



15=19 

Sored. ' 



20 



XI 



i% 



n 
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lnz—gp*= =i g*—V*y-~ cn + n ty 
__, $a—gmy—cn+nhy 

ln—tp 
bn\ qny — ra+mry ga—gmy — an -±nhy 

pr^sn In — gp 

bln % *\.qnHy—alnr<\* knnry—igpn—qgnpy 

*t*ragp-^mgpry=ragp—prg?hy—pnrt 

J^prnby-\*ansg—gmnsy — scn x *\*$bn % y 
bln x —alnr — bgpn J^prcn — a nsg + sc n* =5 

prnby—gmnsy J^sbri'y — qn % ly—lmnry 

_ bin* — alnr — Igpifforcn—ansfTscn* 
* ~~ prbm—gmns+shn % —qn % l—lmnr^qgp. 

Q.E.D. 



Suppofe 

»± 
a± 

5=^7 
8 reduced 

9± 

. 10 -r» 

*± 

12 -j~ 

I4reduc'd 



1 

2 

3 

4 

5 
6 

7 

8 

9 

to 

11 
12 
13 

15 



Example 9. 
%+mx-irmy-l r mu'=zbt 



Quere #, jv *, **. 



* = 



a- = g— » z «y « k 

XflX* sss 0- ■& /iyf ■ mu 

b " z ~m y — mu 

m 

b — %-— my*— mu 
a—nz—fiy — nu = r ,. 

am — mnz — mny—mnu x= 4— *— *my — mm 
am — mny—mnu — b-\-my-\-mu=mnZ'~% 

am — mny—mmir— b-\-tny-\-mu 

mn-^-i 
px~c~y~-pz—pu 
x m c-y-pz-pu 

P 

b—z— my—mu c—y—p%—pu 

m p 

pb — pz — pmy "- 'pm u ssmc—my— mpz— 
mpu 



15+ I* 



l6-r- 

4,± 

7 = 19 
2oreduc'd 

2 J + 

• Z2-— 

1=19 

»4reduc'd 
25 + 

26 -f- 



17 
18 
ip 
20 
21 

22 
23 

24 

*5 
26 



tnpz—p%=:me—pb\-pmy->-my 

z _mc^pb+pmy—my 1 

mp—p 
qxz=d~u — f z-— qy 
x _ d~u-r-qz — qy 

. ? 

^ — z — my — mu d — u — qz — qy 

tn . .* q i 

bq — qz <— mqy — mj u =zmd-^mu~- mqz 

— mqy , ; 

mqz—qz=md—mu—mqy—bq -\-qmu 
»u- md—mu — bq\qmu 



mq—q 



2 7 
23=27 28 



28 red. ^ 



29 



25+&C. 



30 



a—nz—ny — »« == 



d—u—qz—qy 



qa-^qnz—qny — qnu =s= rf — u — ^z — qy 
qa — qfiy — qnu — d-\-u-\-qy = qnz — qz 
•__ qa—qny — gnu — d-\-uA-qy 
qn—q 

md — mu — bq-\-qmu qa — ^«y— 

mq — q qn — q % 

qnu—d+u-^qy 



qn—q 
mqnd —■ mqnu — bq x n 4- q 2 mnu — qmd-\- 
qmu -\-bq x .—q x mu=mq % a — mq z ny— 
mq x nu — mqd^ mqu + mq 2 y — q x a -J- 
q % ny-\-qinu ±qd—qu—q x y - 

y = mqnd— mqnu — bq x h-\-bq x — mq % a + 
q x m-\-q x n — q x — mq x n 
2mq*nu-\~q x a—q 2 -nu —qd\- qv—q x n\u 
q x m-\-q x n—q x —rnq x n 

Q.E.D. 



: . . ..-Li 



Suppofe 
2± 



thus _ 

4* 

6 + 



Suppofe < 

>± 
*± 

4=5=6 

7» 

8 reduced 

9± 

5 = 6 
iax 
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Example 10. 

1 J xy x J^x 2 y = %3l » 

2 yz—xy = xz£ 



y = 



ATZ 



■ . Put this forjf in the firft 



z — x. 

Step, then it will ftand. l 

x*z x 1 y*g __ f 

z*—2*x-]-x z -\ z—x~~ Z 

*x z* — *4j& = z5 — 2z4*-^_ z i*» 

2**Z— *4 = z 4— 2Z**-f-£*** 

I Z4— 2 Z*x-\-Z x x x — 2A?'z4-jt4 = * 



Q.E.D. 



4 
5 
6 

7 
8 

9 

10 

11 

•■ 

1*3 



Example xi. 

X x y x z*-\-x x y = r 






I+j'si 



*_ _ _JL_ _ _ c ! 

i+y x z y*+yz •• • 

ty*z—ayp ss *j* — £ • ■ - 



by"— ay 
b = f ~ ~ 

Kz 



» • 



*3± 



I/, 

II 



>3± 
Then 

ii x <y 

hence 14, 
19. reduc'd 



»4 
15 

16 
17 
18 

20 
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Jy**» 



*V 4 — 2tfiyl-HaV* 



b % y % r-^iaby~^aa 

cyx= a £=± . 
by 



, a x by\ — ■xal x y*J f -b^ ac? % —lc _ 

Fy*—zaby-\-a\ ' bJ=Z ^ tJ% ~?' 
a*y*— bv*4-b % y*lr<!ci*— ^•-f^V-Vto 
— ac+b x z=o. 
Hence an Equation of tip 4Jh Power. 

Example ia. 



Suppofe 

r± 

Then 

3®"* 

4± 

Then 
6&x 






Put m=zb—d 



ax* 



>*?&= 4:*?—t 4-m 



px % —qx±* 
ax* ■ t 

A/x*r-C 

Now put~j(g y ^. ^»~f* 

*#* ••• • 

a x x* 

P % x* — 2pqx*-j-q*x x -\-2pnx % —2qn*^-n* """ 

Hence 



[6 9 ] 



iHcnce the feircnth Step reduced out of Fractions, w« gefc 
this final 
^Equation. ^^^Mr*^*^***^*^^ 

zqnxS — jfipqxS — p*h x x±+2hq*x+*\- #«A*4t- »***4- 
)%pqh*x*— 4bqnx*4-2hn*x*-~ ?***#* 4* O^iA**^ if »£*# 

Hence the Cortfficients put into Numbers, a*d oidcr'd, 
w^ fl^U have the Equation defired. (^ E. IX 



Suppofc { 

ft Subt. 

5 x * 

6®-* 

7± 



Example i%. 



Subft. its Value in die 2d. 



a* 

c % X a*x = c % alx 



I I +**=<• 

Hence by my Method of Converging Series, the Value 
of x may be found by putting the Co-efficients into 
Numbers, 

- Or the above Equation may be fol/d thus, viz. 



Suppofe I 
3 ©-a 



xx+JJ~\-tx=z0 

Here put their Yalues in the 



x = 



x % = 



Equation. 






5 

-6 

7 

8 

J_9 



yr + r **$■-* 



Afar, At the feventh Step I have multiplied by >, and 
tteacgttScp-difided by. A fo there is no need of fuch 
Multiphcauqiiland.Oivifion,. by Reafon it- -being Part of 
the Square of >«, but this for thclnftruaion of the 
.Learner. • . - - - " " ■'■■■■ 



Suppofe 



I -4- 



2-7- 



4 = 5 

7 reduc'd 

9 reduc'd 

io -h 

5 = 6 
rc&uc'd 



\ 



Ex AM^PirB If. 



H I I * I. ■ 



** s= 



^ - . vEach arc equal to .one 
J ~b *fy" f another. 



7 
8 

9 
io 
ii 

12 

'J 



* _ h 



a c 



4y*+cz* = az*-\-az % j % 

' ' cy z 

«* = — ~ .. 

b _ c 






I 3 



I 7*1 



- 13 -*•■ 
11 = 14. 

i5reducM 
-*7± 



14 

15 

16 

»7 
18 



5 


. 1 


5uppofe "S 


a. 


c 


3 


Then 1 


4 


* 


S 


3 


6 


Then 4, 


7 


5 


8 


6 


9 


7=8=9 


10 


jo, red. 


11 


7»9» 


12 


" ± 


13 


13-^ 


'4 


14©- a 


r <s 


- - 


• 


h 1. 


** 



a-{-qj % — c b-^by 1 — cy ' : 
<7#-4-<7rp*— r*jr = b<y*-\-b&>+-c *yl ' 

a + *f* — * = b-\*h* — c y % 

tyi—O^af-Arb = a — *• 

Example -15. , 

#* -f^z = ^ Subftitute 

/ + ff = *> 
z* + #y= A r* = «; and ;*=:£• 



r*x x +$x % = bk.p ir Subftit. as rf>ovc. 



** = 



#* = 



c 



a 



r-f-r 



t+rs r z +j 
*r* +*/ = &+ A™ 

** — bn± b — ar* 
• b—ar\ 

a—*br '• • • 

b*— 2abr t +a 1 r^ b—ar*V 
~a % — 2abr-\-b*r* = a — br^ 

Now fubftitute for the Value of s in the 
1 2th Step, and it 

b-r-arr^ i— *r* 

a X : i ' 2 -+ar = c^cr x r- 

a—bFl a—br 

I t : " . That 



^5 



That is 

That is 
*8± 



{ 



{7*1 

a xb—'arr? -j-arxfr^brl =*cxa — 'bfC 
—crxb—arrxa—4>r 

ass ca x — xabcr + AVr*— fiber +a x crl 
-j- b % c r % ~-&hr+ 
a ir++ abcr* +ab % r*-~a % cr*-~2b*cr*-~ 
2a*br* — 2*£r* + *V+ Z a ^ cr ss ca 
— vb\ 



Left the Learner fliould not be oble to make out tht i6, 
or 17, Steps, I thought fit to fee it down hert as an Ex- 
planathny viz. 



bcr — fiber* 
b—br 



Which, if this hft reduced out of f ra&iofls according 
to the common Rules of Algebra, will giVe die Equation 
as the 18th Step exhibits. 



Example 16. 
Suppofe 

a x ee + uu = b ^ i ii + Mir sas J. 

e xaa-\-uu = e> Or *** + '*« t= *. 
* * ** + ad =* ^S *" 4" *** £= '• 



Quere the Value of a, e, u? 
Substit UTi 

X = « xxssuu. 

jx = t Then j*** = j* 
%x^a z*x* zzza*. , , 

Then the above Equations will ftajid,- t wz. 



Equat; 

And 

And 



I 

2 

13 



g* x j»ir»4 -** =1 b =f*&j+ jr?g 



***! 



In I 



*-** 
t* 



i=6. 



45=5 

7* 
viz. 

and 
10 ± 

n-7- 



then7 

J3-5- 



»3 



«4 



#Ja 



15 



jzz-ft 

a _ d 

jbjH-2 j**-H» #+*« 

CJ»* -f- «B* = <fy»*4"4' 

cj* — dys*dj% x —t % % 

v*—dj — j*<y—d 

df—c df—c 

For z* put its Value in the above Equation* 

z x ',* 4- 1 B frfo*"" 1 . Now this 13th 
ajr—c 
Step divided by »*-H» and fquared 
it will be 

*yx »*- »!)* _. a a ,=: ^r:^ 
4^ xffH' d r 



Z* 



de de 

«j—^+'i±**,4-i = «. Hence 

4C 

j being found, we h ave then g at 

/glzAnd *<zz Jy— c l. 

Q.E.J. 

Example 17. 

Suppofc aa+iizzt *Quere4,aiuU. 

and flJ+aV-ftf#*+^«r >^" 

Substitute * = *+*, and *s=rf/, then 

Ii I *t = 4' + 34** + 34** 4- if 

■-•:•■•■■-• I ■• • ' by 
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by fubftituting for its Value*, in the firft z* -\- * — b. 
Now finding the Value of s, and then fubftituting its, 
Value in the fecond Step, we fhall have the Value of #. 

Or. thus, 

Subftitute **? = *, and— for /. in the two given 

Equations, then you will have x 6 -f* ** = b for the firft, 
where you will by our Method of Converging Series here- 
after laid down find the Value of a-. In the other Equa- 
tion you have (firft multiplying by j 5 , and dividing hy #*) 

j* +.y 4 +j>* + i = -~ y % * Confcquently you will hate 

X* 

the Value of j. 

Example 18. 

Suppofe 2**) * 4- 3z 3l t* + bz?\i = *. 
The fame Equation may be fet thus, 
"Di x % -f~3^ x *4^"5|* X z = a. 

Thcn z = ' v^+/?+vH = Aafwer * 

Before I conclude this Part, I (hall give a few Exam- 
ples how to manage Surds, let them be never fo much 
complicated, the young Reader may by what is here done 
be able to folve any Equation, efpecially, if jhe will ob- 
ferve the following, as Prefatory ! 

RULES. 

The Chara&ers ufed by Algebraifts are in mod Authors 
fhall not infert them here. 'Where Note, that the Square, 
Cube, Biquadratic, fie. of jr-f? fe**+,2*rf?*. x* -f* 
3x*y+ 2 xj*+jK *4+ 4 * Jj ,+6*y+4* 7 *+jr% &c. but 
there is a new Way for Notation in Operations as are 
ufed by the moft acute Mathematicians ; as 

*-F?V = Square of x 4? = *M-**H^ 
Z&\ % = Cube Of x+j S «>4-3»H-39H9 9 
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£&)* = Biquadrateof x+, =* *♦+ 4*V + 6*Y+ 

£|5> * -s ^ifth Power of *+7, &c. &c. 

Confequcntly the Squ are Root of . 

j'-t-ao? is 4fr'+*<9)* orbyjhenewWay^+AV" 
Cube Root of «i4-a«f= V>»-r-gV,lor ;M-a^ 
Cube Root of th e Squar e of /+< ?== V/+a*y-H»*> 

&C. & c « 

Universally. 

V «*4-<4-A) or «»*-«s+3 i )'» » * c Cube Root of 
the Difference between j ^mit'- 

Cube Root of «J added or fubtiaaed to or from the Square 

Root of g j+H-**' 
And Vffl + + j ^«^ 5 4-* 3 ' , ~ ** V««+" » or — 
r^f 4- aJ *s+4^»-^x«fl+«^ f ; istheBiquadratt 

Root from Jadded to the Cube Root ** + *» -4*. 

"ftitSurds may be reduced to facilitate Operation., which 
to do pleafe to obferve tbi$ 

RULE. 
Divide the Surd by the greateft Square, Cube, Biqua- 
dra^S, or any oVr higher Power, by w^ich you 
Lndifcover. is contained in it, and it will meafurc it 
Sl^Remainder, and then prefix jthe ■ ** of tot 
Power before the Quotient, or ; Surd & divided, and th* 
will produce a newSurd of the fame Value with the for- 
mer, but in more fimple Terms j as . 

La ^^T 
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^^l the -Root of which Quotient (49**) is 7*, 

which by the Rule muft Be prefix'd thus, 7 J V"*> or jb 
yTa\:. 1 Alfp Vxy*z\== *y 3 «|i will, by the fame Way of 
Reafoning bey Vz#)e=y X *^*. At\d this Reduction is 
t>f great Ufe; and belides it looks neater and workman- 
like to exprefs Quantities. in their moft fimple Terms. 

Suppofe you would Square, Cube, & c. any Surd Root, 
it is no more than to Square,' Cube, &c. the* Power re- 
taining the fame Note of Radically j as for Inftance. 
Suppofe you would Cube fyaat\=z ~aa5\h it will be Jaab 
z=liab\l. Again, fuppofc \/mxy)z=z mx*y*)j were to be 
Cub'd, it will be V^*^==^y*|K So the Biquadrate 
Root oi V *y"==TJlr is * l y*, as being the Square of the 
Square of tfyls* and the. Cube of V *x s=xy^ will be 
xx)*4 or x* 

But it is better, where it can be done, to take one half, 
one third Parr, &c. trf the Exponent of the Root ; on 
the contrary, if you would extract the Square, Cube, bfc. 
Root of any Surd, vou muft double, triple, &c. the Ex- 
ponents of the Radically, thus the Square Root of 

\f$mp$'= S^P*^ is * 
1/ $mpx<= smpxfc, and the Square Root of ' 
i/axy\z=: axy^f is Vaxy zsTaxjj*. 
It will not be amife to ihew how~ may be mul- 



iipHed by ^, or . J ^f. .Thus, 

« • ' ' -I * 3 f 8 

x v xS ' 2 3 



preffion x 



1 1 

xi 
— 1 



u 
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If a Series of Geometrical Progreffionab be id this 
Order, I. x. **. *3. x+. x5. **. *7. &c. Their la* 
dexes or Exponents will be in Arithmetical Progrefion, 
and ftand thus ; O. I. a. 3. 4* 5. 6« 7. ($c. But if 

tbcjrareFraaio^a.J-, ■£, -L-, J-, £,£, 

&c. then their Exponents will be Negative, and ftand 
thus; —x. —a* —3. — 4. &c 9 forifyoufuppolcjr==2, 

then will JL = JL, and JL = JL, and J-» i 

* 2 x* 4* ** 8 • 

bte. Or if you expreft the Geometrical Series by Meant 
of the Exponents, it will tend jr -1 , *~ 2 , x~~ 3 f /- ^ 
V~ 5 , GTr, Thusis -I- a *~ 4 , and-^ = x~~3 % 

X* X* ■ 

6V. And i=*°. * x =#. **=*#. &c. Alio the Exponent 
of </x"will be £, becaufe as V x is a mean Proportional 
between 1 and x 9 fo {■ is an Arithmetical Mean between 
O and 1. 

And the Exponent of V x will be f, becaufe as V*xi* 
the firft of the two mean Proportionals between j and x 9 
fo 7 is the firft of the two Arithmetical Means between o 
and 1. 

Hence V x axuTPi, or V x and""*)*, or V ** and 
*)? are the fame, but two different Ways of Notation 
for one and the lame Thing, the former being the old, 
the latter the new Method of Notation, as is ipecified 
above. 

1. Moreover, if any Rational Quantity be to be di- 
vided by its Square Root, the Square Root will be the 
Quotient ; as for Inftance, fuppofe mx be divided by^mx^ 
the Quotient muft. be VW. 

2, When a Surd Root having a Rational Quantity pre. 
fix'd before it, is to be divided by the Surd Part of it, the 

Quotient will be the Rational Quantity. Thus a <] mx 

to be divided by 4 mx y the Quotient muft be *, for 

*V~mx 

J mx 

3. When 
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" % When the Dividend and Divifo* are the Produds of 
two Rational Quantities multiplied feverally into one 
cpmmon Surd, or when they are Rational Quantities pre- 
fixed before one common Surd ;. then divide the Rational 
Part of*he Dividendrby the Rational Part of the Divifor, 
and what refults is the Quotient. 

Thus ,fll S = 4- Quotient. and ^ V j « ab. 

4. But when the Dividend and Divifor are two Ra- 
tional Quantities or Numbers prefix'd to two unequal 
Surds, then you muft divide not only as before the Ra- 
tional Part of the Dividend by that of the Divifor, but 
alfo the Surd Part, and thefe two Quotients connefled to- 
gether, fo as the Rational Part ihould ftand on the left 
fifand, are the true Quotient fought. 

Thus 8 ^-iV^and221^ = rV^and 
4V io ax ^ * 

yV^)_ «j_ ^ ^ Quotient. 

Hence it may not be amiCs to obferve bow tr^fj ma y 
be divided by -i-, which i»thus. . 

yaaxx , 4mnxA 
Alfo ■ = -r Quotient, 




J 



aammnn 



+ 



4fa3] 






A*J 



And 



J' 
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Alto 



/r- 1 *^! 3£=H the Quotient. 

y i6fo* — z^iex+gbx* — i6c l x-\-2^cx*-—qxT\ 
dd 



dd 



J ^^T^ mt 4£==£ the Quotient.. 

1 think it will be needlefc to add any more on this 
3Score, but proceed to Equations, wherein Surds are con- 
cerned, and I muft obferve to the Reader that not to 
haften too feft before he is Mafter of what he is about, 
and in Time he will find the moft arduous will be 
pbvious. 

Example 
Suppofc tja+x— *1— V^— 2 V*V— V*^3 
Then* 

For *+* P ut **, ai *d *—" * P ut *• 
at— 2 V gr-j-r * — M = 4* — 4^** — &* 
4#— *w+a V^»+^=s 4 4/** — 4*1 



Equation 


1 


*©•* 


2 


Then 


3 


3± 


4 


4©" 


5 


5+i6*» 


6. 







- V«hFc*\= 16** — i6£* ^ 
Now put; for8»*-— 16*— 4*, and q for 



.* 



The* 



Thte± 7\ i6x~4m <s/cn+cx\=spit~»q 

+i6cm*n-{'l6cm % x~p 1 x t —2pqx 
+ f% 

Example 
Then. 



Equation 
»± 

then 

3®-* 

4± 


i 
a 

3 

4 
5 


For V « + V * P ut V «» a * for *+* 
put « 

»4-«— * = % Jmn+mx^ for »-f»-4 j 


then 


6 


put*. 



Example 
Suppofe "/^+ -^. v^ = ■^y*+^ — #|*. 
Nowfor^ilput-^, and for *^ put £, and 



bencc the Equa~ ? 
tion is * 

aXanddt 
3-$- ** and ;fc 



r*x-~rtx =& s*p 

rf-*-rf « • 



p«4 



* [ 8i ] 

Here you fee how in Equations, wh£re Subftitutiott 
can be had, how much it conduces to the facilitating the 
Operations, and bring them out to Simple Equations; 
when at the fame Time, if order'd in their Surds, would 
rife to Equations of the third, fourth, fifth, &c . Power, 
Perhaps the Reader will not underftand at firft Sight what 

is meant by — t— for — — , but if he will regard the 

Surd, he will find — x 9 from whence the above Subfti- 
tution proceeds. 

Example. 

Suppofe the Reader fliould, in folving a Mathematical 
or Geometrical Problem have this Proportion. 



ax : by/b % +%bx+x*->-a x [:i ^ s 



c*a* 



X c M — x x 






ca 



Now Euclid in his 6th Book, Prop. 16. fays, when four 
Numbers are proportional, the Re&angle comprehended 
under the Extremes is equal to the Refiangle Comprehended 
under the Means, hence this 

Equation, -^- ^—x z ) = * W* + 2A*+** — «* * 

/ ji IZZZ" ^ 
^J * j-j- X c * — * % . But the fame may be order'd 

without Surds thus, involve every Term in the Propor- 
tion, and then it will be 

* i* ' 

As****:* a x**4-2**+* x — a % :: s — ~ y x cc — ** • 

b % 

Now by multiplying Extremes and Means together, and 
due Reduction and Tranfpofition, we have this 

M Equation* 
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Equation. **+.2*3** — a z b* -\-2a % bc*+2a*b*c* 
+b* X 



—pc* —2bU* 



•2a*b*c*y 

— *v s 



a + W 

Hence this laft Method is the eafieft and readieft for 
Operation, for Squaring each Term in the Proportion, 
we immediately extenuate all the Radical Signs, which, 
When fo involved, it is eafy to bring it to an Equation by 
the 1 6th, E.6. Q^E. I. 



Example. 



SuppoTe 
Then i 



Then 
4©" 2 

5 fub. &c. 



1 1 bcx=bx^-tnx-\- ijn x — n % xA\- ^d* — d*x*\ 
I Tor bc-{-m — b, put p. Then 
2 px as J n *—n*x'}+ Jd^—dix*) 
3; p % * % =? n % — n % x % -\-d* — d % #* + 
2 \fd z n % — 7d x n % x x +d % n % x$\ 
Again put -^Y==~**^<** > J ===^ z -+ 

* v+<** __^ 

SX % — J= 2 V^/l 1 2</ z /»*#*-}-*/*/f*#4) 

4d*n*X+ 



B^Jg+JU—tft 



Q.E.I. 



Here you may fee how I fubftituted firft for p, and 
— q> and ;, So by this Subftitution We have a Quadratic 
Equation* 

Example. 

c f y/x*— c*). 2cd—2cy Y— c *)r . 2cb — 2ex 

Suppofe /: \ t : :<~ — L- : ^ 

x* y*—c x Y y* x*—y*\\ 

: Then per E. 6. 16. by multiplying Extremes and 
Means, we get this 

Equation 
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Q.E.I. 
Here the Reader may obferve, that in the given Equa* 

tion Y * % ^Zf\ and ^ J % ~ c \ the Numerator and De- 

/** — c % </f—c* 
nominator are alike, and confequemly deftrov each other, 
whence we have the fecond Step, and consequently free 
from Surds. 



Equation 



2 redue'd 




Equation 

2 & 2 

3 rcd - ± 



E X A M P I E. 
a 

x* 

ax x 

</x* + a x x % —a % —x* 

*** = M 

x*-Y~a?'x k —a*—x* 

— i x *4 4. a x b* 

— *\ Q.E.L 



= i** 



Example. 

Suppofe V ^~ V ^ - li5, what's the- V*lue 
«rf j ? I fubftitute x l * = y% and then the Equation 



becomes 



4/*' 



M z 



that 



[«4] 



that is 
Confeq. 



*i8 — ^8 ^ y4 

#* a 

x 1J -~x zsz — . 



My Ingenious Friend and Mathematician, Mr. John 
Turner, in a Letter to me obferves, " that Surds in 
" general," in the Solution of any Problem, the beft Way 
c < is to avoid them by fubftituting, , fo as to prevent them 
" coming into the Equation, as the above, 



Suppofe 



Example. 
b*x b % x 



s 



I 2XX '/l—XX^ V I ' 



+ 



b*s 



-XX 



I— 2X# 



^ 1+3*3 

i— xx 

Firft, Make the Denominations all alike, by multi-. 

b*x . . . _ 

plying the Term of the Equation y ■ , viz. its Nu-, 
r J Y i — xx 

. b % x 

mcrator by i — 2xx, and then 



I — 2XX \/l — XX 



frx—iVx* 



■4- 



b*s 



~ / i^Z xx * ^ T ° w *N 



\—%*x\fl—*x ' l—ixx</i—xx 
the Denominators may be exterminated, "being all the 
feme, and the Equation beco mes b*x s = £*#— zi*** + ** J 
Vi+3**^ or 2 * z * 3 = * 2j ^ H-3^)' involve this Equa- 
tion, and it becomes 4M* 6 == Mj* + 3£4j 2 *% or x$ — 

_J. j*x* »= — j*, and now put srr*% then »* £. 

4 4 4 

j*?s = — j*. in its loweft Terrns, 
4 



QfERATION, 



[»S3 



tXi — 2*x 



2-r- 

3± 

4©- 2 

5± 
Then 



Operation. 
b*x b*x 



b*t 



I — 2xx^ i — xx) VI — xx] I — VtX 

+ 



V I — ## 



*** 



***— 2***' 



I — 2X*y l — xx\ I — 2** y'i — #*) 
I — 2tf# ^ I — XX 

4*6 — y % x* = i* 

4 4 

z i 2- ,•* = — J*. 

4 4 

Q.E.I 



EXA MPLE, 

Suppofe JL±*L •* + *x 4 A-*+ -331 
jLet „ a- JL, and the Equation order'd will be 

-+i>-t-4t- •Jjr T5 a= -+f+« 



y 



4^4-20^^4-16^ 



X n. 



Now x being expunged in the Denominator, and the 
Terms without the Radical Sign fquared and multiplied 
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by the Terms under the Root, and the former Part of the 
Equation multiplied by x, and the latter by »*, it will 
ftand thus. 

32PX+ 1 644 r 4-4o«^'^-l-i6«*A4- / jj ow 
Multiplied by 4***^= multiplied by 4***+^ 
4-4*** ) ioi*x-\-j6b* J. 

it k evident that it will produce an Equation of the 6th 
Power. 



Suppofc 



%*/ l-^-xx __ 



ExAMPU, 

mc 



1 — 2xx 



Or 



I — 2xx 
bj \ — xx— » wf J»f 

I — 2 xx ~~ Zxyf\ — xxf 



+ 



mc 



2X^1 XX* 



Now multiply the 



firft Part of the Equation by 2x^1 — xx) and the latter 
Part by 1 — 2xx 9 and it will be 

2bx — 2bx* — 2tncx V i — x*1= mc — 2mr*% or 
2mcx 2 — 2bx*4~2bx~ — mc = imcx J i—-xx. By In- 
volution Jib z x* — Sbmcx* ? ' 4. t * , . 

— 4mbcx-\*m*c* = o. 

Operation. 



Equation 
1— mr 



3x1 — 2x z 
4± 



mc 



»—■*** I— Z** 2X<Jl—XX 

by/ 1 — xx\ — mc mc 



l-r-%XX 



2x*/ 1 — ^XX 



; »£ 



2*x— 2** J — 2/»r* \/\ — xx 

l—ixx 

2bx—2bx* — 2mcXy/iZ^xH = mc— Mcxx 
%mcx % -^lbx^^%bx — mc ss 2«wr V? — ** 



5 ©"* 



[»7 J 

+4** 
— 8mV 



#* — *mbc*-\-m x c x = *• 



/'V" 



Example. 

— xx) 



az^/rr—xx] 



Suppofe 

njaa — 2ax+r?\ V zz-\- izx-^rr) 
would find the Value of z, proceed thus. 



, and you 



Equation 


i 


I X ^a l — 


2 


2.a*> &c. ] 




3 


j-r-y^r^E? 


4 


4-r-* 


5 

6 I 



fajrr — xx) __ az*jrr — a# 



•** — 2** + rr\ Vzz+2zx-{-Yr\ 



fajrr—xx=z gz)/rr — xxx s]aa — 2**-}-rr 
^zz+zzx -\- rr 



Suppofe 
2 ©■ 2 



fa Jrr — %x x Jzz + izx+rr = 

1 ^ ^'.'" in —I «f — fr— 1 

yWzfc+? 2;r -f-*''' — tfg y/fg-f 2gy+ r>J 
//zz4"2z*-f-rr) = sV'***— l**+rrl 
J* X Z*-f***+ rr = ** X a* — 2<?z+rr, 



EXAMPLE 



mm 



**_F= * V" b % —c % + 






-x % = x\/bb— 1?[ 

i — ^^-S^ "7 



mm 



mm 



*^ — ir^ 



«± 



3± 
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+ddcc 



dd-*-mm 



s=s 0. 



Hence by Form 14. Table of Theorems for Converging 
Series, the above Equation may eafily be folv'd, 

Q. E. I. 

Sometimes Substitution renders the Work more eafy, 
wherein an Equation is involved in Surds, as the following 
Examples will exhibit. 



Exam pl£. 



Equation 



I ©"2 



that is 



Then 

4®-2 



5 



-j- 2Xi/c % — -**) 
^ 1 -f-3^* x ?+3? x a 1 = 4** x £ 2 — ** 

+ 8* a y V*— ** x Jb z — x % +±x* 

x c % — x* 
b x c % a % + ic*a *x* + 3* ***** + ga* *+ 1= 

4**^+4^^ — g^+S^V^ 11 ^ 
X v'* 1 — ** 
Now for iVtf*, put 01; for 3^** + 
3**** — 4**— 4r% put +«; and 
for 9**+8, put/ 



w+»^ 2 +^= 8*Vr* — **1x <Jb x — x* 
m % + %mnx 7 --\- 2pmx+ -f- «*** + 2/fli* 6 -f- 



Hence by ordering the Terms you will have the Equation 
in the eighth Power. 



Example, 



f »9 J 



ExAMFtE, 






8»» 




-I- V »w) 



3» + 3, aod 



== </»} Which are the lame Equa- 
tions, but differently fet down, this being the old, the 
other the new Way of Notation, to find the Values of 
u and z ? Subft. j3, for u and *♦ for x. 



3« 




I no 

3 X* 

2ui> 

5>3J» X 



^^Uan+a 




3> 3 
9* 6 — 8> 6 = 3y3#V 



Here are two unknown Quantities, and two Equations, 
by which it will be eafy to find the Value of each by 
the Rules already laid down, viz. ^=^=3. 

There are a great many Cafes befides, which may by 
the Judgment of the Algebraift, from what I have laid 
down, be ccmtra&ed, or reduced lower, or exterminated 
ly Subftitution, which cannot be brought under any 
Rule, and can only come by frequent Practice. 



N 



f think 



[9° J 

I think I have faid what is necefTary to enable the 
Reader, with little Praftrce, to folve any Equation ana. 
lyrically in the moft concife and elegant Manner,. I fhall 
defift giving any more Examples, and make a Tranfirion 
to the other Part, how to folve any adfeded Equation 
into Numbers (after they have been order'd according to 
our Method aforefeid) by an univerfal Method of C$n~ 
verging Series; 



i 




AN 



I 9*1 

AN 

Universal Method 
of 

Converging Series. 

Handled in a very cafy, plain and expe- 
ditious Method. 



A 



Definition. 

Series which approaches continually to the Truth, is 
. faid to converge, and which continually goes from 
it is faid to diverge. 

Corollary. 

Therefore a Series of Fra&ions continually decreafing 
are converging, but others whofe Terms continually in* 
creafe are diverging. 

Now in all Equations higher than a Quadratic (if ad* 
fcSted) tte bed Way is to folve the fame by a Recourfe had 
to Infinite or Converging Series, and the common Method, 
that which I call the moft eafy, aflurae m-f-« for the Va- 
lue of your unknown Quantity, that is affume m = Root 
of your Equation, as near as you can (tho' ifyouaiTume 
never fo far from the true Root, yet it will by renewing 
the Operation converge to it) and afluming + or — n for 
the Deficiency, then it will be m-f-«> or m — n — Root. 
Therefore for the Ufefulnefs of Difpatch I have raifed the 
^gUowingTable to the 8th Power upon the above Affumption, 



I 9*1 

that the Learner may at firft View fubftitute his Equa- 
tion aright. 

N. JS. It is here te be ebferved, that it is needlefe to 
have n in your Equation above the Square, which the fol- 
lowing Table exhibits. 

The TABtE of Powers. 

The 

m+» ----*» Simple Power x 

fli* + 2m«-f»* ... The Square = x* 

m* + yn z n -f- ynn % - - Cube = x * 

m++4m*n-+-6,m z n x * - 4thPow«f =* x+ 

mS-^-sm+n + iomln* - 5th Power = x$ 

nfi*\-6Tn5n-\-i$m*ri x ' - 6th Power = x 6 

m7-\-jm 6 n-\~2tmSn* - 7th Pbwer » JiT 

nfi + 8«i7» -f 2801V - 8th Power =s * * 

N. B. The Table of Powers above are fitted for Ope* 
ration, if your Equation be Afinnat&e, but if Negative, 
change the Signs, as the following Examples will lhew* 

Given this Equation to find the Value of y. 

Example i. 

J*— 36qy* +43*ooy — i6ooqo<*= o. 
Ffr/I, Suppofe m =5 Root of y nearly, and let « be the 
Defefi, that is, 

Let m-J-«==y *) 

Then y = m + * f Which Value* fubftitti- 

jf*==/« x -4" 2lwtt "fr *& C * e <J » ft the given £qua-' 

yl=:m* + yii*n+$mn* j tion, - reje&ing all the 

Terms wherein the Dimenfftms of » are above the Square* 

we have 

>w*+3 w **+3 ,w,l * — 3600**—- jzomn — a6a»sjr 43200m 
-f-43200» — '.1600000 = 0* 

Tranfpofe all the m\ on one Sid* the. Equation, 
V 3*b*«+ 3*0** — 7 M »?tf— 360**4* 43*oca =*= ••-*»*+ 
3)5o»*«^ 433QQW+ 1,600900. 

Now 
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Now take all the Terms wherein the Power of n j| 
fingly concerned. Then arifes this general 

Theorem. 

^ ~-m*-\-g>Qm % -~v&oonh\- 1600000 
"" Z m% *h 3rtto**~7io/» — 3&>* +43200* 

Now fuppofe m 5s to fome Number,, which let it be a* 
. near the Root as poffibly can, which here I fuppofe 
= 6b. 

Collea the Terms 4- and — . 

Then— m* = — 2x60007 .4-36001*3=4- 1296000 

^-43200JWa =>-- 259^0003 4* 4~*60QOOO 

— 2808000 +2896000 

Now 2896000 — 3808000 » 88000 for a Dividend. 
Then take all the Terms wherein » is not concern'^ and 
put into Numbers in the Divifor, Thus, 

yn % = 10800 \ -—72€W»aa.— 43200 

43200 3 

Now 54000 — 43200 =* 10800 DIvifbr. 
Therefore 10800) 88000 (8=»» nearly. 

Now take thofe Powers where n is concerned* 

Mift be ttkisn ftom thebft. Diviibr. fbjc Reafon of u»* 
lik* Signs) 

io&o© s 

» pa n 1 n ^ 

9360) SSqoo (97a* more newly, 
Confequently y ee m+n a» 69* 401 . 

Jbccfe; the Learner may fee, 
That after I had noted down my Equation for C**- 
**rg**g 8&rin 9 fitft I oanfider well toy Equation, the 
fecond Power proving a Negative* I muft make all 
the Squares Negative from my Table, becatfleroy Equa- 
tion is Negatwei ' 

Then 
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• Then I aflume #t+# = the Root : I raife it to the 
Power of the Equation, which here is a .Cubic One, and 
after it is rightly fubftituted, the next I tranfpofe all the 
trCs on one Side the Equation, now feeing I have got all 
my rn's on one Side the Equation, I make that Side a 
Dividend, and then take n from all thofe Quantities 
where it is iifhply concerned, and put n = Dividend of 
the tn\ and the Divifor will be freed from », where it 
watt fimply concern'd, and thofe Quantities, where it was 
concern'd in the Square is brought down to a fingle n 9 

As-yntn-^ynn 1 — 72OJ0*-— 360/1* + 43200* =— m* 
+ 360/H 2 — 43200*8+ 1600000, 

Here you fee I have got all the tn's on one Side the 
Equation, which I make a Dividend, then I take n from 
all thofe Quantities where it is fimply concern'd, as 
yn % n, — 720/w/f, +43200*, and it makes 3*1*, — 7200*, 
+43200, which n I place thus, 
n = -^+36o" a -43200»>+i6ooooo^ which is ^ 

3«*+3'w» — 720m — 360*4-43200 
a Theorem. 

Here the Learner may fee how the n 9 s vanMh'd out of 
the Divifor, where it was fimply concern'd, and where 
the Square was multiplied in the Quantities, is reduced to 
the fimple Power of «, as ynn, — 360*. 

And fo of any other. 

There be feveral Things to be obferved in this Method 
of Converging Series, viz. That at each Operation, the 
Converging Number « will double the laft preceding m 
(or Numbers of Figures in the laft Root, efpecially after 
the fecond Operation,) the Imperfedion being only in the 
laft Figure of the Root, fo increafed, which often proves 
too large, and therefore confequently the next converging 
Number * will have the Negative Sign — . 

Alfo if there happen to be a Miftake committed in any 
Operation, fuch Miftake doth not deftroy the proceeding 
Work,, for the fame will be rectified (tho* it be not dis- 
covered) in the next fucceeding Operation, unlefs it be 
very grofs. 

Again it produceth the Roots of all Powers, be they 
never fo high, and in the fame Manner, and with the 

fame 
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fame Exa&nefs, as it doth thofcof a lower Rank, the 
refpedive Involutions being confiderM, which require to 
be always of the fame Height with the given Powers, and 
the Divifor of the next inferior or lower Powers. 

Suppofe I had made m = 70 (more than its real Value) 
then the above Theorem in Numbers would ftand thus* 

— m % = — 343000" 

+ 36001* = +17640001 

— 43200*1= — 302400o( 

+1600000. 

Signs colle&ed. 

+ 1764000 — 3024000 

+ 1600000 . — 343000 



+ 3364000 — 33 6 7 00 ° 

Then +3367000 — 3364000=— 3000= Dividend. 

And yn % =+14700^ 

—720**= — 50400 £ 

+43200^ 

That is the Signs colle&ed. 

+ 147°° 
+ 43 20Q 

57900 And 57900 — 50400 = 7500 Divifor, 

Then 7500 ) —3000.0 (—.4 = ;! nearly \ 

Then ynn~ — 84, 

And — -360a = 144. Therefore 144 — ^84 = 60 tC> 
be added; 

Confcqucntly 7500 
f 60 

7560) — 3000, 0000 ( — .3968 5= n 
more nearly. 

Thence 
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Thence * fc ft>Hows that m *= 70, 

And -"■* =» —.3^8 

And therefore * — * =7 =*= 6 9- 6o 3 2 

Q.E.1. 



Suppofe 8*' — 1440** + 86400* — j6ooooo = o, 
Quere the Value of x ? 

Put w + » = jr, 

Then by the Table 8** = $m* +24m*»4- a^* ; and 
the Equation after you have fubftituted fight becomes, 

%mi*\-24m % n-\*%vnn\ — 1440a**— 28$0»w — 1440/i* + 
864000* + 8640Q*—- *6ooooo = o. 

Tranfpofe all the m\ and it is 

24Jw 2 «+24m«*— 288ow»~i440»»+W400* « —801* 
-j- 1440** 2 — 86400*0 -j- X600000. 

Theorem. 

— 8ai* -f* 14400** — 8640001 -4- 1600000 
' 24»2*+24w« — 288001— 1440* -{-86400 

Now having got the above Theorem by Tranfpofition, 
and taking all the Terms where the {ingk Power of n is 
concern'd. My next Work is to aflume 0155= tt> a Num- 
ber, as near the Root as I can, which, confidering the 
Equation, I at a venture aflume mz± $o, then the abdve 
Theorem in Numbers will fend thus, 

— 216000+1296000— 2502000+1600000 

2IOOQ 86400.4-86400 

That is, 

88000 1 

n = — 7 — = 4 = n nearly; 
21600 

No* 



* = 
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Now multiply thofe Numbers where n is concern'd by 
its Values as %^/nn = 2880 
— 1440/1= — 5760 
and — 5760 + 2880=: — 2880, which muft be taken 
from the Divifor, by Reafon of unlike Signs. 

As 21600 
—2880 
18720) 88000.00 (4. 7, more nearly, 
Confequently m 4- n = x = 34. 7. 

( See Form %d in the Table.) Q^ E. I. 

Example 3. 

Suppofe 900*00* — x* = 243000000 

Affume m-\-n=zXi 
Then according to the Table of Powers, the Equation is 

90ooocm+90000o»— m 1 — 3»i*»— 3jw»*=243oooooo. 
Tranfpofed, 

Is 9000000 — $m % n — $mn % — 243000000 -f- m* — 
90000001. Now taking all the Powers where n is (imply 
concerned, we get this 

Theorem. 

243000000 -\-m} — 90000001 

900000 — 2 m% — 3 mn 

Now I affume m as near the Root as I can, which I 

guefs -sz 250 at a venture. 

Then w 5 = 15625000 

+ 24300000 

258625000 

And — 90000001 =-^225000000 

33625000 = Dividend. 

Then — 3m 2 = — 187500, which taken from 
900000, Leaves 712500 for the Divifor. 

O Operation. 
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Opuatiqn, 

712500) 33625000 (47 = n nearly. 

Then — 3m»z= — 35250 to be taken frojn the Divifbr, 
by Reafon of unlike Signs. . Thus, 

712500 
—35*50 



677250) 33635000 (49.64 = n more nearly \ 
Confequently m + n = * = 299.64 = 300 ferh 
(Set Form nth.) 

Ex4MPU 4, 

Suppofe #* — 5O#r=i20. 

By afluming m~\-n = # ? then, according to the Table, 
will hf mi+yrPTK^-ynrp — 50a* — 5Q« == 120. 

Tranfpofed, is 
yn % n-\-ynn x — 50** = • — »» j 4-50/h-1-I20. 
Then by taking the fingle Power of », we get this. 

Theorem. 
1 20 4- 500* """fl* * 

Now let us make m = io, then — m* — — xoofy 
and 4- 5001 = 500 
4-120 = 120 

620 Then 620 taken from —^^ooo, 
leaves — 380 for the Dividend. 
.Then 2 m% = 3°° 
and — 50 

leaves 250 for a Divifor. 

Confequently, 

250) — 380 (—1/5 = n nearly. 

Then ynn = —45 (q. fce fabtr #e4 frwjt tj« divifor hy 
Reafon gf unlike Signs. 

250 
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250 

—45 
305) -^380 ( — x. 85 r± n more nearly. 

Confequently **—» = # = 8. 15. 

Q. E. h 
(See Form loth.) 

Example 5. 
Suppofe ** 4- ** + 43* = "97* 
Aflume m-^n=^x. Then raffing mJ^-n to the Power 
0f the Equation, it will ftand thus, 

m*+yn*n±2mn % J^m i +2mnJ[-n % -\-4.yn^-4.2 n ~ lI 97' 
Tranfpos'd, 

2m % n^ynn x J^7mnA-n % A-^Z n:=zll( il — m% — m% — 43 w# 
Het\ce arifes thfe 

Thiori m. 

1 197 — ml — m x — 43a ? 

— 3 otZ +3 w «^-3ww+»+43 # 
Now fuppofe 01= 10. Then — m* = — 1000 

— m % = — 100 

—43**= ~ 43° 

And —15304-1197= — 333 Dividend. 
And 301* = 300 
2/» == 20 
+ 43 



363 ; 

Hence 363) —333. o (—.9 = n nearly. 

Then' ~-$mn = — *7 

—3*7.9, to be taken from the Divifor. 
O % Thus 
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Thus 363 
—27.9 

335-0 — 333- 0000 (— *-993 = * morc nearly. 
Confequently I took m too much, and therefore I muft 
deduct n from it \ and therefore 10— .993 is = m — m 
e= * =9.007. Q^ E. I. 

(See Form \Ji.) 

Example 6. 

Given y% — 21 197? == — 398439. 
Aflume m-{-n =y, then the Equation being raifed, or 
taken from the Table of Powers, will ftand thus, 

m* +3m*n^-2mn % —2ii<)jm—2ii<)jn = — 398439. 

Tranfpofe all the m% and it is 

yrPn^ynn 1 — 21197H = — -398439— /»*+2 1 197m. 

Confequently arifes this 

Theorem. 

n = —398439—^+^1197^ 
3w*-f-3^«— 21197 

Aflume m=iy> at a venture, then —/»*=_ 2197000 

and — 398439 

— 2595439 
And 2119701 = 2755610. 

Confequently 2755610— 2595439=160171, a Dividend 
Then yn* = 50700, and 50700— 21 197 = 29503. * 

Therefore 29503) 160171 (5 = n nearly. 
Then 4-3*»« = 1950 to be added to the Divifor. 
Thus 29503 
' *95Q 

3 X 453) 160171 (5.09 = n more nearly. 
Confequently m + n z=y = 135.09. 

Q. E. I. 
(See Form jotb.) 

. Example, 
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Example 7. 

Given # J — 240**— 241*=— 14214. Quere x f 

Put m~\-n=x, then according to my Table of Powers, 
the Equation is 

™>-\-yn % n -f- 3010* — 24001* — 48001* — 2400* — 24101— 
241* = —14214, 

Tranfpos'd, 

yn*n-\-2 mn% — 480010—2400* — 24m = — «*+24am» 

4-24101 — 14214. 

Then taking the Simple Power of 0, we have this 

Theorem. 

= *^m t 4-a4Qii a 4-24iw— 14214 
yn % -\-3?nn—4&om— 240* — 241 

Now fuppofing m = 10, the above Theorem in Num- 
bers will ftand thus, 

— 10004-24000-4-2410—14214 __ 1 1 196 _ 

f* i— — m — — m^— — ^— — — — — — — ^— » — " i ■ 1 — ■ """"X 

3OO—48OO 241 — 474I 

=z nearly. 

Then 4- 3010 = —60 

— 2400= 480. Confequently 480 — 60=420. 

And — 4741 

4- 430 

— 4321) 1 1 196 (—2.5(9= n morc n«urty« 
Therefore m — n = x = 7. 41. (^ E. I. 

(&* /ir0i 3</.; 

Example 8. 

Suppofe *3 -J- 81128^ = 42l8a4« 

Aflume 0*4** = *> then raifing the Equation to the 
third Power, or taking the third Power out of the 

Table, 
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Tabic, and fubftituting the Equation it will become 
m54-3OT*«4.3^**+8ii2w+$U2» = 421824. 

By tranfpofing all the m\ it will be 
3« a «+3m»*+8 1 1 2n =s 42 1 824— /»* -*-8 1 1 2te. 
Hence arifes this 

Theorem. 

^^ 42l824»— 02* 8fI2^ 

Here let us fuppofe m = 40, then the above 1* heorem- 
in Ntttttar* Will fl&rifl thus, 

« = 33ffi -• ■ . That Is 

I29I24~I20» 

1 29 1 2 ) 33344 (2 == h Aearly. 

Then i2o» = i4& tt> tfc added, to the DiVifor, by 
tettfori of like Signs. 
As 12912 
240 

^152) mU (2.535 = * «6« MB"!/. 
Confequently w4-« = jr== 42.535, (^E. D« 

(S« /ir/w 9/A.j 

£ x a ft f x, * 9. 

#* +# = 1. Qucre * ? 
Now by affuming m-[-n=?x 9 and railing the faid 
m -{- n to the Equation, it will ftartd thus, 

«3 + 3^ 2 «+3ot» z + w4-« = 1. 
Tranfpos'd. 

Then according fa the Equation thdrd afHb this 

T h e o i f m w 
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» = 



Theorem. 



2tn*+ ynn+\ ' 



Here confidering our Equation as Unity (every one that 
has the leaft Idea of Fra&ions knows, that a Fradion 
multiply'd by a Fra&ion dccreafe the Value) Therefore I 
affume m = .9 ; then 

— #» J =5— .729 
m =— .9 



.728, and 1 — .738=^.262, a Dividend, 
and yn x = 2.43+ 1 = 3.43, a Divifor. 
Therefore it will bp 

3.43) .262 (.076 = n nearly. 

And now Z mn == •' io S 2 « Confequ^ntly piuft be added 
to tfce Divifor by Reafon of like Signs, it is 

3-43 
.2052 



3.6352) .262 (.07207 = n more nearly. 

Confequently therefore fli+«=*=.97207 = 1. nearly* 

(SuFhrm yb.) 

* 

Example 10, 

Given ^3+6272; == £8851 3.., 

By afliwvig w+* ^y% ao4 fifing it to the Equation* 
it is = *» 3 +3m*» +3 W ** 4" 6272m -{- 6372a, == 28&512. 
By Tr^nfpQfition it becoipea 
3ot*»+3w«* + 6272c = 288512 — ml^fajim* 
From wbich arifes this 

Theorem. 

288512 — nfl — 6272m 

^ffi*-Jr3)w»-|-6272 

Now 
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Now by affuming m — 30, the above Theorem in 

Numbers n = ^ 7335* _. g = n near i y# 

8972+900 J 

Thea taking the Value of in 900, and it is = 720, 

which muft be added to the Divifor, and it will be 

8972 + 720 = 9692, and 

9692) 73352 (7.567 r= more nearly. 

Confequently 01+0 = y = 37.567. * 

Q. E. I. 
' (See Form gtb.) 

Example ii. 

Given #5 — 171.91**4-7905.6* = 71460. 
By affuming 01+0=*, and raifing it to the Power of 
the Equation, it will be 

«'+ Z m%n + 2 mni — 1 7 lm% — 344****"" 1 7 2n% + 79°5* 1 
+79050 = 71460. 

By Tranfpofition 

Is 301*0+3010* — 172a* — 3440*0 + 79050 =r 71460— 
m J + 1 7201* — 790501. 

Theorem. 

7146O-0H + 17201*— 79050* ^ Nqw b 
301*— 3010— 34401— 1 7 20+7905 
making m = 10, it will be in Numbers, 

71460 — 1000+17200— 79050 8610 

*"""" 300+300—3440—1720+7905 — 4765 ~ 
— if nearly ; then according to the fccond Operation, we 
get n = 1.862. 

Confequently 0j+0=*=ii .862. 

Q.E.I. 
(See Form 2d.) 

,,; Example. 
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Example 12. 

Given *3 — 6 i22 x = % -31. Quere #. 

144 144 ^ 

Reduced to a common Denominator 
is J W— 973* ^ 319 , 
H4 H4 

and by multiplying each Part by 144, it will beeome 

144*' — 973* as 319 Equation 

Affume m +«=*; then according to the Nature of 
the Equation it is 

i44m' + 432m 1 »+43** M,1- -973 w— 973» = 319. 

Tranfpofed, 

Is 432w 1 »+432»iii*— 973«= 3 X 9— I 44 w '+973 w - 

Hence afifes this 

Theorem. 

n= 3*9— *44M ? +973"» 
432«*+432««— 973 

Suppofe m = 2, then by putting the above Theorem 
in Numbers and Divifion, we get 1 = n for the firft 
Operation, and the fecond Operation we get »=.6873« 

Confequently m +» = * = 2.6873. 

CLE. I. 
(See Form totb.) 

Example 13. 

x \ — gfa* = 6600 458. 365090, 

Affume m -f- n = x. 
Then according to my Table of Powers it will be, viz. 

m* -f- 3/«*« + Z mn% — 96m* — jgimn — 9611* = 
6600458.365. 

P By 
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By Tranfpofition. 
3w 2 «+3w« 2 — 192/**— • 96** = 6600458. 365090 — m* 
+ g6m % . 

Hence arifes this 

"Theorem. 

_ 6600458. 365090-— m} + q6;w* 
yrf-^-ynn — 1920* — 96/2 
Hence by affuming m= 200, we get n— 25.6404. 
Confequently m-\-n-=x = 225.6404. 
(iS** ifcra 7fAj 

Example 14. 

Given ** — 44100* +176400 = o. 
Affume m-\-n — x 9 then according to the Nature of 
the Equation, it will be 

w3-J-3^*»4"3 ww *"^44 I0OOT '^"44 IOO »-l- 1 76400 = o. 

Then by Tranfpofition. 
yrPn-^ynn* — 44100= — jn' 4- 44100m — 176400. 
From which arifes this 

Theorem. 

— m3-)-44iooOT — 176400 * 

n = __ — 1 — 1 — . 

3*w 2 -+- ynn — - 44100 
Here let us take ^ = 3, then the above Theorem in 
Numbers is n = — 44 1 */ — ^ _ x == ^ ncar j« 
— 44073H-9« 
Then g« = 9. to be taken from the Divifor, viz. 

—44<>73+9 = —44064. 

And — 44064) — 44127 ( 1. 000 1 429=:* more nearly. 
Confequently /»+« = * = 4.0001429. 

Q.E. I. 
. (Stc Form loth.) 

i 
Example, 1 
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Example 15. 

Given x* + 438** — 78*5***9 8 5<> 8 43 ej =* °- 
By affuming m-\-n as x, the Equation becomes 

»J+S^*ii+ 3^*+4^+«7to»+438* fc -~* 8 *5* 
— 7825*— 98508436 = o. 

By, Tranfpofition. - 

3^» + 3w»*+876/w» +43^— 7825* = — « s — • 
438/71*+ 7825/w-f 9850843. 

Hence afifes this 



Theorem- 
— mi — A?8* 



—mi— 4.18*1* 4- 782 <jm -1- Q8 s0S4.fr 
~ 3^*+3m»4-876w-|-438»— 7 82 S 
Here let us affume m == 306. 
Then ^m3==— 27000000 4-782501 = 2347500 
— 43&»* = —39420000 ^d 4- 9 8 5 o8 4y> 

—.66420000 100855930 

Now 100855930 — 66420000 = 34435930 = Di- 
vidend. 

And 4- 3*"* =* 270000 
4*87601 = 262800 

532800. And 532800—7825 =a 
524975 = the Divifor. 

That is 524975) 53* 8 <* (65 =» nearly. 

Then $mn = 58500 
43 8* e s 28470 

86970, and 86970—7825 =79^45 
to be added to the Divifor by Reafon of like Signs. As 

5*4975 
79*45 
604120) 34435930 (57.0018 =» more nearly. 

Confequently mA-n = a? = 357.0018, CL E. I. 

(See Form $d.) 

p 2 Example 
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Example 16- 

Given x-\+xx-{*xxx = 29791000. 

By affuming w-f»=*j the Equation becomes 

*»+«+jB*+2m»+» a 4- w3 +3 w *M-3 OTW *= 29791000* 

By Tranfpofition it will be 
»+^^^l-» x +3 ;w * /l +3 w; » 1 = 29791000— /w— /»*—■«»*, 
Hence arifes this 

Theorem. 

— 2Q7QIQOQ— m — m* — m % 

2Q 70 1 000 — m — m % — ml . . , . „ . - 

n = y* ■ ; , which is all the iame : 

n-\-i-\>2m-\- $mn-\-$m % 

It is no Matter how the Terms ftand, fo they be duly 
collected. And then by affuming m = 500, the above . 
Theorem put into Numbers, we (hall find the Value of 
n 5= 10., Confequently m*\* n = x = 3 10. 

Which was to be found* 




Biquadratic 
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Biquadratic ^Equations* 

Example 17. 

GIVEN **4-*34-*M-* = 20736, 
or *-}-**-l-*M-** = ^ 736, 

or x*-±-x*-\-x % -\-x — 20736 = 0, which are 

all the fame, required the Value of a-, here according to 
my former Examples. I aflurae m-\- nz=2X. Then ac- 
cording to nay Table of Powers, the Equation becomes 

m+^^n^bm % n % ^m*^$m % n^ynn % \-m % ^2jnn+\>n % 
4-fli+w = 20736. 

Now tranfpofe all the m's on one Side the Equation, 
and it will be 

4w J /r-j-6/»*/r x -f-3OT a «-f-3»i»*-j-2»f»+ **+* = — «rf— • 
nfl — m % — m-\-20j36. 

Hence by taking all the Terms where the fimpte 
Power of n is concerned (as you did in the Cubics) you'll 
get this 

Theorem. 
-jw 1 — w*— m-\- 20736 



» = — p- 



4j»3-{- 6iw*»+3 ,n *+3^ w + im-{-i-\-n 

Now let us take m=z 10. 

Then — w4 = — 10000 
— nfi = — 1000 

■ — 01* = 100 

= — 10 



— 11110. And 20736— xiiio sa 
9626 divided. 

And 
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And 401* = 4000 
yn % = 300 
2m = 2D 

k . • + 1 



4321 Divifor. 

4321) 9626 (a — « nearly. 

Then 6m z n = 1200 
2 m n == 60 

^ i r 1 w m 

j 262 to be added to the Divifor, 

As 4321 
1262 
5583) 9626 '{1.724 =* n ntorfe nearly. 

Confequently *w+* = 11.724 = x. 12 fere. 
(Sei form i2th.) 

Example 18. 

Given #44-40** + 751** — 9000* ±= 9000. 
Aflume m-\-n «=#. 
- Then by the TaWe of Powers, the Equation ivill be 

w4^|-4»i 5 «4-6^*« 2 +40w 3 + 1 2om z n-\- 1 20jw»*4-75 i«* 
+1502^4-75 1«*— 900©;* — 9000a == 9000. 

Tranfpes'd. 

4»'» + fyn % * l -\~ * 20»*« + 1 20m/r* -1- 15021W14-7S i»* 

*-900o» = — ot 4 — 40/& 5 — 75i« 2 4-9OOo««-j-9O0O. 

And by colle&ing the fingle Power of », we get .this 

Theorem, 



»= 



9000-^-90000? — 75101* — 40w3" iM 



4^|3-J-6w x «4" I^P^*+ 1 20/KW-J- 1 50201^-75 1 » — 9OOO 

Now let us fuppofe »i = to, then the aSove Theft* 
rem will in Numbers ftand thus, viz. 



[ III ] 

„=: 51222 ^-aneari 

220204- 6oo» 4- 1200/M-75 1» 

And then taking the Value of », and working for a 
fecond Operation, we get »-f-»5=4f«B ia.00570103. 

(&* Form 14th.) 

Example 19. 

Given — *H- 8 45»77* 5 — 220744.648**4- 368541 1 a* 
9* = 6192379528.849. 

By affumingm4»= x 9 we (hall have from my Table 
of Powers this fallowing one, viz. 

— «4 — 4»*» — 6m*»* + 845.770*3 4. 2537.3101*194* 
2.537. 3imn 2 — 220744.848m* — 441489.696m*— 220744. 
848/1* + 368541 12.9m 4- 368541 12.911 =* 6192379528, , 
849. 

Tranfpos'd. 

* — 4OTy-^/»W+2537.3i/B^+2537.3im«l^-44i489 
.696/^ — 220744.848^4-368541 12.9^ =nH— 845,77«|> 
4-220744,848/^* — 368541 1 2.9^46192379528.849. 

Hence arifes from what has been done this 
Theorem. 

— w * — 845.77M 3 4* 220744.848m* — 368541 12.9m* 
~«~4m3 — 6 /»*«■*■(■- 1537.31m* + 2537. 31/11/1 — 

4-6191379528.849. ^ 

44 1 489.696m -r- 2207 44. 848/1-1- 368541 12.9. 

Now feeing there are Decimals in the above Theorem, 
which caufeth a great* deal of Trouble in the Opera- 
tion ; therefore to contrad the Work there is no need" 
of fuch a Nicety, it may be exprefled thus* as a 
neater 

Theo&*m. 
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Theorem. 

__ m 4- — 845 ffl3 4- 220740 m % — 36854000 m 4- 
*""" — 4m* — fm % nA-%S31 m% + *SZl oomn — 44 I 5 OOJ » 
61923795 28 



— 220700* +368541 1 j * 

By affuming 01 = 300, the Valac will very cafily be 
found from what has been delivered above. 
(See Farm 15/*.) 

Example 20. 

Given x* — 3** + 75.fr == ioopo. 
AfTume m-\-n = x 9 then by the Table of Powers the 
above Equation will become 

iw*-f-4/w*«+6>w*«*— 3m 2 — 6mn — 3» 2 -f- 7S m ^7S n === 

IOOOO 

Tranfpos'd is. 
qm*U'\*bm x n % — tmn — 3«*+75*= 10060— Jw4--f\3*«* 

—7S m * 

Hence arifes this 

Theorem. 
«= I00Q0 — jwH-3»»* — 75m 

qm}-\-6m % n — bm — 3«-J~75 * 

Now by affuming w=io, then the above Theorem in 
Numbers, viz* 

* = — — 7-£r = .11 = « nearly. 

4015+600/* — 3* 7 

Then taking the Value of n, and we (hall have 
•—06-33 to bc taken fr o*» the Diviforj a* 
4015 
—66.33 

3948.67 ) —450 (— . 1 1 396 =b n more nearly. 

Whence 
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Whence it follows that m was taken too great ; and 
therefore m — n = x = 9.88604. the true Root. 

Q^ E.I. 

EX AMPLE 21. 

J*— 4J" — 13824- 

By afluming *z + » 2=y, and taking the Power of the 
Equation from the Table of Powers, it will be 

m+-\-<4m*n-\-6m 1 n z — 4m* — i7M*n— i2mn % = 13824. 

By Tranfpofition we have 

4m1n-\-bm x n x — i2m % n — limn* =3 13824— ft4-f-4m3 a 

Thence arifes this 

Theorem. 

n = 13824— «H-4m* 

4m3-f- 6m x n — i2z» l — 12W 

By afliiming m = 10, the above Theorem in Num- 
bers is 

n — 13824—1000+4000 = 1^2±^ 2 =*"* 
4000 + 6oo« — 1200 — 120* 2800 
nearly. 

Then taking thofe Powers where n is concern'd, and 
multiply'd by 2 (the Value of n nearly juft now' found) 
the Produ£b is 960 to be added to the Divifor, viz. 

2800 
960 

3760) 7824 (2.08085 =* more nearly.* 

Gonfequently ai-f-* = y = 12*08085. 

<^E. I. 

Example 22. 
*4— &*3 + 20**— 15* + .5 = 0* 
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Byafiiming ik+ii =* ; and fubftituting the Equa- 
tion from the Table of Powers, we (hall have this Equa- 
tion, wis. 

40«a-f 20W 1 — 15/w — I5»+-S = o- 

By Tr?nfpofition we have 

+8«*V-20/»M-i5>w — .5. ♦ 

From whence arifes this 

T H I O R JB M. 

4Jw3-|-6f0 3 — 24m* — 24fl«f-f-40ZH — 15 
And now feeing the Equation is a Fraftion, fiippofe 
m = 1. Then it is evident tfait the Theory in Num- 
bers is 

n ~ — TTT == * 2 6 = n nearly. 

5.64-6* — 24H J 

And then taking the Quantities w&er$ n \s % and it » 
—4.68, which muft be taken from the Drvifor hy Reafon 
of unlike Signs; as 

5.6 

—4-68 



.92) 1.5 (1.630434 = n more nearly. 
Consequently m-{-n = 1.630434 — x m 

CL E * '• 

(Ste Fsrm i$tk) 
Example 23, 

*4-l-2*'— 288* 1 — 506* =1513. 
By taking w + w== ^ and thdr Power fubfti 
the given Equation from the Table of Powe% 
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576/w» — 288**— 506*1— 506* = J 5 1 3, 
By Trftitljpbfitian it is 
4*0*1*4-6***** -f &w**<f fcto^*-576iwi«a«8* 1 *-5o6« 
s= — mHw- 2 w 3 +288/wM-5°6^+i5 x 3- 
From which arifes this 

Theorem. 

* ~ 4^^6»i 1 ii+6ot x +6/«» — 5 76«— a88«— 5 06" 

And let us make m*= ao, then the abovefaid Theorem 
in Numbers, and divided, we lhall find that we have 
takea m too grea<, tfcwefofe vfre ftall fin* 11 a Negative 
Quantify, wfekft mnft' be fifttiiaAed fconi », and we 
4hail find the Value of /«— n = a* = 17. 

Example 24. 

*4-f*=i26!r. 

; ItafaCd. , 
8f* 4 + 8i> * 10270. 
Aflume «4-«pxiA', tbenr Bjfr the Table of Powers, 
the Equation is 

8i»i*+324J»%+4 8 ^ ;wt « 1 '• X-tiimJf-Hin = 10270. 

324m%-f-486w^ x 4-8*i» = ^0270— Siw*— ihai. 
; frtJirf D^hicli ariJfetKik 

-The eit't m* 



11 "" 324JW J -f-4b6w*»-f-8i ' 



0.2 By 
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- By a/Turning m » 3, the Theorem in Numbers for 
the firft Operation, viz. 

8829) 3466 (.3 = n nearly. 

Then /fi6m 2 n = 131 2.2 to be added to the Divifor, 
viz. 

8829 

10141.2) 3466 (.34177 = » more nearly, 

Confequently m-^n = x s= 3*34177. ' t 

Q.E.I. 

Example 25. 

Given * 4 +42.* 5fc — 420^—1822^— 1799.7 15 = °- 
Affuine m+n=x, and then by my Table of Powers 
it will be 

mi + tfrfin + 6m % n % + 42/H* + 126*1** + iif>mn % — 
420OT* — 840W» — 420« z — 1822/0 — . 1822a — 179a, 

By Tranfpofition. 

^n+6m 1 n i + i26m t n+ 126/wi*— 84o«»— 420a*— 1 
1822* = i799-7 2 5-r^ 4 +42o«*+i822w. 

From which arifes this • 
Theorem., 

»= ^799»72j;~m 4 4-42Qm z 4-i8iiw 

4^ l +6w*«+i26»i*+i26»2«— 840OT— 420JJ— T5II 

By afluming « = i 0j then the above Theorem in 
Numbers is, v/2. 

--. I7QQ.723— 100004-42000+18220 

40oo+6oo«+i26oo-j-i2t>o»— -8400— 420*— i$m 
= 5*019-7*5 
6372 

That 
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That is. 

6372) 52019.72$ ( 8 = n nearly, and then taking 
thofe Quantities where n is concerned, it becomes 1x520 
to be added. 

6372 
11520 



17892) 52019.725 (2.9074 = n more nearly, 

Confequenfly /w+^ ==5J,r= I2 *9°74* 

Q.E.L 
(See Form i$tb.) 




of 



[U8] 

OfSurCotidsy or Roots of the 
Fifth Power. 

Example z6. 

Given *+#*+* J +*M- Jl ^* OT oiaipKK>>"> 
at **+**+**+**+*— ioioioioioo >Qu«e*? 
= o. % - " - * "^ 

* Aflfume m + « = x 
Then from my Table of Powers (feeing the Equation 
is the 5th Power,) the Equation becomes, viz. 

i«5-f-5»i4ji4- iom*«*4-wH-4 wl *+6j»*»*+ m3 +3fl , * ir 
+3/w»*+m*+2flMi+»*+«+« *= ioioioioioo. 

By Tranfpofition it is. 

5m4»+iom 1 «M-'4Jw 3 *+6m*»* + 3>w*»4" ynn % -\-ym 
4-ji*+* = ioioioioioo — «5 — n&-~nfi — ot* — m. 

f H^ anfa tfa» General 

•~ Tjr *»*e »•. - 

ioifrgoiaroo — m*~ii»^~j»*--- -»g* — at 
jmSfiom^^^ 

Hence let us aflume m = 90, then the Theorem in 
Numbers will be, viz. 

^ ioioioioioo -— 5904900000 — 65610000 

328050000+729000011+2916000+48600*+ 
729000 — 8100—90 



243004-270*+ 1 80 +*+ 1 * 

That is. 
330990481)4129762910 (12 = n nearly. 

Then 
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Then taking all the Quantities where n is conccmM, 

and multiply by the Value of n juft now fennel, as vk&. 

7290000* = 87480000 
48600* = 583200 

270* « 3240 

n = 12 

88066452, which muft be added to the 
firft DivifQr. - ' 

As 330990481 
88066452 
419056933) 41 29762910 (9.854 = m more nearly* 

Confequently m-\-n = 99.853= x = 100 proxime. 
(Sa Form ibth.) 

Example 27. 

Given _*5.f 586* 4 +2**— 386808**4-9x8727* » 
385050. 

Aflume m-+-n = x. 

Then from my Table of Powers, taking the Power of 
the Equation, the SuhftitHtion will tend thus. 

— »W-5«4»— io«Sif-f- 586«*+ 1 344» , »4"35 I 6«^** 
*f* 2»* + 6at»» 4. 6mn* •— 38680ft** — 773616** — 
3868o8«M-9i8727tfi-4-9i8727*=» 385050. 

By Tranfpofitiori it becomes . 

— 5«*» — io*« 5 /f*4*a344OT!«4- 35i6« 1 »*4-6w 2 »4- 
6w«* — 77j]6i6ot» — 386808**4- 9 1 8727a = 3850504- 
mS— 586m 4 — 2w?+3868o8w 2 — 9 1 8727m. 
From which arifa this 

Tkioiim, 
_ 385050 + »» 5 — s9*m* — %w} 4- 386808m*-- 
— 5*«4v — io/w^ + 2344»i3-f-35i6w a »-4-6OT* + 

918727m 

<U« — 7736x6m — 3868oS»+9£8727* 

Now 
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, Now at a venture let us aflfume m = 30, then the 
above Theorem in Numbers is 

38505O «! 586»l4 £= 47466OOOO 

w=-4-243000oo — 201* . =— 54000 

386808m* = 348 1 27200 — 91872701= — 27361810 

372812250 — 502075810 

' Now 372812250 — 502075810 = — 129263560 for 

a Dividend. Here you may fee that I took m too great, 

by Reafon of its Negative Sign ; then upon tJie Suppo- 

fitioaof m r the Divifor being put into Numbers, it will 

be 38034920. # 

That is. 

38034920)— 129263560 (—3 = n nearly. 

Then taking thofe Quantities in the Divifor where n 
is concerted, and putting its Value juft now found, we 
Ihall have —7523316, which muft be taken from the 
Divifor, by Reafon of unlike Signs ; as 

38034920 
— 75233 16 
305 1 1604) — 129263560 ( — 4.2365c:* more nearly. 

Hence feeing my fecond Value of n to have a Negative 
Sign before it, (hews, that I aflumed m too much, and 
therefore muft dedudt n from m ; as 

m — n s= x sr 25.7635. 

Q.E.I. 
(See Form i6th.J 




of 
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Of the Square Cubed, or Cube 
Squared, the Sixth Power, 



Example 28* 

GIVEN X+X* + X* + X*±X$±X* « 100. 
Quere*f 
Affume as before m*\~n r=*, then according to my 
Table of Powers, viz. the Sixth, the Equation be- 
comes, viz. 

nfi-\-bn$n +-1 501+** -4- mS-\-$m*nJ[- 1 O0i3» 1 +m4-J-4f»i* 
4- bm % n % J^m*-±yn % nA-ynn x -j- m % 4-2»w»4- » t +m+ 
n = 100. 

By Tranfpofition we get 

6m5n -f- i$*n*n % + 5« 4 » + io« J «* + 4»*» + 6m 1 /!* -f* 
3»f*ii+3»i« x -4-3W»»+«*+» s=; 100— -nfi — ai5— m4 — 01* 
— «* — m. 

Hence we get this Univerfal 

Theorem, 
ICO— nfi — mS — *»*•_ m * — m * — m 



n «= 



Thence affuming «=i, the Theorem reduced into 
Numbers, and the Operation perform'd as the Cubic 
Equations, or Biquadratic,. &c. the Value of n will be 
found to be = .67142. 

Confeqnpntly mJ^n = *= 1.67 142. 

r Q. E. I. 

{See Form 17th.) 

& Example* 
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Example 29. 

Given x* — 1.0321x5**— • i.467368* 4 4-i.548i73* T 
+•467368** — .516057X+.0665789 = 0. 

A flume m~\*n~x y then from my Table of Powers the 
above given Equation becomes, viz. 

m 6 ~\-6mSn + 15m 4 ** — 1.032115*15 — 5. 160575m 4 * 
— 10. 321 150m 5 ** — 1. 467368m 4 — 5. 869472m 1 * — 8. 
8o42o8m*8*^-i.548i73/w ? -f-4»6445i9^*»+4«6445i9w»* 
+.467368m*4--934736 ;ww 4"»4 6 7368«* — .516057m— 
•5i6o57»+.o665789 = o. 

By Tranfpolition we have 

6m5« + 15m 4 ** — 5. 160575m 4 * — 10.321150m'** 

— 5.869472m 3 * — 8.804208*1,*** 4-4. 644519m** -f- 4. 
644519m** + .93473 6w » + .4673 68 «* _ *5 l6 0S7» =- 

— .0665789 — nfi + 1.032115ms -J- 1.467368m 4 — k 
548173m 1 — .467 36»»*+.5 16057m. 

Hence arifes this General 

Theorem. 

n r= — .0665780 — m g 4- 1.03*1*5*1? 4- ^ft^**** 4 
6m5-|-i5m4if — 5.100575m 4 — io.32ii50*i3« — 
— i. 54.8 r 73m* — .467368m* + .^16057*1 
5*86947 2m 3 — 8.804208*1**4-4.6445 19*1 *-{-4.()445 19*9* 

+-93473 6w +-4673 68,r ~'5 16057. 

Hence affuming m = .3, then the above Theorem put 

into Numbers, and the Operation had, as in our former 

Examples, for «, we (hall get the Value of * a 

'539797831 V and confequently m+n =.453979831. 

= x. 

Q, E. I. 
(See Form 17th.) 

Example 
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Example 30. 

Given -^?+4* 4 +i33 2 * , +9S**— 333o*=443S56- 
Aflume m-^n—Xy then from the Table of Powers we 
get the following Equation, viz. 

— m 6 — 6j»5*— i5»i 4 » 1 + 4»i++ i6m J »+24w*»* + 
*33* w ' +399 6ot **+95 ot1 + i9omn+9$n*--222otnr^ 
333°* = 443556- 

By Tranfpoiition we get 

— 6mSn — I5m4«* + \6m*n -f- 244**** -}* 399601** +> 
3996m** 4" * 9001* 4" 95 **— ~33 30»=»i 6 — 4flrt*-M 3320! 1 
— 95»»*+333oot+44555 6 - 

Hence arifes this Univerfal 

Theorem. 

n _ ^ g —4^4— 1 i^2m>—Q^» + 3330w4> 443556 _ 
6/»5 — 1 5/w*»+ 1 6ot j 4-24i»*«+3996/«*+3996)w» 



4-i90w-f-95»— 3330. 

By afluming m = 10, the Value of n may eafily be 
found, which will (atisfy the Conditions of the Equation. 

Q.E.I. 
(See Form 17 tb .) 

I queftion not but by thefe few and choice Examples, 
the Nature of, and Manner how to proceed in this Me- 
thod is fufficiently cleared ; as to the Extrafiion of Roots 
out of fimple or pure Equations, how highly foever 1 
they be. 

And becaufe there is great Care and Trouble attends 
the continued Involutions of 01+0, or 02 — 0, efpecially 
to any confiderable Height, by Reafon of the Unci* (<jar 
Numeral Figures that arife by involving the Quantities) 
I have at the Beginning raifed a Table that the Learner 
may have a continual Recourfe to for his Operations. 

Likewife, that the Produds are found by making two 

Proereffions Geometrical, the one beginning at the de- 

* R a fired 
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fired Power of the firft Part of the Root, and ending at 
an Unit; and the other beginning at an Unit, aiyl 
ending at the Power of the other Part of the Root ; as. if 
you were to find the Sixth Power of JK-f~"> write the 
Powers thus* 



nfi 


mS 


0* 


ms 


m* 


to 


t 




, i 


n 


k % 


«» 


*+ 


irJ 


tfi 





will be the Terms in the Sixth Power of «4"*> by mul- 
tiplying the Powerls above by thofe below ; and to find 
their Uftd*, that of the firft Teriri fs always an Unit, 
and that of the ftcond is the Exponent of the firft, gild 
of the third is the Exponent of hi in . the fecpnd Term-, 
multiplied by the afEx'd Unci*, and divided by 2=15, 
and of the third is the Exponent of m in the third Term, 
multiplied by the prefix'd Uncia 15, and divided by 3, 
and fo of the fourth, 6fr . which gives the Sixth Power. 

I think what has been faid in this Part will be fu&cieat 
for the meaneft Capacity. I (hall tondude this Part by 
adding a few Examples, leaving them for the Learner's 
PerufaJ, by giving him the Anfwers only. 

Example 31, 
Suppofe — #*4"i8oo* 6 — 1056272*44-222272000** 

ac &76&OOOOOO. 

Hence by afluming m 4- n for * as before, and ordering 
the Equation you will, find the Value of » + it = * s» 

21.2. 

( See Ferm igtb. and 2.0th.) 
* Example 32. 

— **+536* 7 — 7035b* 6 4- 2208588*5 4- 141731084* 4 
— Iiioi56535$*'+i55776o5oi39* 4 4-73488693i587i* 
^191821297287673 = o. 

Hence 
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Hence * = 63.21. as appears from the Table of 
Theorems. 

E^amUe 33. 

** + 10. 3303*7 -^ 894. 887$** + 4865 1 5. 37*5 + . 
20167098.3** — 270427545.0I4* 1 — 13736480320.5** 
+31359884269.94* = —2294972348845.65. 

Hence by our Table of Theorems we (hall find # = 
16.04984. 

(See Forms 19/A. and xotb.) 

Example 34. 

Suppofe * 10 — 25.6*9+ 105.193***+ 640*7+ 4 349. 
031**— 649o6.b84*4+i8oi6295 # 945649**=i5oi35799. 
54708. 

Now by afluming m + » = *, and fubftituting the 
Equation according to our Method we have laid down 
in the preceding Examples, we fhall get the Value of 

* = 4- 

1 

I fhall not here trouble the Reader with any more Ex- 
amples of Converging Series, feeing I have here brought hind 
how to folve any Equation whatfoever, leading him on 
Step by Step, till he is come to Equations of the Tenth 
Power I fhall now give him a few Examples in Equa- 
tions Literal, where I make a, b, c, d y &c. known Co* 
efficients, and *, y 9 z 9 &c. "unknown Quantities, or 
Numbers fought ; and it is from thefe Examples that I 
made the Table of Converging Series^ with their Theo- 
rems for the converging », where the Reader will meet 
with every Thing fo plain, as will not admit of an Ex- 
planation, by Reafon of its great Facility, only it muft 
be obferved. 

That what Numbers are wanting in your given Equa- 
tion, the fame muft be omitted in your Theorems j alfo 
Regard muft be had to the Signs. 

of 
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Of Converging Series 
Literally. 

Example i. 
(~* 1 V E N axl+bx* +cx sb N. Quere */> 
Oper at ion. 
Given **3 -|- £# 2 -f- ex =s N. 

Then *J + i-**+_L*==JL. 
a a a 

h t N 

Subftitute — =*, ^=^and-i--==G. Then 

the Equation will ftand thus, 

x*+px % + q* = G.' 
Aflume m + « = a-, then the Equation becomes 
. M*+3'n z n-\-3mn*-{-pm % -{-2pmn-\-pn 1 -\-qm^-qn = G. 

By Tranfpofition. 
a Z m * n "\"2 mnt ^~ 2 P mn -\~'P n%m \-1 n =G— j»3 — ^fli 1 — yj*. 
From which arifes this Univerfal 

Theorem. 
__ G— jk* — pm x —qm O E I 

Example %. 

Given *** — &*•* + **— N = o. 
Solution. 
**3 — £**-{- '* — N ==o. 

a a * 

Subftitute 
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Subftitute — JL s- _ * and ~ = ?, and -2L** 
r-G, then it will be *'— -£#*4-?* — G=o» 

Aflume »*4-» = *, then the Equation becomes 
By Tranfpofition. 

Hence arifes this Univerfal 

Thsoiim. 

=s G — m*-\-pm x —qm 

yn*+ynn—%pm — pn-{-q " 

The Illuftration of the above in Numbers 

a b c N 

GiVen 8Ar'— 1440^4-86400*^—1600000 = 0. 

Solution. 

8*5 — 1440**4-86400* — 1600000= o* 

-*- 8» * 3 — 1 80**4-10800* — 200000 = o. 
± * 3 — 180**4-10800* = 200000/ 

Here — f = — 180, 10800 = j 9 and 200000 = G. 
Then our Univerial Theorem will be 

n — ! , O^-^+iSom*— 1080001 

iyrP.+ ynn — 360^— 180*4-10800* 

Hence the Value of m+n = * '=• 34.7. 

W, W. R, 

Example 3. 
Givep ***— -i**~r* =s N. 

The* 
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Then by Divifion and Subftitution, as the two Uft 
Examples, the Final Equation is 

#1 — px % — qx = G. 

Hence affuming m -f- n ' = *, and from my Table of 
Powers the Equation fubftituted aright, it will be 

m s±2m*n~\-2mn 7 ^m % ~r2pmn^n % -^m>~ -qn S3 G. 

Then by Tranfpofition arifes this Univerial 

Theorem. 
G — m * -\-pm* -\-qm 



n = 



yn x -\-ynn — zpm~pn — q 

EXAMP1E 4, 

Then dividing the Equation by the Co-efficient a y it 
■will be 



Then the Equation will be as fellows. 

Affuming « 4- * «= *> hy my Table of Powers we 
fhall have, viz. 

m^^4m^nJ['tm % n^pm^2pm t a+2P mn% ^ m%4 ^i mn 
*\-qn % -\-rm-{-rn = G. 

By Tranfpofition we have 

4m^n+6m t n % ^2P m%n ^3P^^'\'2qmnJ^qn 1 J^rn =c 
G— ml - p m}-~qm 2 



Theorem. 
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Theorem. 

G — aH — pml — qm* — rm - 

401' 4*60**114- 3?* 1 * 4" 3p9a*-f-24*n+qn-^r 

Suppofe an Example in Numbers. As 

Example 5, 

52i2* 4 >— 1093600*34-56547625** — 1585920000*+ 
6140484000. 

For each Co-efficient put, a > b> c 9 &c. rcipe&ively, 
and it wiH be 

**4— ix*-\-cx % — </*+N. — 0. 

Divided, ** — ±.^3+-^^ — ^1^4-JL = o 
a a a * a 

in Numbers. 

*4 — 209** 4- 10849* 1 — 304280*+ 1 1 78142 = o. 
And fat each Co-efficient fiibftitute p> y, r, &e. Then 
We have 

J * 4 '— /*' + ?** — rx 4- G = 0. 
By affuming m + » = #, we have according to our 
former Operation this Univerfel 

Theoum, 



»rr 






Whence the Reader is to obferve, 

That *, b 9 c, d 9 e 9 &c. reprefent the Co-efficients 
of the unknown Quantity x 9 let the Co- efficients be what 
they will, and N the abfolute Number given. 

Now feeing oftentimes that a Co* efficient is prefix'd to 
the higheft Power of the unknown Quantity *. I have 
divided all the Co-efficients of the other Terms, by the 
Co-efficient of the higheft unknown Quantity ; and for 
their Quotients t have fubftituted />, q> r, x, &c. and G, 
S the 
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the ab(olute Number after N, was divided by a, that 
is, after the abfolute Number given* was divided by the 
prefix'd Co-efficient o( the higheft, Power of the unknown 
Quantity x 9 then we have the Equation out of Algebraic 
Fra&ions, for our Operation, by fubftituting p 9 q 9 r, 
&c. aforefaid; th£' it is not always, as that the higheft 
Power of the unknown Quantity x has a Co-efficient, 
then the Equation needs not Divifion, but putting p 9 q r 
r 9 &c. for b 9 c y d t ice. reljpe&ively : As 

Example. 

Let x*-\-bx$ — c#*-\-dx*-\-tx % *\*fx =s N, in Numbers. 

Suppofe x 6 -\* 1000*5 — 200*+ + 100*3 -\-$ox % +4©# 
= 500000. . . : " . 

Now by fubftituting p — 1 000 ; — 200 = — tf \ 100 
= r; 50 = 5; 40:=/; 500000 = G,i theft the above 
Equation becomes 

Here you fee,, that^, q 9 r, &c. reprefeht A, c 9 d 9 
&c. refpe&ively, becaufe the Equation, is not reduced 
any lower, but the final Equation juft.tbe fame as the 
given one. But 

Suppofe a x* -f ** s_ ^ 4 + ^ J + ex x -f/* — N . Let 
the fame in Numbers be 

2O,V 6 +800XS_7O0X44-40^3-l-20X a -|-50O^=2O0OOOO. 

Here you fee is a Co-efficient ( viz. 20 ) pre- 
fix'd before the higheft Power of the unknown Quan- 
tity x 9 (viz. # 6 ) which muft be divided off, that is, I 
muft divide all the other Co-effioients by 20* and then 
arifes this Equation. 

X 6 4-40#5— 35^+2Xl^Af*4.25^ == IOOOOOU 

Thence fubftituting p 9 q 9 r, &c. for the Co-efficients, 
there arifes this final Equation. 

x*Ji-px5— qxA-^rx^sxiJ^tX = G. 

Hence 
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Hence the Equation is reduced for Converging Series, 
and may be folv'd by our Univer&l Theorems* Which 
laft Equation I call final, by Reafon that now I can, by 
afluming m+n = x (which m is = to the known Part of. 
the Root fought *, and muft be taken' as near the Root 
as may be, whether it ht greater or lefs than the faid 
Root, and n is = the unknown Part of the Root fought, 
whofc Value may be Negative or Affirmative, according 
as that of m is taken greater, or lefi than the Truth) find 
the Value of x, and it is from thefe Principles I have 
railed the following Theorems, which will ferve for any 
Equation of the fame kind, by ctaly obferving the Signs. 
It is here obferved, that when there is no Co-efficient 
prefixed to the highcft Power of the unknown Quantity *, 
then N and G are equal to each other refpe&ively. For 
when any Term is wanting in the Equation, the fame 
muft be omitted in the Theorem. 



A more General Method for 
Converging Series. 

WHICH -was communicated to me by a Member 
of the Royal Society, for whofe Name I have 
the greateft Veneration, and fhould have informed the' 
World, from whom I received fuch a Favour, had he not 
defired the contrary. ^ 

•.. . » ..V 

Let N = Abfolute Number in *my Equation, 
rt =» Exponent of the higher Power. 
x = Root or Quarliicy fought. 
m == any known Number taken at Pleafure. 
n = arr unknown Number. 
i. p.* q. r. s. &c- =2= to the refpe&ive Co-effi- 
cients of the given ^Equation ; then will 01+*= *> and 

» ._ *— i *— % _. * tf-*3 s ~ - 

+ ixx ^fpxx qpjjrx* Ifrx* +, &c. = N, 

reprefent any Equation whatsoever ; and becaufe m 4- n 
fee x, fuch a General, Equation may be thus expreffed. 

,.' • ; "' * Si" *■ + ix 
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But to bring this to Converging Series, it is firft ne* 
ceffary to prove, that every Power raifed from a Rim*, 
mial (without regarding the Co-eficients) confifts, or is 
compoTed of two Ranks or Sir Us of Powers, one in- 

creaCng from n , or j to n , and the other de- 

creating from m to m , <* 1 ; and. each Member in 
one is multiplied into its correfpondirig Member, in the 
other refpe&ively, as may appear thus. 



twice* 




Again. 



**+** 




n 

m xn 
m xn 



X* 

m xn 



And To it will be ad Infinitum. 

Hence thefe two Cerolkries* 



thrice* 



Q. E. D. 



Corollary i. 

That the Coefficient of the fecond Term in any 
Power raifed from a Binomial is always =5. n % the Expo-? 
nent of the higheft Power. 

.Corollary 2. 

That the Root or Side of n , the untnpwn Quantity, 
js always multiplied into the Second Term of the known. ~ 

No*f 
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Now from the Latter, it is evident we are (in this \ 
Cafe, but to make ufe of the two Members of the Power \ 
of fitch Binomial, and by the firft we may exprefi the \ 
Co-efficient of the fecond Term by », the Exponent of 1 
the Power: Therefore the former Equ a tio n will now 
ftand thus. f 






qxm + m n±rxm + m. *±&c. 

= N. 

Now to find the Value of », er the unknown Quan- 
tity: It is plain, that thofe Members into which it i» 
multiplied will be the Divifor with the feme Signs, as be- 
ing to be tranfpofcd to the other Side of this Equation* 
Therefore firft wo get die following 

Theorem. 

N + rxm+^xm*" ±qxm jhrX" 

IX m ±px m ±qx -m ^rn- 
» *— i «— a 

m y &c. 
m * 9 &c* 

Which Theorem exhibits all poffible particular one*, for 
extracting of Roots according to the firft Sort of Mr. 
Ralphfon's, agreeing cxa&ly with them, as will be found 
on Trial, always remembring that the Signs in the />/• 
vidend muft be contrary to thofe in the Equation, and in 
(he Divifpr the lame refpeflively. 

But m+nzsx. Therefore Secondly, 

Theorem, 
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Theorem. 
N + iX m*±px m"* ±qx m 

* — ■ n—i n—t »— 3 



ixm 



*~3 d 

+ rx m , &c. 

— 3 J 



it— i . »— a •— 3 , 



«-3 

Which gives all thofe of the fecond Sort univerfally. 

But in this Cafe the Signs, both in the Dividend and 
Divifor, will be the fame, as in the given Equation re- 
spectively ; as likewife it may be proper to take Notice, 
That if any Term it wanting in the Equation, the fame 
mnft be omitted in either Theorem rejpeclfaely* . 

Now from either of thefe two Generals , to deduce any 
x particular Theorem for finding the Root of any given 

\ Equation,- we need, only confider, that m = i. or 

* . .*..... ... . 

\ J2L. s u that Unity will neither multiply n«r divide ; 

I m - ^ 

j n n » . 

j alfo that rt— - n m =o, or n m — h m = o ; arid any Quan- 
1 City multiplied into Nothing is = o, and when either 
Cafe happens (which always will, except where the laft 
: Term is wanting, the Theorem is determined. 



Therefor* 
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Therefor i. 

Suppofe an Equat m Bythe ift Gen.Theor. By the «4 Gen. Theori 



*J =N 

x*±px==H 

xA±fx*=sti 



II 

ft 




3«» 
N— «♦ 



^3 \ im-l-A 



\ *>»±P 






\ $m*±2pm±9 




4» s ±3 ' 



lf»'±ztm±q 



After the fame Manner for any Equation whatsoever. 

Thus having the particular Theorem > the Application 
in either Cafe is as follows. 

Let m be any Number taken at Pleafure as before. 

T = Theorem, in which m muft be of its hft Value 
found. 

Then the Procefs will be of the 

Firft . General Theorem. Second General Theorem. 



m the ift. iTasOTthe ad. Then 
m the 2d. jt Tw* the^d. Then 
m the 3d. i T=xw the4th. Then 
m the 4th. ± T=sw the 5th. fcf*. 



T = j» the ad. Then 
T = m the 3d. Then 
T ss iw the 4th. Then 
T=s 'jmhe'5tb. &c. 



Some of which true Values of m will terminate in the 
true Root fought, if it have one: But if it be a Surd, 
then the Value of m will proceed into an Infinite Series* 
but may be profecuted nearer the Truth than any affign- 
able, which Series, each Operation, will proceed in Num- 
her of Placet, in a Geometrical Progreffion^ whofe firft 

. Term 
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Term is i, and Ratio = 2, viz. Firft 1, then 2, then 4, 
then 8, then 16, then 32, then 64. &c. Places. 

It is likewife obfervablg, thai the firft General XheQr em 
Converges by finding out a Number to be added to, or 
fubtraSqd ferom the loft Value of m (as . it fhall be ad* 
fefted with -f- or ^-) untill m be *= x fought. So the 
laft converges by m itfelf, whofe Value, * at each Opera- 
tion, fhaH grow nearer and nearer, ,un|till it be = # 
fought. 

We may alfo take Notice, that tbo* m be aflumed 
never fo far from the Root, yet it will Converge to k by 
renewing the Operation. 

But the Work may be much Aortenfcd, m Cafe we 
point the given Equation (if it will admit of it) both in 
the abfolute -Number and Ca^egLcunt, .according to their 
r c fp e &iv c Degrees of Adfe&ian \ and take firft 1. then 2, 
then 4, &V. of thofe Points (from the fift) each Ope- 
ration : For it is evident, the Co-efficients iiicreafe theiB 
Pewras, .ae-tfct'hightft Jhmwa* Tetiti decr e a feo 1 i hmf o r a 
the abfolute Number js of the fame Power, with the 
higheft unknown Quantity. 

One Inftance may be fufficient to explain it. Suppofe 
this Cubic. Equation to be pointed* viz. 

^+35**4-836* 5=53297. 
or * J -\-px * -J- qx = N. 

• •••••• 

Then it would be **-f-25* 1 +836x __ 53297. 

For the abfolute Number is a Cube } , 

Co-efficients q a Square V* a * f*"* 8 * 

And the like Method for arty other Equation, where it 

will admit of it. 

Now to apply this we are to take 

The firft Operation x* 4" *•** +8* as 53. 
Second Operation **4t25'X*+8 }6# 55 S3 a 97> an * 
consequently the Value of the Co-efficients, as well as 
the abfolute Numbers alters, fo long as, tl\eie ate Punc* 
Cations. 

But 
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But by a Numerical Operation, the laid Notification, 
as well as the Method of the Procefe of each Theorem, 
Will be further illuftrated. Therefore, - 

i. Suppofe x % = 2 = N, feek x by the firft General 

Theorem. 

^ N— N* ~+ . « 

Then n = i- — — = T, and take m = i. 

. Therefore I+T (=.5) =1.5 t=*m the ad. 

V 1.5— T (=—.088) a= 1.417 — m the 3d. 

••• 1.4x7 — T(= — .002783)=5i.4i42i7=»i the 4th. 

V 1.4x4217 — T ( = — .000003437622 ) = 1. 
4142x3562378 = m the 5th = x. 

n. Suppofe xx ss 2 s= N. feek x by the fecond General 
Theorem. t 

Then x = ^tt*ll = T, and take masi, as before. 
7jn 

Therefore T = 1.5 = m the 2d. 

T = 1.416 a= tn the 3d. 

T = 1.414215 = m the 4th. ~ 

T.fis 1.4x4213562373=** the 5th. r= x. 

By which it is evident, Firft, that both Theorems 
amount to the feme Thing, the Difference being only 
in the laft Figure, which would be corre&ed the next 
Operation. Secondly, that x will proceed into an In- 
finite Series, if a Surd. Thirdly, that each Operation 
gives double the Number of Figures of the laft. 

3. Suppofe *4=28 398241=^ feek x by Theorem 1. 

Then * = N T* 4 = T, and take m = 10. 

3 m * 
Therefore 10— T (=—3) =7 = » the 2d. 
7+T (= +.4)=r7.4=»i the 3d. 
7— T (=— .i)=7.3=:#, the true Biqua- 
dratic Root fought. 

4. Suppofe #*= 2839.8241 = N; as before, feek x by 

the fecond Theorem. 

T Then 
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Then x = N "~f^ =*T, and take «=c # 

Therefore T = 5.6 = m the 2d. 
T = 8.2 s=s m the 3d. 
T == 7.4 = /« the 4th. 
T = 7.3 == m the 5th. = * = to the Uue 
Root fought. - 

From which two fe$ Examples it appears, Firft, that 
either Theorem wiU ftiji the true Root, if it have oAe. 
Secondly* ttat U ro*t%era pot, whether m be taken above 
or below the Root, or how far from it. 

5. Suppofe #* + 58 7* = 987459, or xx -f- p* = N. 
Seek # by Theorem" the firft (i. *.) » = - — p»^ 
= T, becaufe of the Puoftations we are to take. 

1. Operation #^+5^=9$ "} . 

2. - - - **+s8*=9874. Cand ftippofe #=8. 

3. . . . ^+S87'=9874S9> 
Therefore 8— T<=~,a)=78=« the ad. 

V 78— T(=^-3.4)=746=*» the 3d. 

V - 746— •T(=»— . 3,34)r=742i66=« the 4th. 

V 743.66— T(=^.qi 2689)^742.64731 1==* fought. 

Again* 

6. Suppofe **.~ao* as 53482, <* **— #* 2= N. Seek 
# by the fccond General Theorem. 

Then *. = 5L±2? **T, and take «*=aso* 
2*» — ^ 

Therefore T = 241 = m the 2d, 

T = 241.4 = tn the 3d. 
. V T = 241.475 = ot the 4th. 

T = 241.477860 = m the 5th. = * fought. 

• From tbefe two laft it i$ plain ; Firft, that there is 
no abfolute Neceffity for PunQation. 

Secondly, 
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« 

Secondly, That Punflation docs nevcrthelefi Jhortcn the 
Work where it can be done. 

But I hope I have bkt enough to make the whole 
Matter, as well as the Manner of proceeding plain" and 
eafy to the meaneft Capacity \ and though I have given 
Numerical Examples, no farther than an affiled Qua- 
dratic, yet it is the feme to any Degree *f Power, or 
Affe£btion whatfoever, Regartl being had to its proper 
and particular Theorem deduc'd from either of the General 
Ones. I (hall therefore now proceed to Roots in General ; 
butfrft Iwill flwew by an Example Jiow theQibe may 
be compleated as a Quadratic. 

A new Way of Cotnpleating the Cube* 

SUppofe **+i2**+48* = 152* Hcre Y M f« it is a 
perfeft Cubic Equation: Now the iame may be 
compleated thus. 

I obferved the Canon for the Cube Root (*'+3** 1 + 
yb*x+H) and I found the third of the Co-efficient (or 3*) 
cub'd, is always the fourth Term of a regular Cube, which 
I tried in this Cafe, calling 12 = 3*, and 48 = 3**, the 
Equation then will ftand thus, * 3 -f3***+ 3*** = l i 2 • 
then adding 64 the Cube of 6, a third of the Co-efficient 
36, to both Sides of the Equation, and we {hall have 
* 1 +3***+3 i **+64 — (i5*4- 6 4) * l6 > •"rt «traaing 
the Root *+4= V*^= 6. *nd x s= 2. 

Operation, 

j] ** + i2**+48*=i5* 

* J + 3* jr * + 3*** — *5 2 

** + 3*** +.$***+ 6 4 — 2l6 * 

*4-4 = 2i6V=s 6 

* as 6—4 = *• • ^ 

* Q.E.D. 



Equation, 
per Canon, 
a t D 

31*3 

4~4 



TS 



A 
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4$ Univerfal Solution of Cubic 
and Biquadratic Equations, 
analytically, . 

§. 1. Of the Univerfal 'Cubic Equation. 

— 3P + p>. 

There are three Roots, viz. 

I. *==p -{- r-4-V r»— $ ?F 4. V^-y/^ — j J# 

7==V * 

That the Arithmetical C*/«/itf may appear the eafier 
and fitter for Operation, put the Cube rZ of the £ 
rational Binomial r+y r ^ to be *+•*, the three 
f=lLl+ e ^ ,e s E q uation will be * = j? 4-2*, and 

Therefore in any given Cubic Equation, we muft 

^ Let the Root x be fought of this Cubic Equation, 

• - ' * 

*•»• " = **' + 3* + 4. 

Hence 



Hence it will be according to the Pcefcript, # = 2, 

or / = -£-. Secondly, • 3? — (3?*) -J" = 3- o«" «»-£ 
3 3 %% 9 

Thirdly, %r ( 4-/*— iq xp) £L = 4, or r = |i-> 

z 7 */ 

• and r* — «* = — — . And therefore * — JL4. 
.27. 3 . 

7i2. + /»* >+ V|2L- /EJ, the other 
^ 27 v. 27 ^ 27 V 27 

Roots are impoffible. 

§. 2. In this Equation #3 = 12** — 41x4*42: In the 
firft PJace it will be 3^ = 12, or pz=z — = 4, 'Secondly 

3f- (3P 2 )48 = — 4i» ° r ?= -^- Thirdly, ? r + 

(^* — 3f x ^) 36=42, or r=3« and from thence r* — yi 

« — i22.. But the Cube Root of the Binomial Surd, 
*7 ' 
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3 + V — (= r + V^*— ?') is to te extraacd 

according to the fought Methods 6f Arithit>efc£, arid is 

— 1 + 1/—" -^-> (= /w 4"V»>) and therefore- the Root 

*= (p+2OT=4 — 2=) 2 ; or likewife *= {p—m-j-tf — 3* 
=4+1 ± W$) 2 = ) 7 or 3. Again, the other Root 

of the fame Binomial 34./——. is -X + J—JL 
°^ Y 27 2 v 12 

(=w + v^ w ) ^ therefore the Root x = (p-{-2m = 4-f- 
3 = ) 7 ; and likewife x — : (^ — wifcV — 3«= B 4~ -^- i 

.(V _ 4 L )~i" ==30r2, Anda S aIn ' 

, The third Root of the lame Binomial, viz. 3+V~^" 

J°° i s ~_ J ^ «* _21_ (—«•+/„ ) a nd there- 
ay 2 lh K -TV >J 

fore 



fat the Root x2B(/+2»ias4 — is) 3, andalfo* = 

(A-*± ^-3* - ++ |-± (7f )f- «= ) 7 
or 2. 

§ 3. Given in this Equation *Js— 15** — 84* 
4- 100, p will be «* -— 5 } ? = - ~3? or r as 135, and 
the Root of the Binomial 135 + V 18252! is 3-fV 12): 
Therefore the Root * is as — 5+6=1, and x = —5—3 
+ ^/— 36=-— 84-^ — 36, impoffible. 

Again. 

§4. Given *'^34** — 310*4-1012} herej»wi8be = 

*2±,*as^£, f=^, and the Root of the Binomial 
3 " 9 ] '*7 

5sj6 + yz£ziSo) is je + /10 Therefore ^ 

27 ^V *7 3 v 3 

Root * = Jl + Jl- 22i and *== ii-il +. 
3 3 3 3 — 

V — 1 ol= 6 tfc l/ — 1 o} impoffible. 

Again. 
§5. In the Equation *3:-a8jr»4-6l*— '4048, fwifl 

fedwets^, f=a95Z,rs= — -252!£, and the 
3 9 27 

Root of the Binomial— , ^ . - -f- V — 38*347) is as 
jgL-f. /_ H2, Therefore; *=s^2- 4- 41 == 23, 

;-— f - £ ± (ya )4 - *><"-»• 

Again. , . 

§ 6. In this Equation *» = —x % -\- 166*— 660 j here 

* Wfll be =a - _L j ? - 42?} r as - 2*f£, and 
3 9 *7 

the 




die Root of the Binomial • 

*7 

i — ,22.4. /—-£. Therefore* — — -*__..♦£ 
3^3 33 

^-x^and^-i + H ± V 5 =7 ± V? 
urationa). 

Again, 
§ 7. In this Equation ^^63^-f 99673X-I-9951705* 
/ a 21, ; &=» 12?92_, r =s 6031680, and the Root of 

the Binomial 6031680 + 1 /~ 4Z ^ZiZ52l2i25 is » 
183 + /— 52$. Therefore * = 21 + 336 — 387 5 
and x = 21—183 ± ( Vi^) 23 = —139, or 185. 

* And after the fame Manner muft we proceed with the 
reft. And here a Theorem is Lnveftigated after the fol- 
lowing Manner; I put the Root % of any Cubic Equation 
~:a4-*. and by raifmg the feid a -f * to a Cube, it will 
be %3 = (*3-f 3***+ zafr+b* = ) a* + zabxT^bA-bK 
Now in the Place of 4 •+• A kbfiitute its Value, and it 
will be « J = 3fliz-4-fl 5 + i , , which Equation is con- 
ftru&ed from the Root « =r Q-\:k% which Equation wants 
the fecond Term. But as this may appear more evi- 
dent according to our Formula, I take the Equation z* 
5=3?*+a r » which traaaformaitfelfinto ft'=-3afas4*< 
+*S and by transforming of this, it will be in the firft; 
** acc 3?=3"*> or ?*=**A3 ; and fecondly, 2r=a J +* , » 
or %r& ss (*« -f *'£* — ) a 6 4- $V and this Quadratic 
Equation folv'd will be a * = r + J r *—q\ and # cr 

(2r— ^ J r=) *-r WS-?*, and therefore 4r= r-+- </r*— q$* 

and 6 sr-Vr 1 -?'^, and therefore in this Equation 
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«t = 3fs+27"> the Root will be z =\a-\-b = ) 

But the Root is threefold, and may be changed by a 

threefold Value, and K-\-^r z -r-q^v t and r — Jr* — qA % > 
for the Cube Root of any Quantity will be threefold, 
and the Root of Unity is either 1, or — -f--|- i ^*— 3, 
or — i — 4^—3. ^ 

Therefore if 1 x r+^r 1 — ?'f, or r+v''*— 7^,=. 

jXr+</r*—q}] f = ^ix r +V^?l ,T , it (hews 
fome Root (as above-named, viz. m + y/n t or 1 x 

*+V*i) of the Cube V+^^Z^Tj now ^" 1 "*"^" 3 

X f +v^l», and— - — — x r+Jr*—<$* 
Cthatis ~ r +/-3 X?B+Vg> and T^=V=3 * 
«+ V^J will fhew two other Roots of the fame Cube. 
And likewife r — .J r x — j?, *» — ^ * 

r—jri—ii?, and - X Vr—^^ 1 ^ [that 



r4 V-3 v^rr-7T -1-V-3 



is m — ^/ it, h — — x w — ^ «, 



m —Vn ] will be three Roots of the Apotome, r — 
V r * — ? 3 ; and by duly conne&irig thefe Roots, z will 

become = y r+Vr*^* 1 + */r— V^ 1 ? 1 C^at is, z= 
m+^Tn 4- m — y/n = im,] % = ~ I "*" V ^~3 x 
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^s ^^yC-gji] and fc uLitT 7 ^-^ 3 * V^/r^i 

+ =Ebt* „ £275? t ,-.,: , ,-'-•-* 

which will be thtf three Roots of the Equation *' = 

*" 3?ow thcfc'Rtto^daly cofcrieQed according t6 the pre- 
ceding Method (which -fe c onn e ct e d ) and by the common 
Method zoakmipty brtvtfit .one into another) make the 
Equation xS = 2fi-\- 2V. Laftly, make 2 =±r # — ^, and 
#3 — 2px*+2p % x— -f3 as 3?x**-#fH-2r umverfaHj^ the 
Roots of which appc^c,' as they, have been exhibited 
above. 

It is here to be noted, that all the Roots of every 
Cubit Eqtfatipn tm ptipible and real, as oft as the kra- 

VhytuA MetfAttr *f the Binomial ^H- ji contains' ttie 
Ibqpdfibiiitf'fif JtlWFx that iSj as oft is f is ah Afiihna- 
ViVe GuAntfty, and ^s Cube likewife greater than the 
Square fcy the Lett* t . 

But if this Member V*-~f * be poffible, that is, ff y 
be a Negative Quantity; or likewife if the Cube Affir- 
mative be lefs than the Square by the Letter r, then the 
Equation hath only bhe poffible and real Root, and the 
-W0k* t*& are ftbpoffibfe. 

> Jo this Theorem* if f be made a= 0, that is, if tic 
jfet6nd I Term be winting, then coooe we to Cardan'* 
Mfcfood, Whofe *S61ution is ihewn in the preceding. 



§2.0/ 
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§2. Of Biquadratic Equations, 
unherfally* 

The four Roots are x = £— a ± ^>*4-f — ** — ^S 

and * =*£+* + Jpi+q—a*^ ~» whcrc ** » <** 
Root of the Cubic Equation. 

" Now in any given Biquadratic Equation, Regard is to 
be had in all the Terms of this Universal Equation, how 
py f> r, s 9 will the fooneft be. found, and thefe being 
known, the Value of a will be found from the above 
Theorem ; and then laftly all the given Roots of the 
Equation become known. 

Take an Example or two for its Illuftration, 

Example. 

Let it be required to extra£fc the Root of this Bi- 
quadratic Equation, viz. #+s=: , 8*'*--j-83**— 162*-- -936. 
According to the Prefcript it will be, firft, #=8, or 

p ss 2. Secondly, 2q — (#» ) 16 s= 83, or q =22L # 
Thirdly, 8r*- (\pq) 396 s —162, or r-ffl .. Fourth- 
lf» 4'— (?*) ^i = -936» or ' — ^fp* from hence 
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Now as this Cubic Equation may be refolved into its 
Roots, we muft have Recourfe to the preceding Theorem, 

.." <•« Ml V I07 22000 2903023. 

inwh.ch>will be = J, j= _2 } r=-^i 5 
and r»— * ' =* — "94g°7^ 8 Confequendy' the Cube 
Root of the Binomial *22g*3 + J L»2±p' i, 

*- ja. + yr-4S2, and therefore ,. = J2Z _ -U 
M ^ 3 6 6 

= 9 i andlikewifea* = igZ + -*|-±(V4°°) 20 

(=122, or -2-. Moreover,. 

There are fix Roots of the above Cubo-Cabic Equa- 
tion, viz. «"s±3J «ss± -^2-, and*=±-|-, any 

one of which will indifferently ferve our Purpofe. 

Suppofc in the prefent Cafe a = 3* * will be accord- 

ing to the Theorem = fa— a ± Jt % +t—* x — y- 
«»-3 ±^4+^-9-^—1 ±(i/aj)5») 
4, or-*, and*==(M-*±y*M-r-« 1 +— '== * 

or —3, which are the four Roots of the given Equation. 

2. In this Equation *♦ = 20*1 + 252**— • 6592* + 

21312, J will be = 51 q as 176; r = — 3841 and x= 

13072: From hence ^*+f=s 201, 2^+^ = 9232, and 

,%** -L 147456 * and from thence «« = 201*4—9232** -+• 

U a J474S6. 



147456. Now in our Theorem for CuhicsjrwUJ be *=* 
67 i q — 1221, and r == 65219 : The Cube Root of the 

hernial 65*19 + J, f^ W ^ M^ + 
-s/ / — ^2L. Therefore ** = 67+77 = 144,. or a =7 12 ; 

and therefore ^=5—1^ + ^33+176 — 144+64" = —7 
+ f ^121) 11=14, or — 18* and * ==s 5 + '2 i 
4/25+176— 144 — 64^=, 17 i .V— 7> impoffible* 

But the Invention of this, theorem fe iuch 1 of th* 
Multiplication of two Quadratic Equations z* + 24a, — * 
=c ; and z* — %a% — c = o, intaone another* I make 
the Biquadratic Equation $4 = 44* + £ + * x z 1 + 
2*<r — 2** X z — '.if, whole fecond Term fc warning, 
which I equal in Value, this Equation %4 ==***+/»+?• 
From whence, Firft, 4**+*+* r= e 9 or 3 =5= ^-4^^— r. 
Secondly* za<y^2ab •==; 4, that is-, 3W-~2o*+.8a3+2tfC 

=/> or * = +* + -lr -i-ig 1 * and from thence k*% 

(f— 4* 2 — ' 3 =>~ -^ + — — 2*\ Thirdly, *-*> 

~*» or ^~JfoT + — Ar^+^^nfy tbat% 

4 6 =^ **4— J ^4— ?7 «»* + -^ , wl>i$h Equation, as 

if Cubic* of the Root a\ ef being known or taken fo, is 
produced g ; and therefore this Root may bo had by th$ 
above Theorem^ and b and c become known, by the fame 
Calculus, But the Roots of the Equations ** + mz^-t* 
= 0, and z*— 2tfg— r == o, are z r= — * ± VV + *,1 



and z = tf±V* x +<r,l or z=«— a+ Vie-r-a*-~ 44,1 

and z = ± A /i^_^yj fc - - ^-- Mowover* the Roots 

«f the Equation *4 will be = #**+/& +/ 5 v/z. 4 or * * 

of 



I »4> J 

of the Equation tfi is known to be ==**#♦— }f«» — 

±-ta.+ £-. Now that this Equation may appear 

Univerfel, and be compfeated with all its. Terms* make 
x-=zx-«p, and ^ — tfx'+ty** 1 — tf»»4^ will be 

J&~****"$, and *rzt-&*±Ji<~ **+£j 
How for Brevty and Elegancy, make* w j|+ a/*, and 
/- 8r ; then *♦-#*' + #*** "• a f* '~4^* t ?*** 

^=»4»-^*4-8Ar— JHW- Thence are made the n»- 
ceding Equations. 

*4 ^ ##» + a? **+**+ 4^ 

and «««■/»«♦— a^r«»+r». 

That is they all appear as 
■V**»* Q.E.D. 




^ 
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An Analytical Solution of certain 
infinitefimal Equations^ translated 
out oj ' M* Latin, from the Philoso- 
phical Trania&ions of the acute Ma- 

' thematkian Mr, Abraham De 
Moivre, F. R. S. 



E T » be any Number, x the unknown Quantity, 
or the fought Root of the Equation, and Jet a be 



L 

any Quantity likewife known, or, as the Mathtmaticianx 
caul it, Hombgeneum Comparationis ; and let the Re* 
lation of thefe be exprefled among themfelves by this 
Equation, viz. 

nx*A - x 2 »$54 X 

**3 2x3 4x5 T 2x3 

4^5 6 *7 , .... 

It is manifeft from the Nature of this Series, that if 
feme unequal Number be taken for n (viz. -an Integer* 
for it matters not whether it be Affirmative or Negative) 
then the Series will be limited, as above, whole Root is 



1. #= £v Vi+** + * — 



jVi+aa+o 



or 2. x = tV <Ji-\-aa\a — £v Vi-f** — *• 



t 
7 



or 3. * = n * ■ . — j^i+flfl- a. 

* . % 

Or 4, x =s * 



Let 



Let us find the Root of this Equation of the Fifth 
Power, viz. . 

5* -f- 20*' + l6xS as 4. 

In which Cafe n = 5, and a =4, the Root according 
to the firft Foim will he _ 



* a =iWi7 + 4~c ^ .: > which may 

very expeditiously be folv'd in common Numbers ; thus, 

^7^+4 ==8.1231, whofe Logarithm is 6T9097184, 
and the ^ of o. 9097 164 =0. 18 1943 3, 'anfwering to 

1.5203*= "^V f i7*+ 4> ind the Arithmetical Compli- 
ment of ci^i 9433 is == 9.8I 80567, to wftich the Num- 
ber 0.6577 is r= ,■ "■ , ' ■ ; therefore the StffliJflfc- 

rence of jJKtft.Numhers is 0.4313 ■■ *• 

|iere it is to be obferved, that in the Place of the 
general Root x might very well be taken ~ £ 1/za— 

• ; ■ * ■ j if at any Time^the Number ai jjrRefpcft of 

, Unity be greater, as it. the Equation flxould; be 5^-f-aov3 
;+*6** :•» 682, the Logarithm of 2 a wiU.be «= 
,3. 1348143, whofe fifth- Part is 0,6269628,. and the 
Number anfwering thereto is 4.236. But the Arith- 
metical Ounpllment of. 9.3730372 is 0.236, and the 
Semidiflfcrence of thofe Numbers is 2 — x. . But rrxore- 
•ver, -€-*.'• j. .. •. -'. . . ., , 

If in the prfceding Equation, the Signs alternately be 
affirf&ative and negative, as if the Series fliould happen 
after this Manner. 



T ax 3 ' *2X 3 4*5 **$ 4X$: 

x ?tj5 «*7, &c. — -jr f Its Root will %a, Mku - 
6x 7- ♦ 



!• #*■ Jv'* -i-v'** I + £ 



' ! ~ ■ 1 • — i " : 



y^y** — *: : , [ya^JaS^i 



J&Aim fc* *>*e Botpi, thsfc if. 2p be wqM, tl* 
Sign of the Root found, Ifiuft W contrary to it, let this 
Equation. Jbe propbfed, W«. ^y— 10^-f"*^^ — *> 
when(?eV=5, and a j=6> the Root will be ==£$£4- v^ 35 

>±±B33fet ; ortesaufe 6+1/35 <±^ w . 9 *6>; itslfcga* 
V6-JV35 

iilYivk Will 1*^1.676*364, arid fits $•*£& ^15456^, 
the Arithmetical Cortiplrmcfit $. 7647439,' the. Numbers 
of thefe Ldg^fthttwire 1.64*5* ted ^6x79 *3*$^refc f 
Whbfc hail Sota is -as 0253***. 
1 fiut if it flioald hap^n v «iat <t fa k§ diAn Onftf 9 
"thth tJfe fecdnfHfcrift of *be Root, .tfbicbf miStium fcr 
our Purpofe, is to be chofe above the reft ; fo if tip 

] Equation &biild : h<?, vhS^U -+tort f'tWii'i2L, * 

v ::,;:* • ■ . ^ 

will be = - r 



iV 64 v 4096 + >v 64 *^ 4096 



and 



f 
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tod indeed if the Fifth Root can be extracted by arijr 
Means, the true and poffible Root will appear, although 
the very Expreflion . itfelf feems to be impoffible, and 

the f Root of the Binomial -|±- + J^^ » i + * 
y — 1 5, and likewife the f Root of the Binomial ~L — 

y—VS is J — i /—IS, the half Sum of which Bi- 
4096 

nomials is = £ = x. 

But if this Extraction cannot be had, or feems to be 

more difficult, it may very neatly be performed by a 

Table of Natural Sines, after the following Manner. 

To theRad. 1. let a be =-7^- .=* 0.95112, the Sine 

64 

of a certain Arc, which will be = 72 23', whofe fifth 

Part (becaufe » = 5) is 14 28', the Sine of 0.24981 

= i nearly, and fo we may proceed to Equations to a 

more fuperior Kind. 

Q. E. I. 




A Method 
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A Method of approximating 
in extraBing the Roots of 
Equations in Numbers! 

IN Philofophical Tran&aions, N<\ 210, the late Dr % 
Halley has publifhed a compendious and tifcful Me* 
thod of extracting thfc Roots of adfefled Equations of 
the common Form in Numbers. This Method proceeds 
by aflumiug the Root <fefiral, nearly true to one or tw* 
Places in Decimals (which is done by Geometrical Con- 
Aru&ion, 6r ibme other convenient Way) and correcting 
the Affumption, by comparing the Difference between 
the true Root, *nd the affum'd, by Means of a new 
Equation, whofe Root is the Difference, and which he 
fhews how to form from the Equation propofed, by Rib* 
ftituting the Value of the Root fought, partly in known, 
and partly in unknown Terms. 

In doing this he makes ufe of a Table of Produces 
(which he calls Speculum Analyticum) by which he com- 
putes the Co-efficients in the new Equation for finding 
the Difference mentioned. This Table, I obferved, was 
form'd in the fame Manner from the Equation propofed, 
as the Fluxions are, taking the Root fought for the only 
flowing Quantity, its Fluxion for Unity, and after every 
Operation dividing the Product fiicceffively by the Num- 
bers 1. 2. 3. 4. &c 

Hence I foon found, that this Method might eafily 
and naturally be made applicable, not ortly to Equations 
of the common Form («we. fuch ss~confift of Terms, 
wherein the Powers of the Root fought are pofitive and 
integral without any Radical Sign) but alfo to all Ex- 
preffion* in general, wherein any. Thing is propofed as 
given, which by any known Method might be computed » 
|f pw ?*r/b>, the Roots were confidered as given : Such, 
as are all Radical Expreflions of Binomials, Trinomials^ 
or of any other Nomial, which may be computed by 
the Root given, at leaft by Logarithms, whatever be the 

Index 



Index of the Power of that Nomial; a» lilcewifc Ex- 
preffionj of Logarithms, of Arches by the Sines or 
Tangents, of Areas of Curves by the Abfdffa\ or any 
other Fluents, or Roots of Fluxional Equations* ISc. 

For the Sake of this great Generality, it may not be 
improper to (hew how this Method is derived. There* 
fore z and x being two flowing Quantities (whofe Re* 
lation to one another may be exprefled by any Equation 
whatfoever, while z by flowing uniformly becomes z -j- v $ 
x will become 



*+-4-« + ~r **? — —-<*+• «^. or 
x.z i. as i*2*s* 



*+JZ* + *J!~ + -i2L+Wft fer* putting 1. 
1 i.a 1*2.3 

Hence, if y be the Root of any Expreffion formed 
of y and known Quantities, ?nd fuppofed equal to no- 
things and % be a Part of y 9 and x be formed of «, and 
the known Quantities, in the fame Manner, as the Ex- 
preffion made equal to nothing is formed of j, and let j be 
equal to x+v; the Difference of v will be found by ex- 
tracting the Root of this Expreffion. 



. ^.. -fcQ. For 
1 x.a 1 .a. 3 ' 

in this Cafe z being become z+v=j, x which is now 

oecome 



« xv 

* + *v + - — ~ 4~&*> wwftbwomc equal to no- 

thing, 

• •• 

The Root v in the Equation x + J^ -f *£. + 

1 1.2 

4* & e > = °> is to be found upoo the Supposition 



M-3 

X a of 
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of its being very fmall with Refped to x (as it muft \m\ 
if z be taken tolerably exaft) by which Means the Terms • 

• • • • 

-777 + —TZT 4* & c * ma y ** ne g fea ^ upon Ac- 
1.2.3 J'2'3'4 

count of their SmaUnefc with Refpeft to the other Terms, 

• «• 

<o as to leave the Equation x + -*— 4- i^ = o. for 

1 1.2 

finding the firft Approximation of v. 

By extra&ing the Root of this Equation, we have 



* # # 

n\ — '— . 



That is, 



xtr* 



if *+**+— =* o. 



>/^+^--i, if -*+S 



»+#v4 



#V* 



?0. 



■n — V .., - - .; ■» lfx — ^*V+ «0 # 

Af .* «» «• 



This Approximation gives v extraft to twice as many 
Places as there are true Figures in z, and therefore trebles 
the Number of true Figures in the Expreffion of y by 
s+v, which may be taken for a new Value of as, for 
computing a fecond v, feeking other Values of *, i, x 3 
&c. Though, when z is tolerably exaft (which it may 
be efteem'd, when it contains two or three or more true 
Figures in the Value of y, according to the Number of 
Figures the Root is propofed to be computed to,) the 
Calculation may be reftored without fo much Trouble, 

only 
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only by taking V .*L+ JfL— -H-wJ— . 



2X 



x x ■ 2.3* 1. 2. 3. 4* 

«+, faff, toftead of «/-£— ± -^-» taking every 

* • .. * .. 
Time for v its Value laft computed. 

From the lame Equation *+ *xv+ .£21 -f JL2L 

2 i.a.3 

+, &?*. = o, may be gathered alfo a Rational Form^ 



viz. 



~-x 



. For negfraing the Terms * v$ ■ 
sex 1. 2. 3 



2X 



&?c. we have «; = ""Tf -, which it nearly = — -£ 



2 



Therefore In the Divifor inftead of v writing Hi. , we 

* 

have more exaaiy v = ^ — . That b % 

x— ** 
2* 



MX 
IX 



-, when x+xv+J2L> «f<- — o 



2 . 



*4 



XX 



■, when -*4-ii4. -£21. »'. » °- 



7.x 




xV* » tff. = C» 



4*-* 



II 



a* 



; when — *— *V-f J2£ **. » 0. 



*•* " * % 



This Fmmtl* will alfo triplicate the Number of true 
Figures in z. And the Calculation may be repeated 
after every Operation, taking for a Divifor 



• • 



* _ • xv z . *w* 






*# 



— T-. 



2* 



V ?*■£?'??' ^ / ulI y ^Plained the Manner of ufing 
both thefe Fermub's in Equations of the common Form • 
Wherefore I fhall be the fhorter in explaining two or 
three Examples of another Soft. . 

ExAmplbi. 

Let k be propofed to find the Root of this Equation, 
J*+ri 4-J— 16 == o. In this Cafe for; writing x t 
and for 6 writing *, we have ^piV* _J_ z -_ ,6 — *• 
Whence by taking the Fluxions, we have x= zjxxzx 
jq^ v*~* _}.,, and *= 2 V a x 8—4 ^ az» x 
^P • For finding the firft Figures of the Root 

J for /a take -J-, and we have the Equation j"Tp7) J 
•+*— »6a=o, which being expanded, gives 
/+3^+ 2^4-3^—255 =0; 

By this Equation I find, that for the firft Suppofitioa we 
may take *>*,, Therefore in order to find Vi fetwiiow 
mate v'a 5= y (which is nearer than before) and we 
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have *= z* + ift + *— j6 = 2*+ i^ T — 14=5 -^ 

• • • 

14 x= — 4.46; * = 10.66; ^^=14.72. Whence by 

tie ftoond Rational FormtiaBs M 8 

,0,66+^72x4.481 

29110.66 

5=^0.38 > which inuft be too big, bccaufe £ c-^2, and 
therefore will require a huger Value of j to exhauft the 
Equation, than where ^ 2 is exad. For the fecond 
Suppolkion therefore, let us take 2 = 2.3, an( * make ^2 
as 1*4142136; and by the Help of the Logarithm^ 

we (hall have a*-j- ir * —*3 47294» whence Jr e 
—0.227065 * = 14.93439, an d * qr 5.16419. Hero* 

by the 2airrationaifim»fei^= Jlt2 &*f 1 , ?•+?♦*» 
7 • V 5.18419* "5.18419 

,_ 1 *"9?* fl 9 a £.01516, which gives y = »4-v = 
. 5.18419 " 

2.31516* which is true to fix Places. If you defirefr 

xwre exa& thaa to the Extent of the Tahles of Logan 

rfebms, takir\giB3B 2.31516 fcr the next Suppofktoxj, 

the CatafctiM muft be wpeated by computing af 

iws^ir * t0 a Sufficient dumber of Places, which muft 
be done by the gn a au a l Se r i es , or by imakmg a Logarithm 
On Purpofe, true to as many Places as are neceffary. 

ExlMPU 2. 

For another Example let it be *equmd to find the 
Number wrhofe logarithm is 0.29 : fuppefing wehad ao 
#ther Tables of Logarithms but Mr,. Sharfs -of 200 Lo- 
f^tritbms xo a great many Places, This amounts to the 
reiohriqg this Equation, Ly = 0.29, or 1^—0.29 =0 » 

hence therefore we have * = L, ^— 0.29, w-=s -£-(« be- 

1 ". - - * ing 
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Ins tbc Modulus belonging to the Table we ufe, viz. 

0.434*9448 19> »f0 * = -jr» * =s -jp * = "5T 1 

fcTc. In this Cafe, becaufe * has a Negative Sign, chang- 
ing the Signs of all the Co-efficients, the Canon for v 
will be found in the fourth Cafe, which in the Ir- 

/ '■ 2* 

rational Form, gives v =— !L — *J *-/ + ■ 



1 / n J 



y 



2-3* a 34 

K »* 4-*^ — 22! _L 2L 5 , tf,. In this Cafe to avoid 

often dividing by z> it will be moft convenient to com- 
pute -IL, which is got from this Equation — = 1— 

i+ 2L Z -Q. S 8 + 2V3 _ 2g gg ^ TJjc 

* 3«' 42* f 5** 

neareft Logarithm, in the Tables proposed, to the pro- 
pofed Logarithm 0.29, is 0.29003461 14, its Number 
being 1.95. Therefore for the firft Suppofition taking 
sssi.95, wehave* ( = Ljb— 0.29 = 0,29003461 14— • 

O.2 9 )=:o.oooo346ii4, and 2Lg - 'g 8 =s °' oooo6 9 2 f 8 

a 0.4342944819 

6=0.00015939139, and I+ * ' z °'? = 1.00015939139, 

Whence for the firft Approximation, we have -2L=i— 

V 1. ouo 1 5939 139 — — 0.00007969247, and v = -— 
0.00015540032, and jrrrfc-f-vss 1.94984459968. which 
is true to eleven Places, and may eafily be correded by 

the Terms ^i, £rfr. which I leave to the Reader** 

3* 
Curiofity. 

A General 



r 



•pam 



Zfmverja 

'verging Set Power. 

'om the Cube what Sign is different in your 
i are wanting {Theorem, as the following 



yftituting p> q y r, 
;. are divided by 



~M~"S 




t 161 1 

A General Series fif exfrefftng the 
Root of any Quadratic Equation. 

N Y Quadratic Equation being reduced to this Form, 
l xx-*~ mnx+myc=:0 9 the Root x will be expreffed by this 

Series of Terms, x = JL J- A x ~ + B *-T"^ 

' n * nut* a* — 2 

> _- % 

y 

4_Cx * 4-D x ^— , W*. which is thus to be 

underftood* 

i. The Capital Letters A, B ? C, &c. (land for the 
whole Terms with their Signs, preceding thofc wherein 

they are found, as B = A x — — ; . 

*—2 

y 

2. The little Letters a, b> c, &c. in the Divifors are 
equal to the whole Divifors of the Fra&ion in the Terms 
immediately preceding thus, *3=tf 2 — 2. 

For an Example of this, let it be required to find ^2, 
putting ^2=^*4* l , we have #*+2* — irrO, which be- 
ing compared with the general Formula, gives mn = — 2, 
and my ■*= — i. Therefore for m taking-— i, we have 
*r= 2, and^y s£ I, which Values fubftituted in the Series, 

II i i 

* 2 2^0 2.6-34 , 2.6.34. II54 

*_ , * , tie . The Fractions here 

2.6.34. 1154.1331714 
wrote down giving the true Root to twenty-three Places, 
Q.E.I. *D. 
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CONSTRUCTION 

OF 

E QJJ A T I O N S. 

IN order to this Method of Conftru&ion, I confider 
each Side of the Equation, as the Produft of two 
Multipliers, the one of two Dimenfions, the other of 
one (each Term in a Cubic Equation being fuppofedof 
three Dimenfions). 

E X A.M p L E. 

In this Equation x 3 -\-px % = », I confider it as in this 
Form xx x x-\-p=zn~b*xc (b being taken for any Num- 
ber at Pleafure, whofe Square is lefs than n divided. by M, 
gives c ) or elfe in this Form, xx-^px x* = « = **xr; 
either of which Ways we may make ufe of, as feems left 
for Conftru&ion. And becaufe x is vet unknown, and 
muft be taken by Guefs, I put z, inftead of*, the Mul- 
tiplier of two Dimenfions, and y for x in the other of 
one Dimenfion, and then the former will ftand thus, 

%z xy *\-p = b z xc 9 or (the other Way) zz-\-pz x y = 
b z x c. In both which Forms the given Quantity b x x c 
t= w, is the fame as in the firft Equation, and confe- 
quently the Refult or Value of the other Terms is the 
feme alfo. 

The Defign then of this our Method is, by taking a 
Number or Line by Guefs (fuppofe z) to reprefent x in 
one of the Multipliers of the given Equation, to find 
another Number or Line ( y) which fhall reprefent x in 
the other Multiplier, and then if z and y be not equal, 

wc 
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we muft bring them by Trials to. Equality, which in 
moft Cafes is cafily done, obferving their Difference, and 
the Nature of the Scheme or Figure. 

Before I give Examples, I will premife this following 
Lemma j which {hews the Ground arid Demonftration of 
this Way of Conftru&ion. 

Let ABD be a Semicircle (See Fig. i.} on the Pia-JJgr. i 
meter AD, AB, and AZ, two Subtenfes dfawn at Plea- 
fure from the End of the Diameter A, from B and Z are 
drawn the infinite Lines BC and ZSp^rpendicular to 
AD, BC interfering it in m 9 and ZSin n ; from A, 
draw the Line AS, interfering BC in R, and ZS in S, 

I fay, that AB* ; AZ* ::mR: NS. 

For by the Property of the Circle DA x mk = ABS 
and DA x »A = AZ 4 , then DA x mk : DA x n A : : 
mAinA: : mR : *S, that is, AB X : AZ* :: Km : nS. 

Multiply the Extremes and Mean together, and it will 
be AB a x »S = AZ* x mR ; if therefore we fuppofe AB 
=£, nS=c ; AZ = Square Root of the Multiplier of two 
Dimenfions (in a Cubic Equation reduced into the Form 
above dire&ed) then will mR be equal to the other Mul- 
tiplier of one Divifion, fo in the firft Form above (zz x 
y+^= b % x c) if AZ = z, then is mR =y-\-f ; and 
in the fecond Form zz,-\-pz X y = b % X c j if AZ z= 
Vza+^z, then is mR z=zy ; and if y = «, then * =: x in 
the given Equation. 

Example i, 

Suppofe I would conftru& this Equation, x* — 4** =* 
72, or #3 — px % = n 9 I take 16, as a convenient, fquare 
Number (which I call bb) and therewith I divide 72 ; 

the Quotient is 47, which I call c [ -Z-.rz c * and bbc =s 

bb 

n r= 72] I deduce alfo the other Side of the Equation into 

two Multipliers (as above) and then it is zzx 4—^3= 72 

r= 16 X 4t, which is the firft Form for Conftru&ion. 

Y 2 I defcrib* 
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Fig, i. I defcribe a Semicircle ABD (Sec Fig. i.) of a conve- 
nient Bignefs from my Scale of equal Parts which hfere, 
for this Figure, is of 24- in an Inch, io of which Parts 
make an Unit or i.) and having drawn the Diameter 
AD, I take 4 (Units <Mr large Divifions) off the Scale, 
and draw the Chord AB r= 4 = *, from BI draw th* 
Infinite N BC, Perpendicular to AD, and interfering it 
in m. 

I take 4? {-=:<) off the Scale, and fet that Diftance 
with the Compafles from rti to C, and through CI draw 
CS parallel to AD. 

For the firft Trial, I confider, that the Root * muft 
be bigger than 4 or p (elfe the negative Term — 4** 
would take more than ***, and fo the given Quantity 
would be negative) therefore takipg 4 ( rrjfr) from the 
Scale j with the Centre A, and Radius A^=s|, I de- 
scribe the little Arch Vp ; and then (at a venture) draw 
the Chord Az (z=zz) interfering the Arch Vp in p ; fo is 
A^==^==4, and the Line pz~ « = ^, or » — 4. From z 
I draw ZS perpendicular to CS* and interfering it in S, 
and then the Line AS interfering MC in r. So is Mr* 
s=y— 4, or y — p (the other Multiplier in the Equation) 
which being greater than the Line pz (to which it fhould 
be equal, it (hews, that * was taken too little. 

After the fame Manner I try another «, whkfh the 
View of the Scheme will now direr me to limit, till I 
find AZ, which anfwers the Demand j for making AZ 
s= z, then is PZ ( = z — 4) «=:MR (=j — 4) confe- 
quently Z =y === x, z taken from the Scale is equal to 6, 
the Root fought. 

The fame Conclufion would follow, if I had inverted 
the Order of proceeding, and had begun with Mr, and 
thereby found Az ( in a firft Trial) for in this Cafe I 
muft have taken a Line for ^ (by Guefs) and made mr ss 
y-~ p, and then having drawn AS interfering mC in r, 
and CS in S. Alfo SZ parallel to BC, touching the Se- 
micircle in z ; I draw Az, which will be equal to *, fo 
is the Line pz = z— p, which ought to be equal to mr ; 
but not being fo, another Trial muft be made. 

Example 
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Example 2. 

Let the Root of this Equation, viz. ax*— 33«r-|-2* 
= 24, or # J — ^2* + ff* = n^ I take for W, 9, by 
which dividing 24, it gives C = 2f> and then I put the 
Equation into this Form, %% — pz-\-qq X y as bbx c. 

In the Semicircle ABD (Fig. 2.) I draw the Chord Kg. 
AB = b = 3, BC perpendicular to AD, mQ 2= C =* a|. 
CS parallel to AD. I find Vzz — jps+W* by fig. 3. #£« 
where APrrp=3, and is bife&ed in C. PQj=j = ^2= 
14. Pd is perpendicular to PA, A*, AZ, tiV. are Lines , 
taken by Guefs, for z. zd, ZD, fcfr. are Arches of 
Circles drawn with the Centre C, and R adius C«> 
CZ, fefr. fo aie Prf, />D, &c. = Jzz—pz, and rfQ; 
DQ^ fcTr. = V 'zz — ?* + ?? (for continuing the Arch 
ZD (for Inftance) to 8 in the Diameter ; ZA (=P8) = 
*. PZrrz — p. Ther efore PD ( = \l P0 x PZ = 
V*x *— p = Jzzr—pz. And PQJtfing — y. DQf (= 
f^*+PQ^)==zz-- pz+qq; therefore DQ== v'^iK—^-fw. 

Having found <s?Qj= V»e — ^*-{-ff. I draw A« (Sec 
J%, 2.) — rfQt and then (as in the former Example) Tig*** 
find arr;==y, which being much left than * (or A« Fig. 3.) Kgi 
I find that I have erred in my Suppofition of z. And 
confidering that (See Fig. 3.) the bigger A* is, the bigger Kg 
Will dQbe alfo ; and confequently tnr the lefs : I try * 
again with a leffer z, and at laft find that making AZ 

(&g- 3')= JIB > DQ^will be V«« — px-fqql to which iFijj 
make AZ (Fig. 2.) equal, and thereby find aiRssysrrz, y,j 
which is therefore the Root, and the Scale (hews the 
Number to be 6 =*. [ 

For another Example may be propofed, the doubling of , 
the Cube, that is, having the Root or Side of a Cube I 
given to find another Line, whofe Cube (hall be double j 
the former Cube. In this Cafe, let AB (Fig. t.) be Ft 
the Side of the givert Cube; j*C=2 Afi, Ax=:g, the fought j 
Rcet taken by Guefs, by which finding mr (as above) \ 

if • 
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IF mr = A*, th$n is Ax the Root of the double Cube 
ibught ; elfe another Trial muft be made. 

AB* : A** : : mr : »S = mt = % AB ; therefore 





2AB x*A$* = IKS\ l = A« z x mr =T£\ 
(wheh/!As== mr). 

By a much like Method may Biquadratic Equations 
be c6nftru£ted alfo, if the loweft Term be wanting, as 
eafily as a Cubic. 

..Suppofe this Biquadratic Equation, x4+px* + q % x* =. 
w. .. I divide at by a^ l^j^Tquare Number j fuppofe *% the 

.Quotient I call CC,JL=CC, then«=J*C*. (See Fig. 
bb 

4.) I divide alfo the other Side of the Equation into two 
Multip liers, <viz, x % x * % ±p*±qq = ** x C% whence 

* X */x i ±px±qq=; i xC. Or, fubftituting y and % 
fo r* ($s I do in the Cubes, while * is unknown) q x 
A/zz±pz±q q ==bxC. I take z by Guefs, and there- 
with find Vzzipzizqq, as is done in the fecond Ex- 
ample of Cubic Equations). In a convenient Semi- 
circle A BD (Fig. 4.) I apply the Chord AB = *, and 
producing it, make AC=^ [but if b be greater than c y 
ImakeAB=r, and AC=*J Through CI I draw ZCP, 
perpendicular to AD, and applying AZ = </zz±pz±qq, 
fo is the intercepted Chord AY —y ; and if y=z 9 then is 
either = *, the Root fought. Elfe Trial muft be made 
with another ». 

> I might have taken the Biquadratic Root of », and 
then b— r, to which the Diameter AD muft have been 
j. equal: The Demonftration depends on this, that (Fig. 5.) 
AY x AZ = AB x AC, which I thus prove (having 
drawn AK to the Interfeflion of ZP with the Semicircle) 
AB* : AK* : : (An : AP : :) AB : AC. Therefore AB 
x AC ==AK*. By a like Reafon. 

AY* : AK ::^AM : AP ::) AY : AZ. 

* Ergo AY x AZ = AK* = AB x AC. 
The fame Method will hold for Biquadratics. 

Generally. 
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. .£■«•/ Aj*iiu it negative.* ..... \ gn janic is 10 06 under- 
ftdbd'of AG and BR ; which likewife muft be drawn to 
contrary Parts, if the Values of r and s coine out ner 
gative. 

Laftly, on the Centre E, and with the Radius EC=f f 
let a Circle CK** be defcribed, which fhall cut the 

Parabola 



L 
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IF far = A*, thjm is Ax the Root of the double Cube 
fought ; elfe /m&ther Trial muft be made. 

AB* i t "A** : : tnr : »S = mc = 2AB ; therefore 
2AB x A jB* — IaB^ = Ai* xmr= 7&\ 
(when! -A* = mr). 
^JteAJMJ^iyiiiial IfflY Bicpndntic Equations 
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: AP::) AY : AZ. 

= AB x AC. 

Id for Biquadratics. 

Generally. 
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Generally, 



GIVEN any. Equ# Iqn, whether Cubic or Biqua- 
dratic, v*e muft compare its Terms. firft„ 

As fuppofe this Equation. 

IPs 
— ±r — 4r* £- —qK c .ivi 

+ 2s + 4rx — s\ . - ' ' 
— t I — 2q +/ x . 

By which Means p, q 9 r, s 9 t f will eafily be found ; in 
the mean time, let fonie one be taken at Pleafure. 

Then in any given Parabola AVB (See Fig. 6.) whofe/Jg.6. 
principal Vertex is V, Axis VS, and VT perpen- 
dicular to the Axis ; Let VS be taken = p, within the 
Parabola, and let ST= q be infcribed in the Angle SVT, 
which being produced, may cut the Parabola in two 
Points N and O. Bifeft ON in M, and thro* M draw 
MA parallel to the Axis, meeting the Parabola in A, 
then draw AL parallel to ON, that AL may be the 
Latus Reftum of the Parabola to the Diameter AM, and 
let the fame be = Unity. In AL (if it is neceflary to 
produce on each Side) let AG be taken = r, and from 
the Point G, let GR be drawn parallel to the Axis, which 
may cut the Parabola in B, from which let BR = t. 
From R the Point juft found, let RE be drawn parallel 
and equal to YT, which muft be drawn to the left 
Hand in Refpe& of R, if q be affirmative, but to the 
right Hand if negative. And the fame is to be under- 
ftd6d'of AG and BR; which likewife muft be drawn to 
contrary Parts, if the Values of r and s con^e out ncr 
gative. 

Laftly, on the Centre E, and with the Radius EC=f, 
let a Circle CKkc be defcribed, which {hall cut the 

Parabola 
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Parabola in as many Points, as there are*eal Roots ill 
the given Equation. 

For from the Points C, K, &fc. draw CP, Kn, fcf*. 
parallel to ST, terminated at the right Line GR, (if it feems 
neceflary to be produced) and any of thefe will be *, or the 
Root fought of the given Equation. 

Thofe drawn on the right Hand will be affirmative 
Roots, but thofe on the left will be negative Reott. 
The Point of Contaft, if there (hall be one, is here taken 
for the two Points of Interferon neareft to one ano- 
ther. 

Betwixt Cubic and Biquadratic Equations fo conftrufied" 
this Difference only arifes, that in the former Equa- 
tions, by Reafon of the laft Term being wanting in 
the pr eceding Equa tion, is always p % — q % — x*-f-f* = o, 
or / = s % -|- q % — p % ^f . The refore from the Centre E» 

and with the Radius EB (=^bK a + (ER X )ST*-^VS*) 
having defcribed the Circle CK*r, one of the Roots in the 
former Equation vanifhes to nothing. 

And thefe are demonftrated after the following Manner. 
Having conftru&ed the continued Points, and CP pro- 
duced, if there is Occaflon for it, till it cut AM in H 9 
CH will be the ordinate of the Parabola to the Diameter 
AH, and therefore CH* =* AL x AH *. AH, becaufc 
AL » i. But CH = CP+AG, and AH = GB+BP, 
and therefore "CP* + 2AGx CP + a5* = GB -f BP. 
Now from the Point C, let fell the Perpendicular CD to 
BP, which meets EI in the Paint I drawn parallel to BP. 
Therefore by fimilar Triangles CDP and TVS, it will be 

ST ; VS :; CP : VS *Jr ? = DP. 

b 1 

And ST:VT::CP:X^*^CD. 

And therefore C? 1 -f aAG x CP = BP = DP -f BD =» 

— s ^— 4- BR - IE, or Ct*+ 2AG x CP gljU- 

CP— BR=— IE. ButTE* = cE*— CI'ssCE*— CT5* 

-VT*. 
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. VT* v CP* _ 

_\PF— *CD x VT = CE* = vT*— 

ST* 

aVT* x CP 



"ST 
1?V 
"ST 



= (becaufc VT* = ST 2 — SV*) CE*-^CP* 
LTJP*— ST 4 +SV Z — 2STx CP-t 28V * 



ST 



CP, 



therefore which will be equal to the Square of the Side 

VS 
CP X + t AG x CP — §T" GP — BR - And this Equa- 
tion is reduced to the Terms p, q, r, s, /, as the very 
Equation was propofed. Q; E. D. 

Hence it appears, that any Biquadratic Equation may 
be conftru&ed innumerable Ways by the Parabola, for an 
indefinite Value of that Quantity, which we laid was 
aflumed at Pleafure. But the Cafe is the moft fimple, by 
making VS=p=o, and then the Conftru&ion is changed, 
if you regard the Thing into this common one, in which 
the right Lines CP, &ff. are Reprefentatives of the Roots 
Perpendiculars to the Axis. And the Equation becomes 

*4 = — 4r*» — 4T**» + 4*"** — ? 
+ 2X —2? —s z 

which is eafily conftrufted as above. 
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Some Properties of Conic 

Sectio n.s. 

LE T DE be the Tranfverfe Axis of the Ellipfis (See 
fit/ 7*) a O the other Axis > mi C the Centre of 
the Sedion : Let P be any Point in its Circumference ; 
PQ_the Tangent of the Curve at P, meeting the tranf- 
verfe Axis at Q, the Points of the Foci SF ; CP, CK, 
of the Semi-conjugate Diameter. PH the Semilatus Reclum 
to the Diameter PC j PG, the Normal to the Tangent, 
which meets HG in the Point G, Perpendicular to 
PCH, that PG, the Radius of the Curve of the Ellipfis, 
may be in the Point P ; and let ST, CR, FV, be Per- 
pendiculars let fall on the Tangent PQj let SO be join'd, 
and the Normal PL let fall on the Axis, this being put, 
Hay, that 

I. 

27>e Reel angle under the Diflances from each Focus of 
the Ellipfis y or SPxSF is equal to the Square of the Sem- 
diameter CK. 

Demonstration. 

PS 4 r=PC*+CS*— aCSxCL. B713E11C.2. 
PF x =FC*+C3*+2CSxCL. By 12 Euc. 2. 
Whence PB'+PF'^STC'+aCS*. 
Now PS+PF=DE=2CD, and confequently 
TS z +FP+2PSxPF=^CD\ 

Wherefore by tranfpofing 2PSxP F==4C jB*— 2FO— 2C5» 
And by halving jit, PSxPF=iICD t ---PC 2 ---CS\ 
And C5*=CD X — CO*, and confequently 
PSxPF=CD x J-CO a — PC*. 
But CD'+CO^riPC'+CK*. By 12. 7 ApolL Con. 
Confequently, PS x PF = CK\ Q, E .D. 

II. The 
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II. 

Tie Dijlance from the Focus SP is to the Perpendicular 
let fall on the Tangent, as the Semi-conjugate Diameter 
CIC to the lejper Semi-axis CO. 

Demonstration. 

By Reafon of the Similar Triangles SPT, FPV, it 
will be, PS : PF :: ST : FV, and by comparing them, 
PS+PF will be to ST-f FV, and the half of CD te-CR, 
as PS to ST j whence CDx CK will be to CRx CK, as 
PS to ST. But CR x CK is equal to the Redangle 
under the Semi-axes CD into CU, by 31. VII. Conic. 
Confequently PS is to ST, as CD into CK is to CD x 
CO, or, as CK to CO. And by a like Argument PF 
will be demonftratcd to be to FV in the fame Ratio. 

Qi E. D. 
III. 

Lihwife in the fame Ratio is the Semi-axis Tranfverfus 
CD to the Normal, from the Centre C, let fall to the 
Tangent, or to CK. 

For feeing the Re&angle CR x CK is equal to the 
Reftangle CD x CO, as already aforefaid (iv&Koyw) the 
Analogy will be CD to CR, as CK to CO. 

Q.E.D, 
IV. 

Every Semidiameter PC is to the Dijlance of the Point 
P from the Focus S, or to SP, as the Dijlance from the 
other Focus FP, to half the Latus Re£tum, reaching to 
the Vertex P, or as to PH. 

This is maniffeft from Propofition 1. namely, when 
the Square of CK is equal to the Re&angle under SP 

V. 

The Reftangle of the Semi-axes CD x CO is to the 
Square of the Semi- conjugate Diameter CK, as CK to the 
■Radius of the Curve in the Point P, or to PG. 

Z z For 
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Fpr the Triangles PCR,PGH, arefimilaratnongft them- 
felves; whence CR is to PC, as the Semilatus Return PH to 

TTWCO 
PG. By III. premifed Prop. - ££ = CR is to PC, as 

"?§ a==PHto ^CO = PG ' whcrefore * he Analb EJ» 
CDxCO:CK*::CK;PG. Q.E.D. 

Hence this General Theorem I. 

The Centripetal Force tending to the feme Point 
S in all Carves, is always proportional to the Quantity 

SP 
fGxSYs- 

Now by writing CK J for PG, by Propofition V. and 

7STf-> according to Propofition II. for ST (viz. becaufe 

CD, CO is given) the Centripetal Force tending to the 

SP x CK3 
Focus S of the Ellipfis, will always be, as — that 

SP i 

i% as M-jfi -a or - - ■ ,Wz. reciprocally, as the Square of 

SP. Whence it apoears, that if the Section defcribed by the 
Motion of the Body be an Effipfis, the Centripetal Force 
-will be as the Square of the Diftance from the Centre of 
Force reciprocally. Hence arife thefe ufeful Corollaries. 

Corollary i. 

The Velocity of a Body revolving in the Ellipfis to an% 
Point P, is to the Velocity of a Body revolving in the Cir- 
cle to the fame Diftance SP from the Centre of Force , in 
Subduple Ratio jf the Diftance from the other Focus PF, 
to the Semiaxis Tranfverfus of the Seeliouy or as a moan 
Proportional between PF, and, CD, to CD. 

For tbe Velocity of a Body revolving in the Ellipfiy to 
the Diftance SP is to the Velocity of a Body revolving in 
a Circle or Ellipfe, to the Diftance of the Semiaxis CD, 
or SO, as CO to ST, that is by Propofition II. as 
yTF to VSP : and the Velocity of a Body revolving t» 

a Circle 
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a Circle to the DiftanceCD, » to the Velocity of a Body 
revolving in a Circle to the Diftance SP, as ^Sr to ^CD. 
Therefore, ex aquo, thf Velocity to the Diftance SP, is 
to the Velocity of a Body revolving in a Circle to the 
fame Diftance, as J?F to ^/CD. I 

Corollary 2. 

From the Velocity in the Ellipjis, the Pofition of the * 
Tangent , and the Centre of Force or Focus being given, 
it is eafy to determine the other Focus. 

For let the given Velocity be R * and that Velocity by ! 
which a Circle is to be described* to the given Diftance ' 
SP from the Centre, let it be Q, and by the preceding f 
Corollary, R is to Q, as </?¥ to ^CD ; therefore Q& 
is to RR, as CD to PF, and 2Q&— RR will be to 
RR, as SP to PF. But SP is given, therefore PF w * 
given in Magnitude ; likewife it is given by Pofition, 
becaufe the Angle VPF is equal to the Angle SPT. 
Confeqnently the Point F, the other Focus, b given, 
which being found, it is eafy to defcribe the Seflion. 

Bat if J RR (See Fig. 8.) be greater than the Square Fig. 8* 
of Q, iQQr"" RR is made a negative Quantity, and the 
Traje&ory to be defctibed in the Place of the Eflipfis 
paffes thro' the Hyperbola, and RR— sQ&will be to 
RR, as SP to PF, the Diftance of the other Focus , to be 
drawn on the other Side of the Tangent, as the Focus F 
is; But all the Properties, which we have demonftrated 
in the EUipfis, mutatis mutandis, likewife agrees with 
the Hyperbola. 

But if it happen, that QQ_ is equal to half the Square 
of R, the Quantity 2QQ_— RR vanifhing ^r o, the 
fourth Proportional PF is infinite ; wherefore the Tra- 
jectory to be defcribed is the Parabola, viz. in the other 
Focus paffing ad infinitum. But the Axis of the Tra* 
jrftory w given by Pofition ; for it is parallel to PF* 
viz* the Angle FPV is equal to the given Angle SPT. 

COKOILARY 3. 

The Velocity of a Body revolving in a given Conic • 
Section to the Dijtence SP, is to its Velocity to the 

other 
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ether Diftance SX, as a mean Proportional between FP, 
andSX, to a mean Proportional between SP and FX< 

yFP 
-gp (^rPropofit.II.) 

yFX 
-g^— , whence 

the Propofition is manifeft. 

Corollary 4. 

Likewife the Ratio of the Velocities of two Bodies re- 
volving in the fame Syftem, but in given different Conic 
Sedions, having given the Dijlances of both Orbits from 
the common Focus of the Orbits, will immediately be ob- 
tained by the Help of the firft Corollary. 

For feeing the Velocity of a Body in P is to the Ve- 
locity in the Circle, to the fame Diftance SP, as ^/PF to 
VCD, and in any other fuppofed Conic Section, whofe 
Semiaxis cd, and Foci F./, to the Diftance SP, thofe 
Velocities are as *Jpf to </cd, and the Velocity of a 
Body revolving in a Circle "to the Diftance SP, is to the 
Velocity in the Circle to the Diftance S^, as ^/Sp to 
^SP, having compared the Ratios the Velocity in r will 
be to the Velocity in p 9 as i/FkxcdxSp to Vj>/xCDxSP. 
But if the other Se&on be a Parabola, cd, pf y will be 
infinite, but in Ratio, as 1 to 1 ; confequently the Ratio 
of the Velocities will be, as j?F x Sp to </2CD x SP, 

Corollary 5.. 

But if in the Hyperbola, the Point p be drawn ad iflj 
finitum j it is manifeft from the preceding Corollaries? 
that the leaft Velocity, as the leaft, in which, when a 
Body afcends ad aeternum, is equal to that, by which it 
Jhould defcribe a Circle at the Diftance CD, equal to the 
Semitranfverfe Axis. 

Corollary 6. 

Having the Diftance given from the Focus, the Po- 
fition of the Tangent is alfo given, or the jingle SPT con- 
tained under the Diftance tip, and the Tangent PT. 

For 
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Fo r it is (per Proportion II.) PS : ST :: CK : CO, 
or, as SP x PFV» to CO, and fo is Radius to the Sine of 
the Angle SPT. But in Ellipfes near to Circles it is 
better to make the Angle PST, its Compliment to the 

Square, and its Sine is to the Radius, as ^SPxPF— CO* 
to VSPxPF. 

Corollary 7. 

From hence flow the Velocities^ by which the Dt/lanca 
SP increafe or decreafe. 

For feeing from the preceding Corollary V'SPxPF is 

to VSPxPF— CO% as Radius to the Sine of the Angle 
PST, and in the fame Ratio is the Velocity of the Body in 
Pto the Velocity of the fame Moment SP, and that Velo- 

-J-; and 

cutting off the Overplus J SP x P I~" CO * will be to 

SP 

the Velocity, in which the Diftance SP incrcafeth, al- 
ways proportional. 

Hence this Second General Theorem. 

In every Curvilinear Trajectory ', the Angular Velocities 
about the Centre of Force are reciprocally proportional to 
the Squares of their Dijlances from the Centre. 

For by Reafon of equal Areas of the leaft Sections, the 
Subtenfe Arcs or Bafes to the leaft Angles are reciprocally 
as their Radii, and the leaft Angles, whereby equal Bafes 
are fubtended, are alfo reciprocally as their Radii. Con- 
fequently the Angles of the leaft Sections, equal in Area, 
are amongft themfelves reciprocally in duplicate Ratio, of 
the Radii, or, as the Square of their Diftaaces. 

Corollary 8. 

Hence the Angular Velocities of Bodies revolving in 9 
iiverfe given Ellipfes are compared among tbemf elves. 

For 
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For the Angular Velocities with which equal Circles 
nay be described at the Diftances to the Semiax. Tranf- 
verfes are reciprocally in Sefyuialter Ratio of the Axes, 

or, as =. But the Bodies revolving has the mid- 

CD^/CD 
die Angular Velocities, when the Squares of their Dif- 
tances are equal to the Redangles under the Semiaxes of 
the Ellipfes. Cohfequently {per Theorem II.) SF* will 

be to CD x CO, as 1 to _ CO _ : Which 

CD^/CD SPWCB 
Quantity it as the Velocity of the Angle at the Centre 
S» defcribed by the Motion of the right Line SP, as the 
kaft Time given. 

Co&ollARY g. 

The Angular Velocity by which the Tangent PT // 
clrcumgyrattd} *r the Perpendicular ST on the Tangent 
is to the Angular Velocity of the right Live SP, as the 
Semiaxis Tranfverfus CD to the Dt/lance from the other 
Focus ?$. 

Demonstration. 

fig. 9. Let the Points be P,p (See Fig. g.) near between them- 
fdves, and having drawn SP, Sp> let PT, pt 9 be two 
N Tangents, to which left fall the Perpendiculars ST, St, 
and let the Radii of the Curve PG he drawn parallel to 
them, meeting pG in G ; and on the Centre S with the 
Radius SP, let the fmall Arch PE meeting SP in E be 
defcribed. It is manifeft, that the Angle FGp is equal 
to the Angle TSf, or to the Angular Velocity of the 
Normal ST j and the Angle PSp is the Angular Velocity 
of the right Line Sp ; confequently the Angle PGp is 
to the Angle PS^, as the Angular Velocity of ST is to 
the Angular Velocity of the right Line SP, that is, as 

J^ to -p^-. But Pj>:PE :: SP : ST :: CK : CO 

(per Proportion II.) Confequently therefore the Velocities 

arc 
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Hence -pf\^ 

fuperfluojAg— ^ 
Angle Pf 
to the -A 
quently ' 
gyrated, 
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Of Arcs, Sines, Cosines, &c, 
converging* 

OU R great and incomparable Philosopher, Sijr #w 
Nemtftty was the firft that hid down a Series cop- 
verging, i/i infinitum* from which having the Arcs given, 
their Sines may be found* 

. Thus, call the Arc A, and the Radius be an Upit, tbf 
Sine thereof will be found to be 

A A? ■ , As A* t 

A -*• - j ' ■■■■ + 



i.2.3 1.1*3.4.5 . ~" 1.2.3.4.5.6.7 

. A^ .„ 

1,2.3.4.5.6.7^8.9 

And theCofine. 

A* A* r A* 



I — 2--L. . -+ — -~, Wr. 

1.2.3 ** 2 *3*4 K2.34.5.6 i.2.3.4.5r6.7»8 

Thefe Series in the Beginning of the Quadrant, when the 
Arc A is but fmall, toon converge. For in the Series for 
the Sine, if A floes Hot exceed 10 Minutes, the firft 
Terms theroqf, ss. JK ~l A* gives the Sine to 15 
Places of Figures. If the Arc A be not greater than one 
Degree, the three firft Terms will exhibit the Sine to 15 
Places of Figures, and fo the faid Series are very ufeful 
for finding the firft and kft Slices of the Quadrant ; but 
the greater the Arc A is, the more are the Terms of the 
Series required to have the Sine in Numbers true to a 
given Place of Figures; and then, when the Arc is near- 
ly equal to the Radius,, the Series converges very flow ', 
and therefore to remedy this, I have devifed other Series, 
fimilar to the Ntwtonian One, wheVein, I fuppofe, the 
Ape, ujhofe Sine is fought, k the Sum and Difference of 
two Arcs, viz. A-fz, or A— *: And let the Sine of 
the Arc A be called a, and the Cofuie £, then the Sine 
* of the Arc A-\-z will be cxpreffed thus ; 

Sine, 
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Sine* 

jr. a -f- — — — i— — — r -f- i 

i x.2 1.2.3 * 1^2.34 

fa5 , (*. 



t.a. 3.4.5 

And Cosine. 

a. * — ** — fc * •. <*«* 1 As* 

x """ 1. a 1.2.3 1.2.3.4 

a** J* 6 -, 



^•a.3.4.5 1.2.3.4.5.6 

In like Manner the Sine of the Arc A— % is 

3- 1 1.2 * 1.2.1 "*" 



1.2 # 1*2.3 ■ 1*2.3.4 
9 CJV. 



1.2.3.4.5 1.2.3.4.15.6 
C OS IN e is 

£ 4- a * — J *** -r- *** 4- '*** 



I 1.2 J.2.3. • I.2.3.4 



1.2.3.4.5 



The Arc A is an Arithmetical Mean between the Are 
A— z, and A-f**, and the Difference of the Sines are 



I 1,2 " I.2.3 1.2.3.4 I.2.3.4.5 

l — -r r* ^^ 

1.2.3.4-5-6 

*, far . *** fe* *«*• , lz5 

v- -r** + -rrr — rr-r -" rrrr- + 



1 1.2 1.2.3 La.3.4 'Z«2«3*4£S 



1.2.3.4.5.6 



, 6Tr. 



, Whence the Difference of the Different 01 fecond 
Difference. 

A a a 7. Produce 
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7. Produce **L - J2L 4- — 2SL-., fcf,. 

' i.a 1.2.3.4^1.3.3.4.5.6' 

Or 2a x J* *- + z6 . , 6V. 

' 1.2 I.2.3.4 1,2.3.4.5.6 

which Series is equal to double the Sine of the mean Arc 
drawn into the verfcd Sine of the Arc as, and converges 
very foon : So that if * be the firft Minute of the Qua- 
drant, the firft Term of the Series, gives the fecond 
Difference to 15 Places of Figures, and the fecond Term 
to 25. 

From hence, if the Sines of the Arcs diftant one Minute 
from each other be given. The Sines of all the Arcs, 
that are in the fame Progreffion, may be found by an ex- 
ceeding eafy Operation. 

In the firft and iecond Series, if A=o, then {hall *=r, 
and bits Cofine will become Radius, or 1. And hence, if 
the Terms wherein a is, are taken away, and 1 be put 
inftead of i, the Series will become Newtonian. In the 
, third and fourth Series, if A be 90 Degrees, we (hall 
have fc=o, and ^=1, whence again taking away all the 
Terms wherein b is, and putting 1, inftead of a , we 
(hall have the Newtonian Series arife. 

But perhaps the young Reader will fay, how, and by 
what Method, get we the above Series here, perhaps may 
be a Matter of Difficulty to the young Reader, but to 
thofe that are acquainted with the fublime Parts are 
readily converfant therein. And therefore, for the Sake 
of my young Reader, I (hall give him here a brief Sum- 
mary, how, and by what Methods, according to the 
Rules of Trigonometry, the Series for Sines, Cofines, 
Tangents, ££r. are found from an Arc firft given. 

If Rad ius = 1, and x be its right Sine, then will 
ij 1— **^be its Cofine. 

Demonstration. 

Fig. P. Draw the Quadrant ABC (See Fig. P) making A 
the Centre, AC = AS = 1, the Radius* CS = * any 

Arc, 
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Arc, therefore S«, i ts right Sine, =*, then wfll A^ 
the Cofine be = <Jm^ by 47 E/i. for AS'-Srt* 

— A/w* 

Again, let AR be another Radius of the Circle, in- 
finitely near to AS, then will R» - * be the Fluxion 
of the Sine *, and the infinitely fmall Arc RS == a, the 
Fluxion of the Arc CS j and bccauf c the T riangles A&w, 
and R«S, are fimilar, it will be Is VI=^| . x . . x . a V 
• _ * # The Fluxion of the Arc CS. 

Methinks it will not be amifi to explain .to thofe that 
are yet but Beginners, how to extraft the Square Root of 

J i-^wr, as this 

OPKRATIOK. 

I— XX{1— I**— i*— TT* 6 — T*T**> * C - 
I 



a— -?-)-** _ 



a _ *«— **♦) — i** 



r-,i* 8 



Here you fee the Square Root of i— ** is = $— £*V* 

i*4_ T i*«- T iT* 8 > &c. But the Arc is a =*.. JL^ f 

Now, if the Fluxion of the Arc SC be divided by this 
Root, the Quotient is the Fluxion of the Arc SC. 

I Operation. 



■f 



tiSt.1 

If" Or|* at i ok. 

jc — ^ ±&*x — \x+#r- t $x*x 9 8cc. 



-•'•.'• . » . . -7— — 

Confequently this laft Quotient x+t^ x *+|^H-tJ^ 
&c. is equal to a> the Fluxion of thtf Arc, and its flow- 
ing-Quantity isrcqwal ta^+l^+?4-* 5 +tr;T* ,7 > &c. 
" Therefore a^^Zxi^^xS+\£rx7, & c - 

Or *=*+* lili^+i^3J^-|T^yy^ -y 4 , 7 , &c . 

2-3 *• 3-4-5 # a-3*5^7 
Or «=*+ ±L ,3 + ^ x i : ^J^^7 9 &c. 

2.3 2.4.5 2. 4. 0:7 

Hence the Length j>_f any Sifie "or OirdkOTe in the Circle 
being given, the cotteifpojlding Arc may be readily 
found. 

Now if the Rtxrtrof the-Infinite Equation #4- i!*' + 
z&xS-\-TTTx7,bc. fteextra&ed, we (hall have have the 
Value of x expreffed in the Terms ota % and confequent* 
hra itrtSt Method" for finding the Siric' of any Are* its 
Length being firft given. r . . 

If **** + *** + ,4 *5 + T f7*7, &c. 

Or* = * — *U !_*5 JL_*7,&c. 

-.. - ■ -• *-3 a-3-4-5 2-3-4-S-6.7 

For 
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for put x = A* +R* a +Ctf 5, &c. 

Then will i x^rfAW+i A*P#$, &c. 

Apd^5== +rfA^ &c r 

And cenfequendy Aa=za 9 and A=*..j alfo B+JA^'CV 
and B = — iA'=— J. 

Alfo C4- I A*B+^ A5=o, and C=a»^ A'JUyJAl 

' Wherefore A=i, B =— ^, .C ==4'tt^> &«. -f*i con» 
iequcntly jrs^-l^ + tit *$» fcc. W. W. D. * 

Wherefore, if a be put for*teJLength of any Arc, thf 
right Sine will be a — \j?-^iiza2+ &£•_ * 

Again. " 

The Sine of $&f &vc bopg gfrqfc fei Cofme aiay be 
* bad thjis by Inveftigation. 

For afpordiijya;. tp 47 £> ii jf ih>m the Square of the 
' Radius=i. be taken the Square of the right Sine -=za—%ol 
+ t!o^ 5 j &c- the.^p^re Root of jhe Remainder will 
>e' the Cofwe =F Ir-r £ «*+ t* « 4 ^- 7*VV &c. *hu§, 
x~za— ia^r&saS, &e. 

j , ^ j ,. 11 1 . ■ i i _i. -m.l.J > JllJ..i ' fl i 



xx ss tf x i^+TJ-'V ^ C ' ^ Wch ^^AW 

the Square of the Radius 1. leaves i-** + 3 tf4wr< ^ **• 
fcc. the Square Root of which will be the C9ftWi ^ 
appears from this 
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-r 






6 , &c. 



ft— <W, &C.) 7~* 6 > &c. 



Now if for the Cofine we put C, then 
C=i — 'rrM r .jji ■ r a 6 + * ft* &c; 

Or C=i -«H — a* - ?« 6 , fcc« 

1.2 1.2.3.4 i.2.3*4«5-o 

Corollary, 

Again, becaufe the Radius leflened by the Cofine, give* 
the verfed Sine of the fame Arc. 



If from 1 be taken 1— £tf*+j^* 4— yjz a ^ &c » 
there will remain ±a % — -£^a4 \ 7 \^ *> Sec. the Scries for 

finding the verfed Sine from the Arc firft given. 

Alfo the Radius plus, the Cofine gives the verfed Sine 
of the Supplement ; therefore 1 plus *— -|tf *+ A* 4- fy? 
a B y the Sum is 2— ia*+-U*—. —-**, &c. will be the 

Series for finding the verfed Sine of the Supplement from 
the Arc firft given. 

Thus having obtained the Sines and Cofines, the Tan- 
gents and Secants are eafily had : For, becaufe the Tri- 
ingles Jm$, ACT, are fimilar, it will be 

Ai 



A* km (Ae Cofine) : Sot (the right Sine) :: AC 
(Radius) : CT the Tangent. 

Wherefore, becaufe the Radius is fuppofed Unity, 

$M^I25 ss Tangent of the fame Arc, i. $. the right 

Cofine 
Sine divided by its Cofine = Tangent of the lame Arc. 
Hence the Tangent Series is eafily found, for 

Q- J a '+7h a *> &C ' Right SinC = a± \* % ±Tl aS * 
,_ \a % +~ a 4 , &c the Cofine 

$c. the Tangent, as is evident from the following 

Opuatioh. 

* * 4 






-f-£.<*5, &c. 

\ i n 

Hence, if a be put for the Length of any Arc, the 
Correfpondent Tangent will be, viz. 

« T 3 * ■ m * r*7 » »•§ 3 5 ~ 1777*7 
irii^L. »'ft + * **>, &c. 

Again, becaufe the Triangles CAT, GBA, are fimi- 
lar, it will be, as CT (Tangent) : AC (Ra#u$) :: AB 
(the Radius) : 3Q the Cotangent. 

Corollary. 

Hence, the Radius is t mean Proportional between the 
Tangent and CoHtapgent of an Arc; whgrtfore, becaufe 
the Rad. is 1. 

*_ *7 — , - j , a*, &c. will be the Series for finding 



the Co-tangent from an Arc firft given* 

B b Again 
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Again, becaufe the Triangles AmS, ACT, are fimi- 
lar, it will be, as Am (Cofine) : AS(Rad.) : : AC (Rad.) 
: AT the Secant. 

Corollary. 

Hence, the Radius is a mean Proportional between the 
Secant and Cofine of an Arc. 

Wherefore u . . — - r — s — = rs— : — r— ■ 

i— J«H'i!i« 4 --753^> &c - ( Scnes for 

die Cofine) = I +i - s + 3*?* 4 + fT?* 6 + 5ToV 8 + 
iota* „io & c# w m be the Series for finding- the Se- 

cant, from the Length of an Arc nrft given. 

Agafo, becaufe the Triangles mk% ABG, arc fimilar, 
it will be, as mS (the right Sine) : AS (Rad.) : ; AB 
(Rad.) : AG the Secant of the Compliment. 

Corollary. 

V Hence the Radius is a mean Proportional between the 
right Sine and Co-fecant of an Arc./ 

Wherefore, — £ — -— — =JL4.J a x 

iJo ' 15129 ~ 6048OO I 54*1449 ' 

will be the Series for the Co-fecant of the fame Arc. 
If t = a+ x a *+ -fr a'+ 2£ a7 9 &c. 

Then* = /— i*M-s' 5 — 7'H-£f9, fcc. 
For put a = At +Bt* + Cf ', &c ^ 

Then will j *3=+ f A***+A*B*% &c.£ =/ . 
And JL *' = < + JLAs/*, &c. C 

And confequently Af=f, and A=i, alfoB4-f «*=<>• 
And B = — a ay = — j. ; alfo C+BA*4- JL. A* s o> 
AndCsxA^B-rfAs^l— rf = 4. 

Wherefore 



Wherefore A = i, B ==—.£, C=f, &c 
And confcquently «=/ — y r»4" * ' 5 » & c « 
Hence follows the Trigonomttrkal Sines in Order,. 
If a = Length of any given Arc, and x its Sine, 

I. Then Aj*a==*4^4^**+-g& 7 *7, &c. 
*. ^*/5^or*==*-4n«»4.^s~ i:i ^ :| - a 7 > &c. 
3. Ctfint, V«— *M=i — £-«*+-;«♦— J3* 6 , &c, 

Verjei Sine ^ 1 1 1 

5 Of the Supplement J =»— T«*+l4« 4 — ^5« 6 , &c. 

6. r^^^+^'-h^+j^+aff 9 * &c - 

7. 00 tangent s 3 B 4S B 94s 8 47,5 B 

8. 5«-«r = ji+i-«*+iJ.«*+45^+S« , +. 



J22L «•» &c. 

3628800 » 

If 7 -f- &C. 

I have putpofely omitted the Inveftigation of the three 
laft Series ; is alfo the Application of the Tangent, Se- 
cant, and Co-fecant, &c* Series to the a£h»al finding the 
Length of the Tangent, &c. from the Arc itfclf for 
Brevity Sake, it being very eafy to any one who under- 
ftands what went before. 

Corollary. 

If the Difference between Unity, and any greater 
Number, be called y> then the Log. of the Number, 

I +>=J— i7*+t> J — i^+tjs &c. 

Bb 2 and 
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and if y be any Number Ids than Unity, then wffl the 
Logarithm of i—y-> a Number kfe than Unity, be a 



-|y*— fy'— Jr* — fjr'a ,&c. 



I lay, if the Radius be i, and the Cofine of any Arch 
x, then the Sine will be J i — xx\; 

Then the logarithm of b-i\-x=x— ***f-|*i w «.A*4w_x 
**— f x 6 , &c. • 

And the Log. of i-^s— *-_ |*- |*j_x*j_j*«, &c 

And the Leg. of -tf i—xxt 



■■i*-i***-$* 



Scholium. 

"If the'lfcadius to Tangent tif 45»*e r. the Tangent of 
an Afth^r&ter thin 4fs°^= i-f.*.j and o one lefi = 
J—* i the Logarithm of the Tangent of the former 
Cafe will "*e=9f ^^+i^~i x4+|*s,&c. and in 
the latter = — *— \ **— x *?_ $*♦-.**',. &c. 

q.e. a 




-flf 



1 



>T 



[ I%] 



Of the Meafure of Ratios. 

MEeting with a ColkdAmvf Mathematical Papers, 
in a large Latin Vofctme, I, after a Feudal of 
them, found them to have been the Study of an excellent 
Mathematician, the Reafen of my conjecturing ib, was* 
that the Method there laid down was exodlently wdi 
handled, and in a very ^erfpicuous Manner.; I re-ex- 
amined all Books of this Kind, and made the ft deleft 
Enquiry I could to know, whether the>fkme had been 
communicated to us in our own Language, which to the 
heft Information I could get, they were not, I immc- j 
diately fet myfdf to lay the fame open to the meaneft Et" / p 
Capacity; and therefore, without Vanity or Prefump- I 
tion, I heartily offer it to the Public. 

I fhall here give the Reader a final! Trad: 'Concerning 
Ratios. Now thefe Mcafures areQuantities of any Number 
Ibever, whofe Magnitudes are analogous to the Magnitude 
of the Ratios ; wherefore in this given Syflim, the Mea- 
fure is the fame of the feme Ratio, the double, of the 
Duplicate Ratio ; the triple, of the Triplicate, IsV. and 
in any Manner is the Meafure likewife increafed or di- 
minilhed by the Competition, or Refolution of the in- 
creafed or diminifh'd Ratio. The Ratio of the, Equality 
"hath no Magnitude, becaufe, being added or fubtra&ed, 
induces no Mutation: The Ratios, which are called of a 
greater and lefler Inequality, bath contrary AffedHons «f 
their Magnitudes, becaufe they make the contrary in Com- 
"pofition and Refolution; wherefore, if the Meafure of 
the Ratio, which the greater Term bears to the lefs, be 
affirmative, the Meafure of the Ratio, which the left 
Term has to the greater, will be negative, ;b»t the 
Meafure of the Ratio betwixt equal Terms will be of no 
Magnitude. 

Moreover ^arifes different Syfitms of Meafures, as that 
determinate and immutable Analogy is (hewn different 
Ways, which is between the Magnitudes of Ratios. 
Trom whence it appears, that infinite Syftems may be 

exhibited 
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Therefore the Sum of all the Meafures M x ^^ will be 
dqual to the Meafure fought of the propofed Ratio. 

Corollary, i. 

The Terms AP, AQ», being To brought to Equality, 

that PQ may be the leaft Difference 5 M x -?8s or M 

AP . 

X -—^ will be equal to the Meafure of the Ratio be* 

tween AQ^and AP to the Module M. 

Corollary 2. 

From whence the Module M is to the Meafure of 
the Ratio between the Terms AQ^, and AP, as either 
of the Terms AP, or AQ^ to the Difference of the 
Terms PQ^ 

Corollary 3. 
Having given the Ratio between AC and AB, the Sum 
of all the-^r. is given, and the Sum of all tfaeM x ZSi 

is as M; wherefore the Meafure of every Ratio is, as the 
Module of the Syftem from which it is tajtcn. 

Corollary 4. 

Therefore the Module in every Syftem of Meafures is 
always made equal to the Meafure of a certain determinate 
and immutable Ratio, which therefore I lhall call the 
-Rati* Modular is. 

Scholium t^ 

Let the lame be ilhiftrated by an Example. 

; Let z be any determinate and permanent Quantity, 
And let x be the indeterminate, and variable by a con- 
tinual 
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tiftual Flux 1 then its Fluxion is = *, and let the Mea- 
fure of the Ratio be fought between %+*> and «— x. 
Let the Ratio be made equal to the Ratio between y and 

U and let y be denoted by AP, its Fluxion y by PQj 
1 by AB ; then from the firft Corollary will be gather'd, 
that the Fluxion of the fought Meafure of the Ratio be- 
tween y and i, is M x -^-. Now for j put its Va? 

lue 5±£,andaHbfory theFluxion of its Value ~^~and 
«— * as — *)* 

the Fluxion of the Meafure will be aM x 



zz- 



or 2 M k ' ■ ■ ; — -, or a M into — ~- + ^^ 4. 



-2— , &c. And confequently the Meafure will become 
2 M in JL *f ^L -f -£i-, &f c . whence the following 

Corollary 5. 
If the Sum of two Quantities te z> ahd Difference * K 

and2M-^-be taken « A } A-^»Bi B — £L.« 
* ' zz zz 

= 0; C-£L~D, Wr. the Meafure. of the Ratio, 

which the greater Quantity bears to the lefs, will be 

B , C . D 



Scholium 2. 

By a much like Procefs the Meafure of the Ratio be- 
tween i+v and 1, will be M into *— i^+fttf— Jtrf^f, 
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ft;5— , &c. wkeffefore, if that Mcifttfe be called ife;-^ 
^1 be = v—fv^-Kft/S— |*4+t *5, &c. and therefore 

^ =w— v3+f 4*^-t v 5 , **. a*d tiktjwifc ^j* 

^ **— \ ^4- 2 x*, &e. Morebver , ^jj- » ** *~ at*, 

fcfr. and laftly,-^ == **, fcc. 

; Again, frdttt the given Meafufe m 9 let us fihd th* 
Ratio, as it is meafared j by adding equal Things to equal 

Things we && tevfc -g* + ^| = v* — I »' + 

ilvt-££ K W And again ~+- ™,+ £■■ 
*4 «* M 2MM 6M* 

= v *e — _i ^44- J> t»S &e. And again -^ +-7777 

+ -^11 + — ?*- = *♦** L-trf, &c. And laftfy, 

T 6M» 24M4 ..' J * # - 
fa I mm 1 jw* ■ 0»4 i x-iSl—r = «**** 

M **" 2MM ^ 65F "*" lp|4 " r 120M* 
&c. that is. 

. m , fflffl 1 *» J 1 W4 ^ U25 ■ j. . 

*T$ Whertfdre tfe Ratio fodght between i+v, and 1 is 
^1 #1 1^ mm # _• jw* • . i»4 . m$ 

•— Ifch ir + asm "^smf **" 1^0+ + "m5hf 

r 4- && to 1. Put ai = if, or -3- ±= 1 j and then the 
&&ti* Modular:* ifrffl be, as 1 + * 4. £ + a -f .^-f 

rrr, &c. to 1. ' 

Likewife, if the^tafib be given between 1, and 1— w t 
: the Mcafture of this Ratio will be M into v + £ t>* -f- { v* 
-+*?♦ + *>% &c and again, if the McaAire of t&e 

Ratio 
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*at1b m be given, the Ratio will be, as I to i— — -f* 
mm m} ■ m* m* > t 

M, or tj- = i. from thence the A?/^ Modular is will 
be, a$ | to i — r4"5 — *+wl — rrs +&?• whence tjiis 

CoaouAiY 6. 

By denoting the Term R; if £ £ be taken = A; 
f AsBi iB=C; £C==D; £D=E, &c. ad infinitum* 
and'S be taken = R-fA+B-J-C+D-V-E, tfc. the 
/ fyf/g Msduloril will he that which is between the lefler 
Teem denoted by R, and the greater Term S, which was 
now fougd. Or by denoting the Term $, if f S be tafcfi 
= A;*A = Bj|B = Cj ie = D 5 f D=E, &c. 
ad infinitum* and let R be taken sS — A-J-B — C-fD 
«^E-f fata the Rath Mtdularis will he that which is 
between the greater Term denoted by S, and the lefler 
Term R which we found. Moreover, the fame Ratio 
is between 2,7*8281828459, &c. and 1, pr between jl 
and 0. 367879441171, &c. 

Scholium 3. 

If the lefler Terms are required, which may exhibit 
the fame Rati* Modularity that no lefler can be nearer than 
they \ the Operation is to be inveftigated after the follow- 
ing Manner, let the greater Term 2. 7 1828 1828459, 
&c. be divided by the lefler 1, or like wife the greater 1 
by 0.367879441 17 1, &c. and again the lefler by tj*e 
Remainder, an<l this again by the laft Remainder, and (o 
on, a*d the quoJe? will come out 2.1.2. 

Cc * The 
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The JUti« tfttter tfcta ike Troth. The Riti» left tbtt die Trm tk. 
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1001x8 
8544 


49171 


25946 
&c. 


9545 X' 

ire. 



1,1,4,1,1,6,1,1,8,1,1,10,1,1,12,1,1,14,1,1,16,1,1, &e m 

Thefc bding found ; the two Columns of Ratios arc to 
be compleated, the one containing thofe that are greater 
than the true Ratio, the other containing thofe that are 
lefs than the true Ratio, by Beginning the Computation 
from the Ratios 1 too; o to 1, which are the fartheft 
from the true Ratio ; and thence fubtra&ing to the other 
Ratios, which being continued, approach nearer to the 
Truth. Wherefore, let the Terms 1 and o be mul- 
tiplied by the firft Quote 2, and let the Faftors 2 and o 
be fet under the Terms o and 1, and by adding the 
Ratio will come out 2-|-o, to 0+1, or 2 to 1. Let the 
Terms of this be jnultiplied by the fecond Quotient i, 
and the Fa&ors 2 and 1 added to the Terms 1 and o, 
and the Ratio will be as 2-|-i to i4-o, or as 3 to 1. 
Let the Terms of this be multiplied by the third Quote j, 
and the Fa&ors 6 fend 2 be added to the preceding Terms 

2 and 
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land i, and the Ratio will be as 8 to 3. Let the 
Terms of this be multiplied by the fourth Quot#i, and 
the Faaors 8 and 3 added to the preceding Terms 3 and i, 
and the Ratio will be 1 1 to 4. Let the Terms of this be. 
multiplied by the fifth Quote 1, and the Faaors n and 
4 added to the preceding 8 and 3, the Ratio will be as io 
to 7. Thefe Terms again let be multiplied by the iixth 
Quote 4, and the Fadors 76 and 28 added to the pre- 
ceding 1 1 and 4, and the Ratio will be found to be 87 to 
3a ; and fo on as far as you pleafe. Thefe being thus 
compleated, the Ratios greater than the true Ratio will be 
as 3 to 1, 11 to 4, 87 to 32, 193 to 71, 1457 to 536, 
23225 to 8544, 4917 1 to 18089, fife. And the Ratios 
lefs than the true one will be 2 to i, 8 to 3, 19 to 7, 
106 to 39, 1264 to 465, 2721 to 1001, 25946 to 
<)545, &c. And thefe are the principal and primaiy 
Ratios, by which continually are approaching to the pio- 
pofed Ratio. 

But if the whole Series greater than the true Ratio I* 
required, they may be given thus, that in the leffe* 
Terms no defigned Ratio greater than the true one, can 
approach nearer to the true Ratio; and likewife the 
whole Series of all the Ratios lefs than the true Ratio 
may be given thus, that in the leffer Terms no defigned 
Ratio, lefs than the true Ratio, can approach to the true 
Ratio, fa other fecondary Ratios, are to be infer ted be- 
tween the primary Ratios juft now found ; thefe are 
reckoned, when the Quotient exceeds Unity : Likewife 
they are found, by changing the Multiplication, which 
b made by the Quote, as above, in a continued Addition 
of Terms, as often as there-are Unities in the Quotient. 

Thus, the firft Quote was 2, the Terms 1 and o are 
twice to be added to the Terms o and 1, and the Sums 
will give the Ratios 1 to 1. 2 to 1. Thefe laft Terms 
2 and 1, becaufe 1 was the fecond Quote, they are at 
once to be added to the Terms 1 and o, and the Sums 
will give the Ratio 3 to 1. Thefe Terms 3 and 1, be- 
caufe the third Quote was 2, they are to be added twice 
to*the Terms 2 and x, and the Sums will give the Ratios 
5 to 2, 8 to 3. The laft Terms 8 and 3, becaufe the 
fourth Quote was r, are at once to bemadded to the 

Terms 



Terms $ and 3, and the j>um will gke f $ to 7. I,aftjy # 
tbefe Terms 19 and 7* b*c?ufe the fi*th Quote was 4, 
ffeev are four Times to be addgl to the Terms 11 and 4* 
end theSuw will give the JUtioe 30 to 11, 49 to 18, 
68 to 25, 87 to 31, and fip might we proceed further. 

Laftly, having performed the Operation, the whole 
Series of all the Ratios, neater than die trvelUtip, will he 
1 to 0, 3 to 1, 1 1 to 4, 30 to n, 49 to 18, 68 to 25, 
07 to 32, fcf<\ and Jikewife the whole JSeries of all the 
- Ratios, left than the true Ratio, will he o to 1, 1 to 1, 
a to 1, s to a, 8 to 3, 19 to 7, &c* 

TfeRatiot^ttf than to true IUti* Tfe Rati* left thaptfeetroriUtfe. 
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The Ufefulnefc of thefe Approximations extends Itlqlf 
to many others. 

Proposition J$, ' 

T* conftfuR Brigg's Canon t>f Logarithms. 

logarithms of compafite Numbers are derived from 
Logarithms oi the &rft compofed Numbere, by Addition 
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erily, tad thi Iiteftigtttoi *f ttiefe tn*y bt fad fevenl 
Ways* ** an Inftaoec. 

By the Fifth Coro|Loy of the above Propofition, bf 
writing i for M, the Logarithm of the Ratios are found 
fetttttetti lli> *nA I25, 225 and 224, 2401 and 240a, 
43^$ and 4374, which may be called p 9 g 9 r, j, refpec- 
tivcry ; add the Logarithm of a decuple Ratio will bfc 

*39^ + 9°?~ 6 3^ + ip 3^ <* 2 - 3 02 5 8 5°9a994> **«• 
Wherefore, when Brio's Logarithm is a decuple Ratioy 
the Logarithm (f»r C<#> 3. Prop. ». ) may 1>* made 
2* 302585092994, &*. mm juft above found tfrftfa Moduk 
1. So Briggz Logarithm t. ef a cfectrpte t6 Iris own Mo- 
dule will be 0.434294481903, &e. Cottfequently there- 
fore let the Value be put for M, and Brigfs Logarithm 
of 7. 5. 3, will be M x 2Q2fr +76y — 53^+871, Mx 

167H-63?— 44r + 7 2X » M x 114^+43^— jQr+^gx. 
The Logarithm of the Number 2 is had by fubtra&ing 
the Logarithm of 5 from the Logarithm of iq« And fp 
are given *IIp Tlrigg's Modulus, and the Logarithms of 
all the Primes, which are 1$<$ than 10. 

The Logarithm of the firft following Numbers, 1 r, 
13, 17, 19, 33,^. may be to computed. Then let 
the Fads from the Numbers next fet on each Side in the 
firft Propofition tot fought; the Square of the firft 
always exceeds the Fa£k by Unity. The Loga- 
rithm of the Ratio of the Square to the Fad by Cor. 5. 
Prop. 1. being found, the Logarithm of the fame Faft 
may be added, which always will be compofed of given 
Logarithms of the firft Numbers, which are lets in the 
firft Propofition, and the half Sum will be the fought 
Logarithms of the firft. 

Corollary. 

The Module of Brigg*s Logarithm is 0.43429448 1 903, 
t!fi. its Reciprocal is 2.302585091994, ($c. 

. Scholium. 

After this Manner may* the largeft Table of Loga- 
rithms "be compleatcd, fuch as Brigg or Ulacqw. Or, 

fiiDDofie* 
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fuppofe we put / for the Logarithm as ufual; then let 
a+i be any propofed Number, and x its Logarithm t6 
be found. Now, according to the Hypothecs, x=zL 
a-\-i, which Equation may be called a general Canon* 
Let the Equation be made of a and jr, any how compofed, 
and combined with fome other Numbers, any how by 
Addition^ Subtraction^ Multiplication^ Divifion or Ex* 
IracJion of Roots. By the Af&ftance of this Equation, 
fo taken at Pteafure, a will be exterminated from the 
general Canon, and the Equation, expreffing the Relation 
between the indeterminate Numbers *, y will be had. 
The Fluxion of this Equation may eafily be found, and 
its Integral or flowing Quantity exprefled by an infinite 
Series, will give the known Value of x. 

Example i. 
Let a be aflumed = y, then by the general Canon 
x s /. i +^ whofe Fluxion is x = y 1 and its In* 

tegral exprefled by an infinite Series, gives 
,*r=y — 4^+fjpi— iyH-fyS— }/ + f,7, (fc. 

Example a. 

Let y be aflumed g ■ * , whence a + i = ii/; 
wherefore by the general Canon, #=/ 4 ii2, whofe 
Fluxion is * = — ^— , and its Integral rclblved into a 

l —yy 

Series, gives 

* = * xy + i,J + ^5+^,7+1,9, tfr. 
Where the Number 2 is prefixed to the Series, is fup- 
pofed to be multiplied into every Term of the Series, 

Q.E.I. 

Lemma 



[ 201 ] 

Lemma l, 

Let z be the Logarithm of any fra&ion — j — , x the 
Logarithm of the Denominator *4~ r > * w "' ^ = ^ — z > 

or, if * be the Logarithm of the Fra&ion ^-t^, * will 

b 

be = lh±z. 

L E M M A 2. 

Let » be the Exponent of any t\>wer of the Number b 9 

/. b will be = n x Lb. wherefore the Logarithm of the 

Number b , and the Exponent n being given, the Loga- 
rithm of b is given. 
Let (as before) a+i be the Number, whofe Logarithm 

is x y to be found ; and let b n be the ProduS of the Num* 
bers, greateft of which is lefs than *-fi, and z the Loga- 
rithm of the FnuSion — f— , that is, % = /. — - — , 

Which Equation may be called a general Canon. Then 
for b 9 let the Quantity be taken from a 9 and let it be 
compofed of any determinate Numbers whatever, and 
this Value of *, fo taken at Pleafure, may be fubftituted 

in the Fradion — ■_; whence it will beexpreflcd by a, 

*+* 
*nd given Numbers. 

- Let there be made any Equation between y and a, with 
Numbers taken at Pleafure, and by this a will be exter- 
minated out of the general Canon, from whence is had the . 
Equation expreffing the Relation between the indeter- 
minate ones z, y. The Fluxion of this Equation may 
eafily be found, and its Integral expreffed in an infinite 

Series, will give z the Logarithm of the Fra£Uon — ,—» 

and from 2 being found will be had (of the propofed Num- 
ber tf-j-ij theLog. of *=/.* — z* For, according to the Hv- 

Dd pothefo, 
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potbefis, b is produced from Multiplication of the Num- 
bers, whofe greateft is lefs than a-\-i ; and from the Hy- 
pothefis are given the Logarithms of all the Numbers, lefr 
than the propofed a-\- 1 ; confequently the Logarithm of 

the Produft, as b j and therefore (per Lem. 2.) theLoga- 
lithm of b is given. 

Example i. 

Let * be taken = *, whence z = /. -£— j then (per 
Art. 2.) let y be taken at Pleafure = 2*+i, by thi* 
Equations may be exterminated, and then will %=/. ^^, 

whofe Fluxion is % = -*-22 — , whofe Integral exprefled 
by a Series, gives 
% = — 2 x — + -?r- + —r + ~V> fck* whence 

^ ; ^ » s 7) 7 

+ 4-, Vi. 

Example 2. 
Let * be made = <s/aa-{-2a, or =^+^y> whence z=/ r 



yaa+ia i ^ t ^ ^ td k tn at Pfeafure =2<7+2a, whence 



= '• y /x? — 4> whofeFIuxion is z=4yxj3 — $ f , and 

I 2* 2+ 2 6 

itslntegral is z=— 2X— + — -(-— 4. -^T* 

&c. whence by Lem. 1. # = /, 4+2 x — U r 2 *- ju 

24 , 2* , 2 8 « 
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Exam pl% 3. 

Let I be made =aa-\-2a% as above ; but now let y % be 
affumed = laa-f-^aa+i, if * and a be exterminated by 
thefe tW6 Equations from the general Canon, z will be 

=-ts / ^^ . ±z I P . T % whofe Fluxion is z 3 ajyx 

y4 — il , and its Integral is expreffed by this Series 
# = — -4- — — — ~ £--,&c. whence by Lem. u 

y % # 6 sy 19 7J 14 7 

y x W sy 10 iy l + w lZ 

It will not be amifs here to fliew a particular Method of 
approximating in the Invention of Logarithms, which 
has no Occafion for any tranfcendental Methods, and is 
expeditious enough fox making the Tables without much 
Trouble. 

yf New Method tf computing 
Logarithms. 

THIS Method is fouiided upon thefe Confiderations. 
i # That the Sum of the Logarithms of any two 
Numbers is the Logarithm of the Product of tbofe two 
Numbers multiplied together. 

2. That the Logarithm of Unit is nothing, and con- 
lequently, that nearer any Number is to unite, the nearer 
Will its Logarithm be to <o. Thirdly, that the Product 
by Multiplication of two Numbers, whereof one is big- 
gfer, and the other lefs than Unit, is nearer to Unit, 
than that of the two Numbers which is on the fame Side of 
•Unit With itfelf. For Example, the two Numbers be- 
ing i, and J , the Produd J is lefs than Unit, but nearer 
•to it than f , which is alfo left than Unit. Upqp thefe 
Omfiderations I found the prefent Approximation; 
which will be beft explained by an Example. Let it 
D d a therefore 
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therefore be propofed to find the Relation of the Loga- 
rithms of 2, and of 10. In order to this, I take two 
Fraaions l±*> and JL> viz. jQl, and jQi> whofe 

Numerators are Powers of 2, and their Denominators 
Powers of io, one of them being bigger, and the other 
lefs than i. Having fet thefe down in Decimal Frac- 
tions in the firft Column of the annex'-d Table ; againft 
them in the fecond Column I Jet A and B for their 
Logarithms, exprefling by an. Equation the Manner how 
they are compounded of the Logarithms of % and io, 
for which I write 1% and /io; then multiplying the 
two Numbers in the firft Column together, I have a 
third Number 1.024, againft which I write C for its 
Logarithm, exprefling Hkewife by an Equation in what 
Manner C is formed of the foregoing Logarithms A and 
B. And in the fame Manner the Calculation is con- 
tinued ; only obferving this Compendium* that before I 
multiply the two laft Numbers already got in the Ta- 
ble, I confider what Power of one of them muft be 
ufed to bring the Produft neareft to Unit that can be. 
This is found, after we have gone a little Way in the 
Table, only by dividing the Differences of the Num- 
bers/from Unit, one by the other, and taking the Quo- 
tient with the neareft, for the Index of the Power want- 
ed. Thus the- two laft Numbers in the Table being 
0.8, and 1.024. their Differences from Unit are 0.200, 

and 0.024 ; therefore , °' 20 ° , gives o for the Index ; 
0.024 

wherefore multiplying the ninth Power of 1.024 by °«8* 
I have the next Number 0.990352031429, whofe Log. 
is D=9C-}-B. In feeking the Index in this Manner by 
Divifion of the Differences, the Quotient ought generally 
to be taken with the leaft ; but in the prefent Cafe it 
happens to be the moft, becaufe, inftead of the Difference 
between 0.8 and 1, we ought ftriflly to have taken the 
Difference between the reciprocal 1.25 and 1, which would 
have given the Index 10 ; and that would be too big, 
becaufe the Produ£ by that Means would have been bigger 
than 1, as 1.024 xs > Whereas this Approximation requires, 
that the Numbers in the firft Column be alternately great- 
er and lefs than 1. as may be feen in the Table. 

7U 
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When I have ift this Maftner continued the Calcula- 
tion, till t have got the' Nuifibete final! enough, I fup- 
pofe the laft LogarkKm ft be dqiial to Nothing. Which 
gives me an Equation, from which having, got away 
the Letters by Means of th6 foregoing Equations, I hive 
the Relation of the Logarithms propofed. In this Man- 
ner, if I fuppoie G = o, I fiave 2136/2 — 643/10 as o, 
which gives the Logarithm of % true in fev&i Figures, 
and too big in thd eight, wliicH happfensv becaufe the 
Number cornefpondmg witfr Gis bigger than Unit. 

iThere is another Expedient Which renders this Calcu- 
lation flOI Sorter. It ft founded upon dhi* Confident 

tion, that when' x j» very unall, i-f-*) is very nttUy 
i ~|hi*. Hence, if r+«* ***<* i-**jb, are the two laft Num- 
bers already got in the fi'rft Coludin of the Table and 

* ■ n 

their Potoers i-fw) ,. and x— »J , are focfc as will make 

« rf 

the Produft i-j-jri x 1 — *-«) vety near to Unit, m and 

n rtiay be found thus ; T-f-ffi =c i-f-a*** and 1— «j as 1 

*—**, ahd confecjuently i-f£) xh3 => 1 *\-mx~- **— 
awite** or (rtegle&ing tknzx) i-\-mx — n%. Itlake this equal 
to 1, and we have m:n::p:x::iir-x:h+x. Whence xl 
1 — z + 3/1+* = o. To give an Exim^Ie of the Ap- 
plication of this, let 1.024, and 0,990352 be the laft 
Number! in the Table, their Logarithms being C and 
D. Then we have 1.024:1=: r4-*» and 0.990352 
= 1 — z, and ODrifeqtierttly x'~z 6:024, and % as 

0.009648. Whence the Rati* JL in the fcaft Num- 
bers is -HL-. So that for finding the Logarithms 
propofed, we may have 500 D 4" 201 C ±=48510/2 

•—14603/10 
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—14603/10 = O, which gives h = 0,3010307, which 
*s tQQ big m tfec laft Figure ; but it is nearer the 
the Truth than what is got from the Logarithm F 
fuppofed equal to nothing. So that by this Means we 
havp fay^d four Multiplications, which weie neceffgry 
to find the Number 9989595, £s?r. Corrdpondent to 
F, and which muft have been had, if we would make 
the Logarithm thie^p the Um Nw»b$t of pfaca wi&* 
out this Compendium. 




Sir 
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Sir Isaac Newton's 

Differentials, or Method of Fluxions, 



Illustrated. 



TH £ principal Part of the Analytic Arc confUb in 
any determinate Quantity, to be found in Num- 
bers, but when the Nature of the Quantities and Num- 
bers cannot be had, that all the Quantities are to be ex- 
hibited in Numbers accurately, we have Recourfe to Ap- 
proximations, that is, when the accurate Values of Quan- 
tities cannot be obtained mathematically, they are to be 
fought by thofe that are lefs diftant by any given Diffe- 
rence. 

What is handed down to us from the Ancients about 
this, is either particular, as their Method of reducing 
Quadratic Equations, or at leaft ill contriv'd for general 
Ufes, as the Method of Exhauftions. Vleta was the firft 
that {hewed a general Method to reduce rational Equa- 
tions, which only then were in Ufe. In this acquiefced 
all the Geometricians from his Time to Sir Isaac 
Newton's, who firft brought to a Series, and after- 
wards applied the fame to the Reduction of all Equations 
of all Kinds univerfally. And this Method proceeds 
from the firft and laft Ratios of Quantities, increafing or 
decreafing, that is, by Differences infinite fmall of co- 
inciding Quantities. But the incomparable and fagacious 
Newton carried this Method ftill a great deal further, 
and taught us by what Method we muft approximate to 
Quantities, which are determined by a regular Series of 
Terms, not as it is commonly made by an Equation* 
And thus he placed the Foundation of this Fluxionary 
Calculus, which proceeds by Differences of Quantities of 
every Magnitude, wherefore it is more univerfal than the 

Method 
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Method of Series. By Fluxions an Univerfal Do&rine of 
Approximations is deduced to the Solution of this Prob- 
lem* To find a Line that Jhall pafs thro* any Number of 
given Points. From this Solution, I fay are found the 
Roots of any Equations wbatfoever, and the Quantities* 
whofe Relation may be exprefled by other given Quan- 
tities, by no Equations hitherto known, and therefore I 
think that this Method of approximating is arrived to the 
higheft Perfection. 

Our Author, in a Letter dated at Oldenburgb, Ofto* 
her 24, 1676, makes mention of an expeditious Method 
of drawing a parabolic Curve thro' any Number of given 
Points, which he faid he made ufe of, when the Simple 
Series would not foifice, ,and this Method he firft pub- 
lifhed in Lem. 5. 3« B. Princip* and in hfs public Lec- 
tures about the fame Time at Cambridge y whereby he 
{hews a general Method to determine the Curves of what 
kind foeyer,. which fball ; pafs thro* as many Points, as 
their Nature will admit' of, thefe Lectures were pub- 
lifhed under the Title Arithmetica Univer/alis in 1707, 
where he has illuftrated tfre fame by Examples in Conic 
Sections. 

ArchimedeTi in" the MdthoA of Exhauftions ; Cavalle- 
rius, ;in the Method of ffrtflyifibles ; and out Wallis, in 
his Arithmetic of Infinities, placed the Foundation- of 
this DoSrTne of a fought Quantity to be determined per 
Locum, which he obtained amongft the Terms in the 
giveA ■Sewesy-but-ijuwha^ Method we muft approximate 
to the Values of Quantities thus determined, no one hath 
taugjit us. This the fcgacious and incomparable Sir 
I s A; a- c ^Lb wto». was the' firft and only Perfon that 
brougKj: . it ,tq Perfection; and from thence not a little 
was *the univef fkl Analyfis enlarged. For before this Irt- 
venttoftr" thofe Arithmetical Problems only were to be 
folved, where the Relation of the Quantity fought, to 
others that are given, wene defined by an Equation. Now 
the ffune «iay~very-«ipeditiouily be folv'd, in which the 
Quantity fought takes the given Place amongft the 
Terms of the given Seriefc ; fo the required Numbers are 
• very accurately obtained by the Method of Fluxions, as 
by Extra&ion bf Roots ; thefe being had, it matters not 
how we' approach to them* And a manifold Experience. 

Ee hatb 



htth taught us, that many Problem* are difficult to be 
brought to Equations, except by Fluxion*. As the Qua* 
draturc of the Circle fo much fpoken of, which, in my 
Opinion, Wetllis, in his Arithmetic of Infinites, hath ex- 
hibited asperfed, 2* Archimedes* that of tbePerabcla. 

Tp find a Parabolic Line whieb Jball pais through 
the Extr earns rf the Ordinate s> hew many foever efui* 







1. Let A. A2. A3. A4. A5. A6. A7.A8.A9. &fr. de- 
note the Ordinate* equidftant on the AbfciiT* in the give* 

Angle. 



Angle* Gather their Differences B. Bi. B3. &c. and 
their Differences C. C2. C3.&C. and their Differences 
D.D2.D3. "'• ***• And *•* Differences mufl be ga- 
thered by taking the former always from the latter, that is, by 
putting B«A2— A, B2=A3— Aa, B3=A4— A3, B4*: 
A5— A4, B5=A6— A5, fcfr. Then C=B2— B, Ca= 
B3— B2, C 3 «B4— B3, C4=B 5 — B6, &c. And D= 
Ca— C, D2=C3— C2, D3=C4-C3, 04=05—04, 
&t> And libewife are all the following Differences to be 
gathered. Or, let «, 0, y 9 /, 1, 0, », ejTr. be equal to 
A. Aa. A3. A4. As. A6. A7. (sfc. A will be = *, B=s 
*— *, C«y- *]*+*, D^«T— 3>+ 3 3—*, E=i~4J> 
+6>— 40 + *, F=±9— 51+10/— io>+53r^e, 6« 
*— 69+15*— 20J4-I5>— 60+** 6T*. In thefe Values, 
the Numeral Co-efficients of *, 0. >, /, §, fcr r . are 
genera te d as i n the int egral Powers of the Binomial 
1— **\ 1— *l\ i^Sf , 1— ^ f , i^*\ 4 ,&c. by writing 
1. 2. 3. 4. 5. to. in the Series ix-lx ^Zl x 2Z2 

1 2 3 

x "T"^ x —~^ x * c * fucceffi vdy for *. Let now PQ, 

be any intermediate Ordinate. And AP its Diftance 
from the firft Ordinate A be called z, then will 
PQ=A+ 

z 

1 a 

Dx-2-x ?=Ix2r* + 
1 a 3 ^ 

Ex-2-x *=i x *=*x *Z3 + 
12 3 4 ^ 

Fx.2Lx£=!x£=2x5=3 K 5=4 + 
» a 3 4 5 

Gx "f xS ?«?=* x»=Jx2=*K5=afftrr. 

12 1 4 5 o 

Ee 2 Wherefore 
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Whdfcfore the Sign of % is changed, when PQ^ falls to 
the otfcer Parts of the firft Ordinate pq. 

II. Now let A5 be the Ordinate in the middle of all ; 
put A=B4+B5, B=D3+D4, C = F2+F3, D=^ 
H4-H2, &c. and * = C4, £=£3, * = G2. d=l. &c. 
that is, if A6be = rt, Ajz=z0 9 A8=:y, Ag=:<r, fcfr. 
A4=*, A3=a, Az=^, A=?y, fcfr. 

Put A^ta — *, B=3— 2a+zk — A, C=y— 412+54— 
5*+4* — i"* D = /— • 6^+143 — 144+ 14* — i4*+6ft 
— r, fcfr. *=* — 2A5+*j *=3 — 4A+6A5 — 4*+*, 
*=y — e^^*— 2oA 54- I 5* — 6M-/S rf=JX — 8>+ 2 8? 
— 56A+70A5— 56*4-28*— S/A+rj ***• and kt A 5? 
be called z, then will 




1.2 

qCz+^zz y zz — 1 gg — 4 . 

1.2 3.4 5.6 

4Dz-)-^zz ^ zz— 1 zz— 4 V zz— 9 . 

"' '•* 3-4 5-6 .7-8 ^ 

sEz-f-gzz ^ zz— 1 x zz— 4 x zz— 9 

1.2 3-4 5-6 7-8 

9.IO 

III. Let A4, A5, be two Ordinates in the : midft of all. 
Put A = ^±11, B=E3±Sl, c = 52±!i, D = 

2 2 2 

2±2?, »,. ,=84, *=D 3 , r±=F*, <f=H, GV. or, let 

A 5=*, A6=r3, A7=y, A8=V&fr. A4^=*,.A3=a, 
A2—P, A=r, &>V. then will 2A=*-f-*, 2B=/3— *-* 
•+a, %C=y — 33+2*4.2*"— 3A^, 2D=/-^5>-l- 
9.3— 5*— -5*4-9*— 5^4- ^ <STr. And * = *— x, J=? 

—3*+ 
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—3*4-3*— *> ^ = >* — S?+ io<* — i oit4-S^~'f t » rf==JV 

— 7> 4- 2i0— 35*4-35*— *^+7^—^ & c - And let 
O be the middle Point between A4, A5, and let OP be 
called z 3 and the Ordinate 

♦ $B4-£k x 4xx— t 1 
41 2.3 * 

yC4-gg v 4*«--i x A«o— 9 1 . 

4* 2 -3 4-5 

7D4-<fe x 4«!— i x 4«8— 9 X 4«8— 25 n 

4 3 *3 4-5 6*7 

gE4-/g x 4«z— 1 x 4zz— 9 ^ 4«g— >5 

.4* 2 -3 4-5 6.7 

0.9 

In thefe two Cafes * is negative, when the Ordinate 
PQ_ falls to the other Parts of the Beginning, of the Ab- 
fciflae, and in all the three Cafes, the common Diffe- 
rence of the Ordinates is put for Unity. 

All the three Cafes are very eafily demonftrated by this 
Calculus, In the firft Cafe for PQ^, I write fucceffivdy, 
«e, 0> Vj A V &c. and for *, o, 1. a. 3. 4. &c. which 
are the Lengths of the Abfciflie following in Order, and 
the Equations come out, 

*t=r A, = A+B, >= =A4.2B4.C, JWA+3B4- 
3C+D, f = A+ 4 B+6C4-4D+E, &c. 

3— * = B, y— & = B-l-C, <T— > =B4-2C4-D, •— 
cr = B+ 3 C4. 3 D+E, &c. 

y— 2/q-* = C > <^— 2>+^ = C-l-D, €— aJ4->=C 
4-iD+E, fcfr. 

^-3>+3P— *=D, i-3^+3>— ?=D+E, &fr. 

Thefe Equations, by taking their Differences, are re- 
folved without any Trouble: And they give the fame 
Values of A, B, C, D, &c, which are given before in 

the 



t?oStt&.* *" ■*— -•*• — 

Everyone of thefc three Series wffl converge to the 
Value tf the Ordinate PQ, when the Differences of t£ 
given Orduiates are of a juft Magnitude ; and wher? t£ 
do not converge, we muftuie other Methods. But ibY 

RopofiS. " 8 ** N0tCS * *» Ufc * «■* 

_^?n^ 5. * /f V *' "' '» *» *>■ ** «P»«ent any 
eqmMant Terms, whole Differences are very finall , and 
the Relations, which they obtain among thetnftlveL arc 
v«y nearhr defined by tU UkmtnXSS^iS 

%!%£"* ** D . afia ««» ««» the H Diflwencesrf 
thofc ]&«W. continually, and >y making them~ual 

«— -0=o 
«— 284^3=0 
*— 3M-3>— J*=±o 

«— 6M-i 5 >— 20^4-15.— 694-iraro 
•— 7*+*i>— 35^4-35*— ai^H*— '=*<» 

— 9M- 3 63-M+ia6«-, 2 p9 + 8 4<r _3 6/+9)e ^ sso# 

This Table is to be referred for Vk and to I- «.„ 
fultcd as often as is neceflary } but that Jhefe bJ«£T 
either obtain accurately, or a^oachTt^T^T^ !f 

^Demonstration of the firft Cafe of SeTCfiS? 
Let us attune any Series, as -» • ,° poutl J >n * 

T.T> T7«» »'• and let the Term be fought which 
A"* next before _£.; it i ^dent, that k is -J_ 
there^e we may here fi, that thaM^odwfflexhfbk 



I* 



Let a reprefent the Term fought, and it will be 

;rJr=£ =0099,0099,0099,0, ^.1-^ ^0099,0099,0099,0, 
t£f=>==oo98,0392,i 568,7, j V2X \ 0099^05,8629,3^ 

t4t=J > =«>97.o873,7«64>»» \M> 8 J°°99 >9 99*>3*SS> * 
3-|^=:i=oo96,i53S,46i{,4, ffS4( .^0099^999,7824,8, 

TsT=fl=°°95>*3So,9523,8 y|\ /o°99*9999»969S>8» 
^,==11=0094,3396,2264,* v-o-/ ^0099,9999,99^3,1, 

It is evident, that thfe Method continually approaches 
nearer and nearer ; if the Differences of the Terms had 
been lefs, the Values would have approached fooner to the 
Truth, and on the other hand, flower, when the Diffe- 
rences are greater * hence in the Numerical Table, if any 
Term be wanting, it imjr be inflated by this Method. 

By this Method likewife come out the very fame Scries, 
which ufed to be done by other Methods. 

Suppofe i-faf* % the Ordinate of a Curve to be 
fquareJ, k is in the fcrft of the Ordinate* in a icgpbr 

Series H-**T*> i+«^% i-H»f» *+«}% i+ l *] , » 
&c. All which, except the firft, make their Areas, trfe. 

%* * + ***> « + *«»"+*>"* «+**'+* * J -H* 7 > Re- 
making a new Series, whofe firft Term will be the Area 
fought * which therefore will be found by putting * for it, 
and fpr the reft in Order, 0, y, /, ** *«. the firft Equa- 
tion gives *=*, fecond, «s*«— f*S the third, «=*— * 
»>+£;', the fourth, * =**— ?*H~f«*— ***> &*• Collfe - 
quetttly the Area fought is tmtverfatty, «— f **+*«*— f 

*74-*«* tt« t S &c. and this Scries is the Arc to the 

Tangent a in a Circle whofe Radius is Unity. 
> Let, Vc. <>d,c,l>, a t P, *> fc y* J>, f, «*. the Seriea 
on hoth Sides gping ad infinitum, when all the Terms are 
given except P in themidftof all, let A=«4-*, B=#+l, 
C=>+<, D=JHh*t E«=t-f'» #'• and it will be 



> 
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l*. 

A-B + 



sA— 8B4- 3 C , * 

60 T 

7 A-i4BHrQC-aD . 

4.3A-q6B+8iC-32P+5E ., 
1260 

1 66 A— 165B.4- i6sC--88D+gsfc^3? . 

277^ • 
429A— 114464*1 287C—832P+325E— 7iF-f 7 G 

24024 

This Scries is inveftigated from the Equations, by 
taking every other* in which the Number 6T Terms is 
unequal 5 for their Difference will give the Terms in thtf 
Series, which may be produced at Pleafure. 

Let i-+-*l be the Ordinate of the Hyperbola, and 
let its Area be (ought, which is above the Abfciffae'*, 
when it is Unity. This Ordinate is in the midft in the 

Series of thefe Ord'mates, £**. 7+3 , I Tp^p 4 j 

1+*) * H^ > 1+* 1 > i+«iV 1+*] 1 , i+*% 
i4-j3*, fcfc. cquidiftant, hence continued ad infinitum. 
Confequently the Areas generated .. from thefe Ordinates 
will make the fame Series, whofe middle Term will be 
the Area fought, which will be obtained by the Series 
juft now exhibited. When z is Unity, as in the prefent 
Cafe, the Area of Curves are, &c. ££,'*£, Wis and 1, 
1, h *i> fcfr. hence A = i-f-i=:», B=l+|= T , C= 
\ + tl = *i> D = «J + i i = *l J, &c. thefe being fub- 
flituted in the Series, comes out P, that is, the Area of 
the Hyperbola, £— ?*+^ ?—?*}* +&c that is £— 

,A 
v 4-3 
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JL_i5._jc - _^_ iL whcre 

4-3 4-5 4-7 4-9 4-« 
A, B, C, D, &c> reprefent the Terms in their Order 
from the Beginning after the Newtonian Method. I here 
put the Calculus. 

TERMS. 

, ,A k 



Affirmatives. Negatives. 

7500,0000,0000,0000,0 0625,0000,0000,0000,0 

62,5000,0000,0000,0 6,6964,2857,1428,5 

7440,4761,9047,6 845,5086,5800,8- 

97i5586,9i30,8 11,3818,473^9 

i,3390,4<>86,i 1585,7062,8 

188,7745,5 22,5708,7 

2,7085,0 3260,2 

393,4 47>5 

5>7 7 



+ 7563,2539,393°>7494,i — 0631,7821,3370,8041,1 

Subtracting the Negative from the Affirmative, I get 
for the Area,' (that is for the Hyperbolical Logarithm of 
*) 6931,4718,0559,9453. 

For the Conftru&ion of any of thefe Numerical 
Tables, the Series which follows is of great Ufe, Let 
'l i, c 9 by a 9 *, 3, >, <^, «, &c. reprefent the alter- 
nate Terms in the Series, being drawn out on each 
Side ad infinitum. Put A = a+tf, B = |3+£, C=^~f" r » 
D=^-H/, E=s:i+^, &c. and the Term between * and 
a will be 

Ff JL 
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i ■ A— B ■ 

1.2 27 ' ^ 

i>3>5„ 5A-qB+5C-D , 

1.2.3 2 IG T 

*-3-5-7 x uA— 28B+20C— 7D+E . 

1.2.34 2 ' 3 

^3-5-7*9 ^ 4 2A ~ 9QB4-7$C— 3^t)-h9E— F , 

1.2.3.4.5 2 16 

i.3g7»9-i i x i32A— 297B4-275C— ij;4D>H4E— nF+G . 

I.2.3.4.5.6 2 f 9 + 

This Series follows from the third Cafe of this Pro- 
pofition, by putting z = o, thus are the Numeral Co- 
efficients of the Capitals produqcd, Example ^ in the 
fourth Term the Co-efficient of the laft Letter C, five 
one, 1 is 5 $ put 5+1 =», and the Numbers which come 
out from the Multiplication of the Terms, viz. 

ix x x X 2 x — £ x &c. will be 

1 2 3 4 5 

1, 6, 15, 20, &c. their Differences 5, 9, 5, are the 
Numbers fought, and confequently the Series may be 
produced at Pleafure. . * 

Having given the Logarithms of 46, 48, 50, 32, 54, 
56, 58, and 60, tp find the Logarithm t>f 5 3^ which is 
in the rcrtdft of all. Put ^a+Zs 4=^=3,4483,9710, 34,/* 
50+456 = B = 3,447M803,I3, /,48 +458 == C = 
3,4446,6923,08,7,46 + 7,66 = D = 3,4409,0908,19. 
Thefe Values being wrote in the Series, the four firft 
Terms will give 1,7242,2586,96, for the Logarithm of 
53 ; and by the fame Method may we find any other in- 
termediate Number. 

Therefore in the Conftru&ing pf the Tables it fufficeth, 
Rift, to feek fome Terms in given Diftances, for the reft 
may be inferted after this Manner, For the Terms firft 

found 
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found are continually to be interplaced, until we come to 
the Terms, which are defired : After this Manner will 
be had the whole Table, from fome few given Terms 
from the Beginning for the Foundation of bur Operation. 
But it matters not, that the Terms, which we feek firft, 
are all equidiftant thro' the whole Table, for' if we omit 
each other, where their Difference is the greateft, we 
may otherwife omit, two, three, twenty, or perhaps 
more Terms. But the Number <rf Terms being between 
thofe two that syre given, which are omitted, muft al- 
ways; be fome one of the following, 1, 2, 7, 15, 31, 63, 
,&c. fo that we will infert them by this Series. 

But for Praxis* the Terms may be collected into one 
Sum, as you may fee here in the following Table, the 
firft Exprcffion is the firft Term ; the fecond, the Sum 
of the firft and fecond j the third b the Sum pf the 
firft, fecond, and third, &c. 



4 
6 

8 

10 



2 



aA^B 



I5oA~35B-[-3C 



2-56 

121c; A— 14.5B-H.QC— 5D 



2048 



39690A— *882oB4-2a68C— 305D4-35E 



65536 



So having given any alternate Terms, the interme- 
diate will immediately be given by thefe Expreffions, 
minding not the Nature of a particular Table. For 
thefe Rules are the fame in all others* The Areas of 
Curves are nearly equal to the Areas of a Parabola, which 
pafles through the Extreams of its Ordinates, but, be- 
caufe it would be too laborious to have Recourfe always 
to the Parabola, I have compofed the following Table, 
whereby the Areas are dire£Uy exhibited from the given 
Ordinate*. 

JPfa ' 1— 

1 
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I 
3 
5 
7 

9 
ii 



I 

A+ 4 B 



6 
7A+32B+12C p 



90 
41A+ 216B+27C+272D R 



840 
Q8QA+5888B— Q28C+IQ4Q6D— 4J4oE p 



28350 
16067 A + 1063008 — 48525c -f- 2 7*4QoD" 



598752 
?.6o^<oE-|-4i7^68F p 



This Number of Ordinatcs is unequal, A is the Sum 
of the firft and laft ; B of the fecond, and laft but one ; 
C the third, and laft but two, &c. until we come to 
that in the middle, which is reprefented by the laft Let- 
ter in every ExprefEon. R is the Bafe, or Part of the 
Abfciffae, intercepted between the firft and laft Ordinate, 
the Expreflions are the Areas contained between the 
Curve, Bafe, and Ordinates, from thence to the laft. 
I have not conftru£ted a Table for an even Number 
of Ordinates, becaufe the Area is defined more accu- 
rately ceteris paribus, of their unequal Number. 

Let the Area be fought, which is generated from the 



Ordinate i-j-zz^ , and which lies above the Abfciffie z, 



Id* 



when it is Unity : In i+zz| , for % write ~ 9 -~ 
■-* , JL, * J-, JL, * « • ^2, and eleven 

1 ©' io' 10' io' 10 7 10' io* 10' xo' 

Ordi'nates will come out 1, *&*, *|, f°-°, fl, f, 

2 1 too % 5 too j. Hence is A — 1 4- ^ss^. B 

34' IT?' T* 9 m* »* nence is a — 1 -f a — a > » 

"""*" o 1 I 181 mn^ »6 T 4i 1 066* ' ©9 

i ioo — mboo E — ^5 1 n_M75 F = f. Thefe 

Valued 
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Values being fubftituted in the laft Expreffion, and R be 
put for Unity, you will find the Area to be 785398187 ; 
this Number is exaft in the 7 th Figure, and in the 8th 
it exceeds the Truth by 2. 

If eleven Ordinates do not give the Area exaft enough, 
ere£t more, and conceive the Area to be divided into more 
Parts. 



The Value of i+Ql may he expreffed by any of the 
three following Series. 



Q*4 + 



Q* x -2_ x 2=i 4- 



Q*x — X X - — = 4- 

123 

Qjx-iL *"=lx 2=2x^=3 + 
12 3 4 

Q^x^-x^=Ix B -=^x2=3x2=++&c 
i*34S 



OrI+Qf«i4- 

1 ' 



R*x ^- x dli4- 

I 2 

WxJL. x »+l x »±l + 

t 2 3 

R4x-^x B -±lx2±lx2±? + 
1 a 3 4 

R5x _2- x 2±i x !!±? x 2±2x^+&c. 
« a 3 4 5 



by putting R ?= '-q* 0r 



iw 
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g4-»4-ixQ . x Qx— 4- 

■^T^~ , ' a 3 ' 4 

8±*±±*2xQZ x -2- x "-£=! x 2E=* x 
1HTO *•* 3-4 3-6 

»»— Q f 

^ . - - - 5 .6 




9.ro 

The tvo-.firft Series are demonstrated by Cafe r. of 
this Propofition. For if i+Q} , i+C^ 1 , i-f Qfc% 
i+Q}% i+C2,\ **'• reprefent fo many equidiftant Or- 

dinates in the Parabola, i+Q will be its lame Ordi- 
nate, whofc Diftance from i+Q^° is n. and thus is pro- 
duced the firft Series. And, if in any other Parabola 

\~ * T~7rT* : v- ♦ 



bV. be equidiftant Ordinate, r-j-^ will be the Ordi- 
nate in the fame, whofe Diftance from 1+01° is — n ; 
thus will the fecond Series come out. Now let there be 

in the third Pafaboh, & c . 7+<2t , rfQ^T 3 , i-f Q]T*, 

&c. a Series of equidiftant Ordmates, continued ad infi- 

nstum, 
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nkum 9 and its Ordinate will be i +Qt*, the Diftance n 
removed from die middle Term i-j-QJ - And fo the 
third Series is produced by the fecond Cafe of this Pro- 
pofition ; the firft fails, when n is an Integer and Affir- 
mative ; the fecond, when * is an Integer and Negative* 
and the third foils in both Cafes. By the Help of which 
thefe numeral Roots are fcafily evolved into a Scries ; the 
third converges much (boner ; its fecond Term may be 
exhibited for Correction, when the Extraction is made by 
the Repetition of the Calculus. 

The (agacious Halley^ in his Method of conftru&ing 
Logarithms from the firft of thefe Series, demonftrates 
Mercator's Series for the Quadrature of the Hyperbola* 

Let itsOrdinates i+a* , or i+s/ , n being any 
Number infinitely fmall, whence by the Methods of 
Squaring the Area, which lies above the Jbfcija z, that 

is, the Logarithm of i+z will be '""^l : But by the 



firft Series Tfz) = i+ ~- *+ — x -^-**+ -~x 

2~I x — %> + &c. and therefore in this prefent Cafe, 
2 3 

where n is any infinite fmall Number i-J-z'» =i-|- — 

*— ** + - — * J — — **, &c. which being fub- 

' ftituted in the Value of the Area, it produces « — ?z z ~\- 
f* 5 — £*♦-}-£**— i* 6 +7«7, &c. which is Mercator's 
Series. 

Likewife this Rule produces the fame by the fecond 
Series. Let the given Number be i-{-z, P ut & = 

—£-, and its Logarithm will be R-t-vR*+f R*+4 

RH-*R5+fcV, 

The 



1 224 ] 

The following Rule comes out by the third Series, 



R— 1 



its 



let R reprefent any Number, put % = — :r— , and 
Logarithm will be ~* — . f A*— \ Bz— i. Cz — 

2K. 7 

$Dz — TfEz~&c. where A, B, C, D, E, &c. re- 
prefent the Terms of the Series, as from the Begin* 
ning according to Sir Isaac Newton's Method. 




j% Method 
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^Method to find the Values 
of Arithmetical Series, how 
Jhwfoever they converge. 

IN fome Series the Sum of the Terms cannot be reck- 
oned, but to very few Places of Figures, fo that, ex- 
cept by a fimple Addition of them, other Arts are 
not ufed. Now let any Series be propofed, all whofe 
Terms are affedted with the fame Signs, and whofe next 
continually tend to be equal amongft themfelves, fuch a$ 

the following -1- + -L.+ ' + -i-, feTr. I+H4 

i. a 3-4 5- 6 7- 8 
J^. i -4- T f, lie. Gather the Sum of fome Terms from the 
Beginning, and let a, 0, y> f> », 0, &c. be added nearly 

in the neareft Numbers, let r=— i2= ~-r-f and let the 
Difference of the Quantities a x **^ >^*^r^* 

*+*+>x *t£, * +p+y + /xi±L,«-h 

^4.^4-/4.1 x-iid, lie. be a, *, f, d t e, ftc. 
Then in the. neareft Numbers, let s= - y^T juT "* an( * 

the Differences of a fx'-±J, «+£* tt^* #+M-«X 
a — o — c 

*±4-> «4.*+*+rfxittf*-,beA.-».c.p. er*. 

Ap "pn 

-* kt '" AB-aAC+BC * and f ° pr0CCed " ^ " 
you pleafe. Then will «4-0+H-^+ f +& c - = *x 
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iH^ +ltfX .£±£* +^ x ^l£ + &c. and there 

is feldom any Occafion to carry on this new Series beyond 
tte two firft Terms. 

As if the Value of this Series were defircd, viz. of 

X 4. JL 4- JL + 'JL 4. Efr. gather the fitft 21 

J.2^3-4 5- 6 7-8 

Terms, whofe Sum I find to be 68 1 3, 84* 0, .1 885* The 

Terms next to be added are a = ,0005, 2854, 1226, 
P = ,0004, 8309, 1787, y = ,0004, 4326, 241 1, / w* 
0004, 08161 3265, &c. Hence let r be madea* 1 nearly, 

and a x * *1 « >oii7, 6449, 6282, * « — ,oooo» 

ooty, 5096, A *= — ,oooo, 0014* 7410, * « — • ,6eoo : , 

0012, 4986, £jff. whencp j = }, nearly,, and a x \ 

±=s— ,0000, 01417 81 11, which I fubtraQ: from a x 

-v ■, becaufe pf its negative Sign, and there jremains, 

ci 17, 6307, 8171 ; this added ,|to the Sum fr& frtnd; 
6813, 8410, 1885, gives 6931, 4718, 0056, for the 
gum of the whole Series, which is ex«& in the tdkth 
Decimal, but before thefe two Corre&ions, the Sum was 
exa£t in the firft Figure only. If youiiave a Mind, to 
purfueit further, it muft be carded on to the following 
Approximations. 

If the Tofm* oC the Serks hare^MEfcreiit {&gns, ttiey 
are to be added together, that all may have the fame 
Signs, -as in this Series .1— f^-^44, <£*. &« Tenns 

being added, it will be :K+JL. + JL 4. _* — 
*-3 3-7- 9-« *3^5 
4- &c but here you muft obferve, that the Differences 
a> b, r, d y *, &c. as alio A, B, C^ D, fcfe. are to be 
gathered by fubtracting the antecedent Quantities from 
the Confeqfcent, and in aH Series of this Nature, if p> f » 
r, reprefent the three Terms foltowifig in Order, p the 

fiift, q the feebnd, r the third, and the Re&angle ' *}* 
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Kj ism* greater than >r, the Value of theSerfes will 
be infinitely great, but always of a finite Magnitude, 
when it happens to the contrary. This Rule foils us 
fometimea, when p, q> r, are but of a final! Diftance from 
the Beginning of the Series, and if t bey be amongft them* 
felves a little remote from the Beginning, then the Rule is 
the moft certain. 

But to other Kinds of Series, other Rules muft be ap- 
plied ; let there he a Series of regular Polygons inferibed 
in a Circle, the Radius being Unity. 



H: 
G: 
F: 
E 



• *, ©COO, 0000, 

2, 8*84, 2712, 

3, 0614, 6745, 
: 3> ™*4> 45*5* 



D = 3, 1365, 4849, 

C = 3, 1403* 3H5> 
B = 3, i 4I 2, 7725, 

A* J, 1415, 1380, 



0000, 000 
4746, 190 
8920, 718 
2258, 051 
*545> 938 
<*954* 75^ 
0932, 772 

1144,299 



4 
8 
16 
32 

64 
128 

512 



Now \tt the laft Polygon be called A, the laft but 
one B, the laft but two C, the reft in their backward 
Order, D, E* Y % fcfc fc and the Area fonght of the Cirdff 
will be 

A 1 A— B , 4A— <B+C . 64A— 84B+21C— D 

3 3-*5 "" 3IS-63 

+ 4^6A^544QB + i4^8C>8 < ;D+E + ^ vhcr , 

if fcr A, B» C, D, E, &c. be wrote their proper Values, 
the four ftrft Terms will give 3, 1415, 9265, 3589, 7901 
for the Area of the Circle. And this Series is general, 
ao where depending on the Nature of the Circle , and it 
is applicable as often as the former Differences of the ap* 
proximating Numbers are as the Quadruple of the latter. 
The Fa&ors in the Denominators are whole Powers lef- 
fenM by 4, which being given, the Co-efficients of the Let- 
Cersin different Terms are formed by a continual Multipli- 
cation of i,i., 2=3, 5=54, *-=£*, tic. when the 
3 *5 6 3 *55 

G g 2 laft 
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laft of the Faftors in the Denominator muft be fubftituted 
for n. * 

. Thelaftxrf the Quantities #— i, %%/x— 2, 4*/*— 4* 
8 9 </x — 8, *V* — 16, &c. is equal to the Logarithm of*, 
for x write 2, and by repeating the Extraftion of Square 
Root, the Numbers will come out. 

M = 1, 0000, 0000, 0000, 0000 

L s= 8284, 2712, 4746, 1 90 1 

I = 7568, 2864, 0010, 8843 

H= 7240, 6186, 1322, 0613 

G = 7083, 8051, 8838, 6214 

F = 7007, 0875, 6931, 7337 

E = 6969, 1430, 7308, 8294 

D = 6950, 2734, 2438, 7 6 " 

C= 6940, 8641, 2851, 8363 

B = 6936, 1658, 4759, 4014 

A = 6 933> 8182, 9699, 9493 

Let the laft of the Numbers be called A, the laft but 
one be called B, and fo backwards, and the Logarithm 

fought will be A + A ~ B + 2A— ^B+C + 

x 1.3 

8 A— 14B+7C— D . 64A— i2oB4-7oC— isD+E + 

1.3.7 I.3-7IS 

&c. the five firft Terms give 6931,4718,0559,9457, 
for the Hyperbolical Logarithm of 2. And how this 
Series goes ad infinitum may be eafily feen from what 
we have faid above ; and likewife it is univerfal, no wife 
refpe&ing the Proprieties of the Hyperbola. 

This Differential Method likewife is extended to the 
Solution of Equations, and many other Ufes, of which 1 
(hall pais over. 



Tte 
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The Proportion of Mathematical Points 
to each other. From the Philosophi- 
cal Tranfa&ions, by Fra. Roberts, 
Efq. F.R.S. 

IT has heretofore palled for a current Maxim, that 
all Infinites are equal. Divines and Metaphyiicians 
have not fcrupled to ground many of their Arguments on 
that Foundation. The Pofition never tbelefs is certainly 
crrgngpjis. * g ^ r P" ;/ ™ — Ui Philosophical Tranfa&ions, 

and has given dlverfe 

hich are in a determi- 

v ler, and feme infinite* 

ifinitdy (mail Quant i- 
the followiug Propo- 



irr/jf, and their Tan- 
i t& the Diameters *f 



uch one another from 
Iraw the Tangent ft% fy A. 
the Point a draw 



R, and ai 9 the Diameter of 
toS. 

Let db> the Chord of the 
™&fi> *be Chord of the Arch fa] 
let the Abfcifla at be equal to * 

If the Line mn be fuppofed to move t 
incident with the Tangent paq % the Natu 
will always give the following Equations. 

SZ3S4R*— 4**. 
jy=4&r— 4**. 




he equal to 
be equal 



When the Line is arrived at the Tangent, * and y 
Will become the two Points of Conta&, and then %x ~ 
4R#, and yy = fix (4** btfng laid afide, as Heteroge- 
nttttt to the reft pf th* Equation, by Reafon of x being 
become infinitely fmall) Therefore 

«« : yy :: 4R* : 4.S* :: R,S. 
% : y ::VH:t\i. Q.E.D. 

Proposition II. 

The Point of ContaSi between a Sphere and a Plane 
is infinitely greater than that between a Circle and a 
Tangent. 

Let a be the Pofet of Conted between the Sphere adqf 9 
fig. B.aad thfe Ptatie fr. (See Pig. B) About the Sphere de- 
fcribe the Cylinder »/yiw. 

- Draw <* to reprefent a Circle parallel to the Plane. 
Let the Circle be fttppofed to mote, till it becomes Co- 
% incident with the Plane. The Cylindrical Surface ighm 
will always be equal (according to Archimedes) to the 
Spherical Surface' daf. 

Now when thefe Surfaces become infinitely finall, one 
terrioates ia the Point of ContaA, wd the other i* the 
Periphery of the Bafe of the Cylinder. Therefore the 
Poipt of Contaft is £qual to the Periphery of the Bafe of 
the Cylinder (equal to a- Periphery, which has the feme 
Diameter as tbft Sphere) and by Cottfequence is infinitely 
greater than iriy Point of ContaA between a Circle and 
a Tangent, \ <^E. D. 

PiO?OSIT!TIO!r s Iff. 

,- Tht&mtt \of Gonioit^ Spheres of Jiferett Metgnu 
tmde *r*> Urn* *nofas\ m Ae Diameters *f the Spheres. 

m 'For -by tie;fcq©ni Ffopa&xlon theiRcynis cfOwlafi 
agetgu^Uo thePeripi^ries^f^hI>iagK^er ft whffeP*©* 
portion is the fopwp.fa Pu##tm 9 

t^E.D. 



-~-1 
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To find the Centre of Ofcil- 
latioru 



n 



Dfi^IBlTIOH, 

CEntr$ rf Oftillatim is a Pbittt, wherein, if all the 
Gravity of a compound Pendulum be coJIe&ed, 
erery Oicillatiea will ftfll be performed in the fame 
rt*.^ „ r m ^ ; n . ■ t^ Mt of a Compound 

_g ' P ^int of Sufpenfion 

Ium> whofe Of- 
, as the Gfcllla- 

ating Body, hi 
placed, it lhall 
ner in the fame 
ty as the whole 




x of a Body of* 
fan may be the 
nly. 

of the prop o fed fjg t 
*~ His in which 
_fSuf- 
peniion being C. Imagine the Body 
imaintcteblt (m^U Prtfrn^ ajl yer^endk) 
and confequently always parallel to- the 
appear by tke Motion pf the Cqiftfc 
the Plane ABD. And, becattfe the Situate 
Clich Piifm may be lox&'d upop us ( the Pbyficai 
placed at the Point z, in the fame' Plane ABD 

nttly the propofisd3o4)r may be reduced to the 
Flans ABD, cpnfifting ofjuch Farudes p. 



ic. 




In this Plane, that the Point O may be found, whofe pro- 

K Acceleration is not changed by the A&ions of the other 
tides, we may apply it to the Force of any fingle Par- 
ticle^, placed in the Point 2; of theft Forces join'd together, 
arifes the abfolute Motion bf the whole Plane, by which 
the Motion of every Poigt is given. 

But the Particle p is urged by the Force of its own 
Gravity ; which, if the Cohefion of Parts be diflblved, in 
the leaft given Tinje, would produce the given Accelera- 
tion of the Motion in a perpendicular to the Horizon zy. 
To Cz draw the Normal yx, and the Acceleration zy 
will be refolved into the Parts zx and xy. By Reafon of 
the Rigidnefs of the Body the Force zx is taken away by 
the Reiiftance of the Point C; but by the other Force 
xy, is drawn the Space ABD, in a Ring about the Pbint 
C, and having drawn the Horizontal Co, and Perpen- 
dicular zsy it will be as -^; becaufe of the given Force 

of Gravity, and the Similiarity of Triangles xyz > and 
sCz. Therefore the Force of the Particle p to the Space to 

Cs 

be moved ABD is, as -r=r x p. 

* ca 
To thefe Forces gathered into one Sum, let O be an 
invariable Point in a Line dr^wn at Pleafure, and 
to the Diftance CO yet unknown ; then the Force of the 

Particle p to move the Point O, as ;SrX -$£■ x p % 
that is, as ~L xp. and the Acceleration which p at- 
tributes k to the fame Point O will be, as 25 x -~- t 
Wherefore the Force «r xp> being applied to this Ac- 
celeration ^pt the Quotient will be S*L2 x by 

the Particle p 9 which, if in the fame Point O be fup- 

COxCx 
pofed to be moved with the fame Acceleration — ^ — , 

would produce th$. lame Motion, which the Particle p 

produces 
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{reduces in the feme Point O. Hence is reduced * 
problem to the moft known Theorem of Motions. For- 

applying the Sum of the Forces -~r x p. to the Sum of 



the Particles xg ' . X >, the Quotient will be the ab* 

folute Acceleration of the Point O, then having drawn 
the Perpendicular Oa, and this Acceleration being made 

equal to the given Acceleration ~^- of the Point O, 

Co 

the DiAaftce CO will be given. For let ^ =i(and 

according to the Method of Fluxions) Ox^tsM, fcnd 

Cxq xp^=zC-> then jbecaufe CO being invariable, 

c A/r 

the Sum of all the Forces —.x/^-jYr-, andtheSum 

Cxq ' C 

$f all the Particles g- ft ' ■ x p = J^- ; whence the 

applicate Sum of the Moments to. the Sum of the Bodies 



W ffl be -*£.xeO: 



d\ confequently CO = ~ 



dC 

M 



wherefore 6, and M, being found by the Inverfe Me- 
thod of Fluxions, CO will be given. Q± E. I. 

Corollary. 

From the Centre of Gravity G to the Horizontal Qo 
draw th$ Perpendicular Gj , and let the Body ABC « 
A. then from a well known Law, the Centre of Gra- 

vity M will be = C;xA} whence CO = - — - m 

Prop. 2. Theorem t. 

4 The fame being put as before, let the Point O bt 
fought in the right Line Cu, paj/ing through the Centre 
of Gravity G; then will O be the Centre of Of dilation 
tftbe Btdj A. 

Hh \ For 



Fig JO 

o 



D 



V 



Fa. it. For (See Fig. n.) In this Cafe — — - is made s 

CO 

^- = <f i whence CO = {q^j* by Cor. Prop, i.) 

^ . But A is given, and the Point C being given, 

the Quantity C and CG' are alfo given: whence CO is 
given, whatfocver the Inclination of the ofciDating Body 
be to the Horizon. Cohfequently, per Def. and rrob.i. 
O is the Centre of Ofcillation of the Body A. 

Q.E.D. 

Prop. 3. Theorem 2. 
The fame being put as above, let D be the Aggregate 

*f G**x/. Then will CO s CG + ;; . P . 

jj^ I2 ; TVJCG (Set fig. 12.) draw the Normal 2F f C2 1 : 

«CG 2 : + GZ*: — 2CG x GF ; namdy F felling 
within C and G. But when F 61b in CG produced, 
€1* wUl be » CG 1 : -f <KV+ aCGxG/. There- 
fore C =: (Aggregate of all the Or**: X£ = ) = to the 
Aggregate of all the CU* : x p -flTS* : x p •— zCGx 
GFx^-f 2CG xG/x;. And becaufc the Centre of Gra- 
vity of G, is the Aggregate of all the 2CGxGFx^= to 
the Aggregate of all the 2CG x Gfxp. Wherefore C = 
Aggregate of all the CO* ; xp + G»* : xp = QG* : x 

A + D. And by Theorem 1. CO =5 ~S\' .- There- 
1 . CGxA 

foreCO = CG + c ^. CiE.D. 

Corollary. 
Hence is given the Parallelogram CG X GO. For 

GO = CQ A > But A and D are given * where- 
fore CGxGO= J. . P*op,+ 



r 
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Prop. 4* Theorem 3. 
The fame being put as above, if in the Point O be 
tonftttuted the Phyfical Particle C ^g A , which be- 
ing agitated by its own Gravity, ofcillaUs about the 
Point C; the Motion of the > Space ABC will be every 
when alike , as if it were agitated by the Ofcillation of 
tbtBedyh, 

It is evident from the Nature of the Centre of Gra- 
SGx, 
CO 



vity, per Prpb. 1. for nnk - is the Aggregate of all 



the C^: x p = C : , 

<5&: do* 

Prop. 5. * Prob. 2. 

The Magnitude of pny Body A, /A* Centre of Gravity 
G, *m/ /A* P«»/ of Sufpenfion C being given ; to find 
its Centre tfQfcillatipmO, 

It is dome per Theor*, j. bjr finding the Quantity C> 
or per TMor. 2. by fceking the Quantity D. 

Scholium*. 

To inveftigate the Calculus in a particular Cafe, the 
Quantity C and D muft be chofe, as the Nature of the pro* . 
pofed Figure fuggefts. Then either of them being given, the 
other will be given alfo .by Equation (Prop. 3.) C = 
CQ* ; X A ^- D. Whence likewife will be given the 

Paridldogram CG X GO = -?- (per Cor. Prop. 3.) == 

C ' 
-rrrrj— CG*. By the Help of which, from the Centre 

of Gravity, and the Point of Sufpenfion being given, the 
Centre of Ofcillation is given by Diviliononly. - Where- 
fore in any Example, it will be the; beft to find firit this 
Parallelogram^ either by the Computus, of D, or by the 

Quantity 
Hh a ' 



Fit 



4 



-*?g*~s£? ^ 
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Quantity C, from a proper Affumption of the Centre of 
Sufpenfion. 
. The IUirftr*tu>n of the lame, by an Example of two. 



, Example i. 

:. Let there be a Pyramid ADC (See Ftg. 13.) whofe 
Bafe is the Parallelogram AD, and let thfe Motion of 
the Centre of Gravity in a Plane paffing through the 
Vertex C, and the Dimeter of the Bafe EF be parallel 
to the Side A. , .,-.-,», 

" Let the Vertex V be the CenrJ#'of Sufp6ttfion \ then 
far JVob. 1. the Figure ibay T be seduced, to ; * Phyfical 

•Plane of ah Ifbfceles Triangle^CEF (See Fig. 14.) in 
which tf, parallel to EF, reprefehts the Phyfical Line 
compofed of the Particles p. Let 'CJH = a 9 H¥ == i, 
and Cb = x ; then per Property of the Figure tb will 

be =— -, and tfie Particfe p dituated at the Point z will 


• *'• • ' • V W/"/ ' • ». , A ';' >\ ' v." .* *. 

be as *; .orjather^ Az ; being. made = t/; v *,. will 
be the Bafe of the fmall Prifm* and p will be as vxx ; 
whence *£w#Hl' be = Cz : X vxx = «;*** + * ^»**. 
Confequently the Sum of all the"Cz*x^, in the Line 

bz will be vx x3 4- ' xxv \ and in the Line ef (for v 

... ..:.-.' • .3 ^ . ,; . • 

ljy putting — ) that Sum will be J^"— x xx4. 

Whence again by taking the Fluent, and for x writing 

a, C will be- ^Iti.'x 'V»V' and A*= **!f, 

and the Diftance of the Centre of Gravity G from the 

Vertex C is CG fe|«. Whence -£• — ^ V^- *JL 

A A 

00 



Exam pi e 
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Example 2/ 

' Let the propofed Figure be a right Cone defcribed by 
the Rotation of an lfofceles Triangle ECF about the: 
Perpendicular CH. 

Here again taking the Vertex C for the Centre of - 
SufeeriCon, and making CH=*, HE=i, Cfc =*, A*=v, 

as above 5 then will^ = i*v x — **— w r i whence 



<ij 



T* 



a v x x xk-Y w x ~^-* x — w 



?* x* — v 1 1 . And when 



^ocx 



rj\ Let B be the 

Segment of a Circle dcfcribed by the Diarneter ef y which 

is near to the Abfc^fl* £* = */, and to the Ordinate 
_" " ^^ 

JL:xx— vtf'i then the Sum will be of all the Cz*:*p 
aa 

in the right Line b%= 2xX — — x*B — »xvx 

v=*eh f this Sum will be 

ia x A-b % 4**+** • 
t — X % B > whofe Double is % - .***Ris 

Part of C in the right Line ef y and the Area B, as x* i 

therefore let B=f ex*, and that Part of C will be > ***+ * 

x fir^i'whenai by taking the Fluent, C 5= 
ywJrhb^ x m% % andthe Cone As=J m j i and CG = 

f A. Whenee:-^ ~ C5* : - T - ~j— 

' And after this Method proceeds the CtfZnr&u in other 
Figjires, when the Ratios CA to **, and fc to p arc more 
compounded. 
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Example 3* 

- That the Ratio of the C&lcidus of the Quantity D 
may be manifeft; let there be a Parallelepipedon, per-* 
pendicular to the Horizon, and parallel to the Plane of 
the Motion of the Centre of Gravity ABD. 
, , Draw the Diameters EF and HI (See Fig. 15.) and 
let p be the Altitude of the finall Prifms, and let ir be 

parallel to HI j and GF a a, GH = *, G* = *, an<T 

• • • • • 
j«==v ; then will D?= vm-J-^m., Whence .the Part 

of D in the right* Line tr will be %bxx*-\-tfrx \ tod 
again by taking the double of the Fluent, D will be = 

. **+#* , and A» = 4«*, wfence-S- = fS±S 

Ati DB Spared. — 



::i 



XLM,PLE 4. 




Let the laft Example in a Sphere, whofe greatefrCir. 
de is Bfr> Diameter AB, and Centre G. Then bar* 
5# ing draw:n ^he Lines as in the Scheme (See/%. 16.) it 
^evident D , will be s= Gsq : x p+Gmq: xp ; but th* 
Sjim of all the Gsq: xp in the right Line tr is G^ 
drawn into the Area of a Circle defcribed by the Dia- 
meter tr. Likewife the Sum of all GMqiXp in the right 
Line it is Gmq : X into the Area of the Circle defcribed 
by the Diameter ki ; when it immediately appears, thai 
D is = to four Timet the Fluent of Gsq.; into the 
Area of a Circle, whofe Diameter is tr. There- 
fore-let c be the Area of a Circle, the Square o£ 
whofe Radius is 1.* and let GA=*: and 6* = *-' 
then will D =s pcxx x taa—cxx = 4<w****— 4,^4 . 
whence taking the Fluent, and making * = *, D wflf 
be 3= t» ws, and A = ♦ M » i whence IL- iaa 

By 
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By Reafon of the Affinity of Solutions of Problems of 
this Nature I mean the Centre of Percuffion) I will add 
the Solution of one Problem , only of the Centre of 
Percuffion. 

DEFIKIf ION. 

Centre of Percuffion is that Point of a Body in Mo- 
tion, wherein all the Forces of that Body are united into 
one, or it is that Point, wherein the Stroke of the Body 
will be greateft. 

The Centre of Percuffion is the fiune as the Centre of 
Ofcillation, if the ftriking Body revolves about a fixed 
Point ; whence a Stick of a cylindrical Figure, fuppofing 
the Centre of Motion from the Hand, will ftrike the 
greateft Blow at a Diftance about f of its Length from 
the Hand. 

The Centre of Percuffiort is the fame as the Centre of 
Gravity, if all the Parts of the ftriking Body are carried 
by a parallel Motion, or move with the fame Velocity. 

Prop. 6. Phob. 3, 

To find the Centre of Percuffion of Body whir I'd 
about a given Point, to wit, jucb a Point, that a Body 
impinging againft it, and being loofed from the Point of 
Sufpenfion, may neither, incline to one Side or the other. 

Firft, it is evident, that this Point muft be fought in 
the Plane of the Motion of the Centre of Gravity. For 
If a Body be refolved into fmall Prifms (See Fig. 17.) asf£. t j m 
Normals to -that Plane, they will be carried about in a 
parallel Motion to themfelves ; whence the Moments of 
each Part of that Plane will be equal ; confequently by 
the Refinance made in this Plane, no Point of the Body 
will be driven from it. Therefore let the Plane be AB, 
to which let the Body be reduced by Contra&ion of the 
fmall Prifins in the Particles p 9 fituated in the Points, 
as in Problem 1. In this Plane let C be the Centre of 
Rotation ; or at' leaft its Proje&iort made by a perpen- 
dicular Line kt fall on this Plane ; and let Q_ be the 
Point fought. Thro' C draw Cg at Pleafure, in which 
take two Point* % and £ , as «(£, and fQ, being drawn, 

the 
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the Angle CzQmay be dbtufe, and the Angle QfQacute % 
and in the Points % and £, let the Particles be p and *»; 
Then to Cg having drawn the Normals %r, and %r; 
which are to one another, as Cz to C£, the abfolute Ve« 
locities of the Particles p and; * will be reprefented by 
thcip. . And the Part3 pf thefe. Velocities, which are in 
the Dire&ions zQ, anc £Q^ are taken away by the Re r 
fiftance of the Point Q* And to Qz, and Qf , draw 
the Normals CD, and Qd ; and becaufe of equal Angles 
*CD = rzQ, and £G/=:r£Q, the other Parts of the 
Velocities in the Directions to the Perpendicular Qz, and 
Q|, will be as zD, and %d ; whence having the Ratio 
of theDiftances Qz,. and Q£ f the Force of the Particle? 
p and * will be to move the Space AB into contrary 
Parts, as Dz x zQx/, and & x 2 Q^/>. And by the 
Conditions of the Problem, the Sums of fuch like con- 
trary Forces rauft be equal among themfehres. 

By Reafon the Angles being right at D and d> the 
Points D and d are at thd Circumference of a Circle de- 
scribed by the Diameter CQ. Let the Centre of the 
Circle be E. Then having drawn Ez, and E£, meeting 
. the Circle in F and I, /and 1, Dz x zQ, will be = Fz x 
*I = Ef*:— E**:=EQi:— Ez'*:, and </£x$Q*= 
E§* : — EQS Wherefore the Sum of all the EQ^: xp 
'— Ez? 1 : X £ will be = to the? Sum of all the E& : 
X-r — EQj:X9r; and tranfpofing the Terms, the 
Sum~of all 4 the E Qj X p + v — to Ez$ : x > + E? ? : X 
-ri that is, if /> be put for the Partible ^ ?yitjjjrn the 
Circle, as well for the Particle *■, without the Circle, the 
Sum of all the EQ? iXp will be -s. to the Sum of all the 
Ezjrxp. To CQ^draw the Normal zs ; then will Ezq 1 
^Cz^: + ECj— QCxCj. Which Value of Ez?, being 
fubftituted for the feme, and the Equation duly order'd, 
>t length you will find the Sum of all the CQxC/x^ 
.5= to the Sum of all Czqixp, whence is ^^; - lf . 
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f»Q ^ to the Sum of all the Czq : xp 
bum : of all the Cs xp 

And the Sum of all CzqiXp is the fame Quantity C ift 
the Calculus of the Centre of Ofcillation. And if the 
Centre of Gravity be G, and to CQJ>e drawn the Nor- 
mal Gg ; and the fame Body be called A, the Sum of all 

Q 

the Cs xp = C^ x A ; whence is CQ^= - — -. Let 

C^xA 

the Centre of Ofcillation be Oj then per Theorem i. 

will CO = ■ , C . Whence is Cr : CG : : CO : 
CGxA * 

CQ/, wherefore, thro' O draw the Perpendicular, drawn 

to CO, will pafs through the Point Q. 

a E. D. & I. 




Ii 
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Of the Motion of a Mufical 
String. 



L E M M A I. 

LE T ADFB, and AA*B, be two Curves (See 
Fig. 18.) whereof this it the Relm 



B 




Figjs 



>een them* 
be Ordinates 
* the Ordi- 
r Curve may 
t lajl Ratio 
$^> D^ as Ca 



Demonstration. 

Draw the Ordinate c £d near to CD, and to D and 
A draw the Tangents Df, and A 8, meeting the Or- 
dinate cd in t and 8. Then, becaufe c f : cd :: Ca : 
CD {per Hypothefis) and the Tangents produced one 
into another will meet the Axis in the fame Point P. 
Whence by Reafon of fimijar Triangles CDP, and ctP 9 
CAP, and r8P, it will be d:ct:: CA:CD(::^: 
cd per Hyp.) : : <T8 ( = <:8— a\ to dt {=ct—cd. But 
the Curvatures are in a and D, as the Contact of 
the Angle 8A<^, and tDd; and becaufe /A and dY> co- 
incide with fC, thefe Angles are as their Subtenfes <Tfl, 
and dt, that is (by the Analogy above found) as Ca, 
and CD 5 wherefore, &c. 

Q.E.D. 

Lemmas 

In any Article of its Vibration^ the JlretcVd String 
between the Points A and B, takes the Form of every 

Curve 
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Curve A/*B """"*" x "*' 

crement of t\ 
Uration ariftm 
as the Curvati 



Suppofe thj 
infinitely fma 
thePerpcndid 
which meet v. 
*s 9 and ps in , 
Prin. Mechanics, . 
tides ^P, and Pt, ai 
Force of the Thread's 1 

of this Force, whereby the Particle pV alone is urged, 
will be to the String's Tenfion, as ct to tp 9 that is (by 
Reafon of fimilar Triangles ctp, tpR) as tp, or ?p toR/ 
or PR. Wherefore, by Reafon of the Tenfion's given 

Force, the abfolute accelerating Power will be, as ■■>£-. 

But the generated Acceleration is in compound Ratio of 
the Ratios of the abfolute Force dircftly, and of the Matter* 
to be moved inverfely ; and the Matter to be moved is the 

Particle Vp : Wherefore the Acceleration is as JL, that 

is, as the Curvature in P. For the Curvature is red- 
procaHy, as the Radius of the Ofculatory Circle. 

Q.E.D. 
Problem 1. 

*fo define the Motion of a ftrecVd String. 

In thS» Problem, and thofe that follow, I put the 
String to be moved by the leaft Space from the Axis of 
Motion, that the Increment of the Tenfion from its 
Length being augmented, alfo the Obliquity of the Radii 
of the Curve may fafely be negleded ; wherefore the 
String is extended between the Points A and B ; and let 
the Point z be brought to the String to the Diftance Cz 
from the Axis AB (See Fig. 20.)* Then having moved Fig. 20. 

Ii 2 - the 
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the String, by Reafon of its flexure in the Point C only, 
it will firft begin to be moved (per Lem. 2.). And im- 
mediately the String being bent in the next Points $ and 
d: Thefe Points likewife will begin to be moved, and 
then £ and 1, and fo forwards. Likewife, by Reafon 
the Flexure being great in C, that Point firft will be 
moved with the greateft Velocity, and then augmenting 
the Curvature in the next Points D, E, £ff<r. that con- 
tinually will be accelerated fwifter, and by the fame La- 
bour, the Curvature in C being diminilhed, that Point 
again will be accelerated the flower. 

But that this may be manifeft, the String always muft 
take the Form of the Curve ACDEB, whofe Curvature 
in any Point E, is, as its Diftance from the Axis E» ; 
likewife the Velocities of the Points C, D, E, fcfr. be- 
ing made amongft themfelves in the Ratio of the Dis- 
tances from the Axis-Cz, D£, E», fcfe. For in this 
Cafe, the Spaces CX, D</\ E«, &c. run over in the leaft 
Time, will be amongft themfelves," as the Velocities, 
that is, as the? Spaces Cz, D^, &c. are to be run over ; 
whence the other Spaces xz, <^-3-, €#, &c. will be 
amongft themfelves in the fame Ratio. Likewife (per 
Lem. 2.) the Accelerations will be amongft themfelves in 
the fame Ratio. By which Means, . the Ratio of the 
Velocities always being obferved to be the fame amongft 
themfelves, as of their Spaces to be run over, all the 
Points will come together to the Axis, and will go to- 
gether ; wherefore the Curve ABDEB is rightly de- 
fined. . Q.E. D. 

Moreover', the two Curves ACDEB, and A#/*B, 
being compared between themfelves (per Lem. 1.) the 
Curvatures will be in P arid /, and the Diftances from 
the Axis D->, and f$: Wherefore (per Lem. 2.) the 
Acceleration of any given Point in the String will be as 
its Diftance from the Axis. When (per Phil. Nat. 
Princ. Math. SeSf. 10. Prep. 51.) all the Vibrations, 
both the leaft and the greateft will be performed in the 
fame Periodic Time, and the Motion of every Point will 
he like the Ofc illation of a Funipendulous Body in the 
Cycloid. 

Q.E. I. 

Cor ouuy 



ai 



Vibration. 

• <Let the String be extended between the Points A and 
B (See Fig. 21.) by the Force of the Weight P, and letfifc. 21; 
the Weight of the String be N, and Length L. Like* 
wife let the String be made in the Pbfitidn of AF^CB, 
and at the. Middle Point C, ere& the Normal CS = 
Radius of the Curvature in C, and meeting the Axis AB 
in D ; and having taken (he Point p near to C, draw 
the Normal^-, and the Tangent pt. 

Therefore, as in Lem?na'2 9 it appears, that the abfo-. 
lute Force, whereby the Particle pC is accelerated, is to 
the Force of the Weight P, as ct to pt j i. e. as ^C to 
CS. But the Weight P is to the Weight of the Particle 
pC 9 in a compound Ratio of the Ratios P to N, and N 
to the Weight of the Particle ^C, or as L to^C, that is, 
as PxL to Nx/Cj wherefore thefe Ratios being com- 
pounded, the accelerating Force is to the Force of Gra- 
vity, as PxL to NxCS. Wherefore let a Pendulum 
be denoted by the Length CD ( then per Priacip. 
Math. Se&. X. Prob. 52.) the Periodic Time of the 
String will be to the Periodic Time of the Pendulum, as 

V*N"xCS to V P~x L. But (by the fame Prop.) the 
Force of Gravity being given, the Lengths of Pendu- 
lums are in duplicate Ratio of the Periodic Times; 
whence it will be Nx gSxCD ^ or (for cg having 

▼Wte -£g- per Cor. Prob. i.) ^t" - to the Length 

Of 
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of a Pendulum, whofe Vibrations are Ifochronical to the 
Vibrations of the String, ; < 

To find the Line <ar, let the Abfciffifc of the Curve be 
AE^=z r and Ordinate EF=ar, and the Curve AF= 
vs and CD =**. Then {per Cor. Prdb. 1.) the Radius' 

of the Curvature will be in F = -^-. But having 

x 

• * 

given v the Radius of the Curvature -^ . Whence 

% 

• p . . 

w-^-_ ==? -^-^ j wherefore aaz> = v*#, and taking: the 

Ifkents aa% s&52L»»" m i . v . » -|- tara (where the given 
Quantity — ^\-vaq is added, that 3 may be 

2 1 

ipade =5 v in the. middle Point C). And hence < 

. tfa» Calculus being ordered, % will be = to 1 

•'/ ■ tl \\ « ^ ,^ ' ,iz Z ' Now b and * vantfh in- 
refpeSt of <f, that theCurvemay coincide with the Axis, and 

% wilt be made = *'* . With the Centre C 
f ijbb-+-xx 

% 22. and £ad. CD=J, defcribe a Qyadrant DPE (See Fig. 22.) , 

and making CQ=r*, and ercfling the Perpendicular 

bx 



QP,and the Arch DP beings, y wiU he = 

*Jbb — xx 

b . £ 

is ~ z. Whence y = "^~a> and s==-yyj animat- 
ing jrs=^ — CD (in which Cafe likewife make y — Arch 
of the Quadrant DPE, and % =5. AD = I L) T L will 

be =« x -gjp, and a = L x--^l-. Therefore let 

CD 



■jit r 
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-*W TVamH-pr nf a C'^fe to the 



CD be' 
Circuml 
wherefdj 
of the , 

x L x 1 

Period* , , 

the Pe _ _ . * 

Periodic Times of Pendulums arc in half Ratio of their 
Lengths, 

CoROLtARY. I, 

The Number of Vibrations of a String in the Time 
of one Vibration of a Pendulum D is -4- * / £* - 



D 

IT 



Corollary 2. 



Becaufe —_ x V tt" * s £* ven > ^ Periodic Time of 

the String is, as ^J -p— x L, and the Weight p be- 
ing given, the Time is as VN x L. 



^/g^22 




0/ 



{ 24 8 1 

Of the Laws of Centripetal 
Force. 

A 

THEOREM. 



/F a Body be moved in any Curve urged by Centripetal 
Force, that Force will be in any Point of the Curve* 
in a Compound Ratio of the dire ft Ratio of the Dif- 
tance of the Body from the Centre of Force* and the Re* 
ciprocal Ratio of the Cube of the Perpendicular let fall on 
the Tangent in the fame Point* and drawn into the Radius 
of the Curvature which the Curve there Jball obtain* 

Fig. 2$. Let QAO be any Curv e (See Fig. 23.) and let AO 

' I ! ] ' ' ' "" leaft Time, Pm its Tangent, 

f equal Curve, that is, the 

try coincides with the Arch 

fall perdendicularly from the 

let OM be drawn Parallel 

bid Om exhibits the Force, 

A \ A is urged towards S. The 

* Ides perpendicularly from the 

pat is, the Force tending to- 
• Body to become moveable, 
furve to the Arch AO, by 
j>y it was firft brought, and 
Ing towards S, whereby the 
We AO, as On to Om 9 or, 
angles, as SP to SA. But 
Bodies brought into Circles 
" jlocities apply'd to the Radii, 
per Cor. Tbeor. 4. S. J, Nezvton's Princip. But the 



Velocity is reciprocally as SP, or, directly as -L-, where- 

fore 
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fore the Squares of th< 

Therefore the Force as 
Body may be moved in j 

■,a ■■* . ,. : But it has H 
SP'xAR : 

as the Force tending to j 

be moved in any equiciu 

ing towards S : But the 1 

1 ; wherefore w\ 

br*xAK 

. ^ A n , the Force t 
SP'x AR * 

SA '. 

SP' x AR * 




If the Curve QAO be a Circle (See Fig. t\.) the Ccn- % 

SA 
tripetal Force tending towards S will be as . 

Wherefore, if the Centripetal Force tend to the Point S, 
fituated in the Circumference (per 32 E. 3.) the Angle 
PAS will be equal to the Angle AQS. Wherefore by 
Similar Triangles ASP, ASQ> it will be AQ.: AS 

AS :SP:; whence SP = 



Whence 



SA 



SAxAQ3 



AS* . qpi _ AS« 



AQ! 



2 that is, be- 



caufe AQ. 
AS5. 

Let D AI r;o~ 
DB, Foci* $" 
to them in ' L & 
SA and 
SK:: (3. 
being give 
lines SA, 
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AL =» \ Latns Reitum =» JL (per Prtp. 6. Part* qt* 
Seft. Con. Mtlnij). 

Moreover, bccaufe KA is to the Parallel SP, the Angle 
ASP=KAL=TOA, becaufe the AngleTAO is the Com- 
pliment of both at a right Angle: Wherefore KA : AL : t 

SA:SP. WheneeSP=i-lc _|4-» arid KA sr-L x 

2 KA 2 

SA" 

"ST* 
Moreover, by Reafori of Equi-angular TrUMgfcr,' 

KMi, GPS, and OTA, SPA, it is 

KM:Ki::GP:GS::AP:SK 
AHo Ki : AT : : . SK : " ' 

Alfo AT:AO :: AP 

It will be KM : AO : AP* : SA* :: £ 

:: SA* — L '* SA * : SA* :: 4 AK* 
4AK* 

whence L* : 4AK* :: ( AO— KM : AC 

and its like Manner AR = 4 ^p . 

very lame Reafon'tng is found the Rat 

vature in the Hyperbola =s * ■. = 

In the Parabola the Calculus is eafiet 
Ftg.26.oi the given Subnormal (See Fig. 26. 
equal to AT, equal to the Fluxion of tl 
Triangles KiM, ATO* SPA, AKL — , 

whence KM : Ki : : AP : SA $ likewife AT, or Ki : 
AO •■:: AP : SA j whence KM : AO :: AP* : SA* :: 
SA*— SP* : SA* :: whence it will be SP» :SA» :: AO 
— KM : AO :: AK : AR$ and therefore Alt =t 

SA !^ AK - i but AL = f Latut Reihm =iL, and 

AK : AL ;: SA : SP > wherefore it will be -jp*^ 

-SP, 



:/r 
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= SP, and SP* = t L% j^* > S wherefore AR will be =, 
4AKI ; or becaufe AK = i^~-, AR will be = 



L* 

LxSA' 
~TSP' 



2SP 



From hence arifes a very eafy Conftru&ion for deter- 
mining the Radius of the Curvature in any Conic Sec* 
tiorr. For let AK be a Perpendicular in the Se&ion 
meeting the Axis in K, (See Fig . 27.) From K on &g *? 

AK, let the Perpendicular HK be »r«&H «yirh AjS nrn, ^ 

iluced, meeting in H. From H let I 

pn AH, be eredfced, AR will be tl 

Curvature ; in the Parabola the Conftri 

more fimple. For, becaufe of the Natur 

SA=SK ; and the Angle AKH a right c 

Gentreof a Circle paffing thro* AKH ; w 

Radius of the Curvature by producing S . 

SA, and by erecting the Perpendiculai 1 

R will be the Centre of the ofculating 

rabola A. ' 

The Centripetal Force tending to 
Conic Sedion, in which a Body is moi > 

proportional to the Square of the Diftj 

AR = -3py"« "SI^AR WlUbc * »r.xi. x*~ 



LxSA 1 



that is, by Reafon 



.2- being given, the 



centripetal Force will be, as -^-. 

bA 

Let there be an Ellipfis BAD (See Fig. 28.) which /v 2 8. 
% tbe right Line GE touches in A, and let SP paffipg thro 9 
the Centre of the Ellipfis, and KA thro' the Contact be 
perpendicular on the Tangent. SP x KA will be = to 
a fourth Part of the Figure of the Axis, or equal to the 
Square of the lefler Semiaxis =2 BO x DE. For by 
fteafon of equi-angular Triangles, GBO, GLA, GAK, 
GPS, and GDE. 

Kk a SP-: 
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SP : SG : : BO : GO 

SG : DG :: BG : LG :: GO : GA 
DG : DE : : GA : AK. 

Whence SP : DE :: BO : AK, and SP x AK = DE x 
BO = JLxSB, 

Hence, if a moveable Body be moved in the Ellipfis 
by the centripetal Force tending to the Centre of the 
Ellipfis, that Force will be directly as the Diftance ; For 

. =.4 = to a given Quantity. Becaufe SP x 

JL#"" 

AK is a given Quantity, Therefore, the Force, as 

.__ — , will be as £A the Diftance. 
SP'x AR 

Fh. 25. In Fig. 25. let fall the Perpendicular FI, from the 
Other Focus F, on the Tangent ; then by Reafon of 
equi-angled Triangles SAP, FAI, it will be 

SA : SP : FA : FI = SP *f A ; whence will SP 

xFI= * =* Square of the leffer Semiaxis* 

whence, if the greater Axis be called b, and the letter 
%d ; then will SP» ^ ^ AS , and SP = ** T 



But in the Hyperbola SP = 



b— SA jb— SA 

</SA* 



t/J+SA 

In the Parabola, SP = i/dSA ; its Latus Rtfium be- 
ing put = ifd. 
Becaufe TA* : TO 4 : : AP» : SP* : : SA 4 — SP* :SP» : : 

bSA —SA*—tP ; «ft ; it will be 

V*SA— oA*~^ : d : : TA : TO, when TA ;= SA, 

TO wiH be =• ^ SA 



V*oA— SA*— 4* 

Now 
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Now let QAO be any Curve, whofe leaft Arch let 
be AO (See Fig. 29.) and AP, Ofr Tangents in the Ftg. 29. 



Points'A and O 5 Let SP, Sf 

Tangents, AR the Radius i 

SAxTA _ AR ^ and thc pcr | 

let be SP, Sp. For by Reafd 
itisyP:AO::PA:RA, a| 
whence ex a quo, it will bj 

R A 5 but J? = SP, wherefol 



n 



Hence, if the Diftance SA 
and be divided by the FJuxic 
Radius of the Curvature will 

rem, the Curvature in Radial Curves is ealiJy deter* 
mined. 

Example. 

Let AQ.be a Nautical Spiral, feeing the Angle SAP is 
given, the Ratio SA to SP will be given alfo, let that Ratio 

teas* to*, SPwiUb«=-^A_ t and SP = -^, and 

a a 

AR = .§AS£- as ■££- i whence it will eafily appear; 

SP * 

that the Evolute of the Nautical Spiral is the fame in any 

SASA SA 



other Pofition, feeing AR = 
SP 



will be 



SP SP»xAR 
And again from the given Relation SA 



o rt&ZS 




lotus Riftm =s %K ; **4 fct VtfQJbe apethq: Cyrve fo 
ttiated to this, *haj the A*gfe VSA be j^rpptualjy pro- 
portiooal to the Apgfe Vfo, and H 5*=§A. The Law 
«f centripetal Force fepdfeg to S is fqugfat* wljcreby ft 
Body may be moved in the Qurve VaQ± 

Seeing the Angle VSA is to VSa in a given Ratio ; 
the Iocremeate of tfaefe Aflgfet will J>c jn tfrp itaae Ra- 
te; an4 ta to JUtip b^isp (o« ; *wbeqce *t <*rill hp 

-J!*2I_. But OT = -^=— ,w*ence 
" ^iSA— SAV-i 1 

»JSA 
«-■=• „ And feeing SA* + SP»: 

wV* s A— SA*— </«• . 

$P» :: to* +«/* : «• :: $X>+ W'SA*' 

«»WA-SA'-* • + *z x A>A-SA*-tf* 
? »/»x^A-lSAW :: *«A-**A>-**»+** 
: » s rf* ; whence it will be JmHSA—rf*&A % —m'd t -jf* I 3 L 
[ nd: : SA :SP, and SP= nd&A 

Xnat the FJurtion of which way be had, Jet * be wrote 
for »j*ASA--OT»SA*--»iV*4-«*i» } and SP will be = 

-ggJL, and SP» ^ »3rf»SA» . . 

^ «. T^ > and * = m*£SA — 

4«*SASA, and SP= ndSAxx"^ nA \ Ax , and by 

reducing the Parts to the iame Denominator j SP wjll be 

ndSAx— indSAJc . .. . „ ... 

— — x 1 and in the Numerator, in the 

Place of x and x t by putting their Values, and ordering 

;*, .feme, k. W de BKs^Pfr**"*'^****, 
4 ' " - whence 
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whente — < r- = - — ! trrrt — : — ♦ Bifc 

SP'xSA ***SA* "* 

s p 

is, as the Centripetal Force ; wherefore the 



SP'xSA 



t? mi i- t»**SA — m % J*-\-n*d* * ,. > 
Force will be as -2- »asa3 " ; or ( bec ^ ttfe 

»*<** will be in die Denominator) the Force will be a* 

J££±g2l£±2l£-, or iriftead of * by putting 

J*-, the Force will be *. &V A-^»* R+»„»*R 

2 * SAJ * 

or, (becaufe ± is given) as ■*fr-*«H*« i , „ 

2 «A* 

J^4-J5e±j2l. AO which exa£Uy coincide 
SA* *A3^ . . 

with tfiblje which Sir Ifaat'fawton delivered in Prep. 44. 

of his Priricipia concerning the Centripetal Force of a 

Body moving in the lame Curve. 

Forafmuch as the ' Centripetal tottt teftdittg tb the 

Point S, which being urged, a Body may be moved im 

the Cua*, is .always as ■ , . ; hence . from the 
-■ ... SP*xSA 

fiven Law of Cferttripctatl Force the Relation of SAto 
P may be found ; *i therefore by the hww* Method of 
Tangents the Curve may be exhibited, which might be 
defcribed by ally given Centrijfetal Force. 

Example. 
Lei the Force be reciprocally afc any Power m of the 

Diftance, tLft is, let ** 1 = —-* -££— 

SPixSA **SA* SP* 

will be a* w r 5 * > ■ . and taking the Fluents of thefe 
rfkSA* 

Flu*i*m 



Fluxions {S?~* wifl be = *5* £i, whence will 

m — ix«* 

=SP*, and by multiplying both Numerator 



2=!x*> 



J8A , -±# 



and Denominator of the Fraction by S A*~ * ; and, in- 



ftead of 22=2L ** put </* is ^ SA ^ ~ SP* ; 

i+.SA"'"" 1 

wherefore SP = ^jj^IV. 

But if e be a conftant Quantity 8P y SA w }fl 

be equal to nothing. 
Wherefore, if the Force be reciprocally as the Square 

of the Diftance; SP may be put =» ' j^, 11 9 and the 

Curve will be a Parabola, whofe Latut Rmum i* 

-j— , or you may put SP = </x ^J SA > and the 

Curve will be an ElHpfis; or finally, you may putSP 

Vsa""" "" 

= i * — , and the Curve appears an Hyperbola. 

y*xSA 

If the Force be reciprocally, as the Cube of the Dif- 

tance, it may be fuppofed, that SP = -f£d., and the 

b 

Curve bt a Nautical Spiral; or SP= — ^ A z f and tfat 

Curve will be the fame, whole Conft/u&ipn Sir Ifaac 
Ncwto* fought from the Seftor of the Hyperbola, or 

may 
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/fSA 
may be as SP = . . and Sir Ifaac gives the 

Conftrudion of the fa me Curv e h" FHinnVal Sedors, 

If the Ce 
tance; the II 
by an Algebf 
a Logarithm! 

lajforSPisj J 

Logarithm o| 

Now, let „ ~wy vc jnoved in tne v;urvc <^au, 
(See Fig. 23.) by the urging Centripetal Force tending f/^. 234 
to S ; and let the Celerity of a Body in A be called C j and 
the Celeritv with which a Body,- with the fame urging 
Centripetal Force, in the fame Pittance, moved in a 
Circle be called c ; It appears from the firft Theorem ; 
that if SA exhibit the Centripetal Force tending to S ; 
the "Centripetal Force, tending to R, will be exhibited 
by SP, which being urged, the Body with the Celerity 
C, will defcribe a Circle, whofe Radius is AR ; and the 
Centripetal Forces of Bodies describing Circles are as the 
Squares of the Velocities applicate to the Radii of the 

Circles i wherefore it will be SP : SA : : ~^- : -g*- ; 

w hence it will beSPx AR : SA» :: C* : c\ and C : c :; 
VSPxAR : SA. 

If SP coincide with SA, as in the Vertices of the 
Figures, it will be C : c : : V AK. : VSA : But if the 
Curve AR be a Conic Se£tion, the Radius of the Cur- 
vature in its Vertex is equal to half the Latus Rtftum 
=s r L. And in like Manner, the Velocity of a Body 
in the Vertex of the Se<3ien is to the Velocity of a 
Body in the fame Diftance defcribing a Circle, in dimi- 
diate Ratio of the Latus Reftum, to that duplicate Dis- 
tance. Seeing AR == % — ^ it will be C* : c x : : 

SP 
LI SPx 



SPxSAxSA. SA , ;: JP^ :S A::SPxSA: 



SP SP 

SA x SP ; therefore from the given Relation SP to SA, 
(he Ratio of C to c will be given. 

Exam ple. 
If the Force be reciprocally as the Power m of the 

TS-n SP * 

Diftance, that is, let — •= — , and it will 

SP3XSA **SA 

icpjwci 
be SP : -2— 2-iL . wherefore it will be C* : c* :: SP 
«*SA 

, aSP'xSAxSA „ «-i _ 

x SA : r : : «*SA : JSP* ; whence, 

. «*SA 

if we put Sr* = .. . ■ ■ m ss 2 . ., .. ■ , it 
b b 

will be C* : c* :: tfiSA"*"" 1 : *~'» tf*SA*~ X :: m^t 

. % 

: 2 ; and moreover C : c : y' a ; ^z& — 1« 



ButifwcpatSP»;==. ■ f _ ■ ii.1 ■= a 



*— *SA *— *SA 

* ,_I rf*JSA"~ I 



it will be O to *%■ as * *SA W-X to -5— 

ir-*SA 

that is, as £~*SA*~* to **~' - J ; but the Ratio is 

2 

j_,SA W ~ r to ^HIx *, lefs tftan the Ratio b to 2^1i J, 

2 2 

or the Ratio i to j k— i ; whence will C to c be in a left 
Ratio, as VVa~to Ww—i* 

Likewise 
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Likcwife, if SP be taken = — £5£ ,Cwillbe 

found to c in a greater Ratio than V a" to <Jm — i. 

COROLIARY, 

If a Body be moved in a Parabola, and die Centri- 
petal Force tend to the Focus S, the Velocity of a Body 
will be to tb* Velocity of a Body defcribing a Circle in 
the fame Diftance every where, as V t to i. For in 
this Cafe iff si, and at— t = i. The Velocity of a 
Body in an Ellipfis is to the Velocity of a Body mov- 
ing in a Circle to the lame Diftance, in a lefler Ratio 

than V1T to i. And the Velocity in an Hyperbola 

is to the Velocity in a Circle, in a greater Ratio than - 
i/Tto i. 

If a Body be carried in a Nautical Spiral, its Velocity is 
every where equal to the Velocity of a Body, de- 
fcribing a Circle in the fame Diftance, for m = 3, and 
m — 1 = 2. 

Problem. 

Granted, that the Centripetal Force (whofe abfolute 
Quantity is kwwn ) hi reciprocally, as the Square of 
the Diftance ; and Ut a Body he projt&ed according to' 
a given right Litir, with a gwtn Velocity, to find the 
Curve in which the Body is moved, (See Fig. 31.) j&- * lt 

Let a Body be projected atcording to a given right 

Line AB, with the given Velocity C. And feeing the 

abfolute Quantity of the Centripetal Force is known ; 

fron) thence will be given the Velocity, in which a Body 

might defcribe a Circle to the Diftance SA, the fame 

Force urging it j for it is equal to that which is fought, 

whilft a Body, with the fame applicate, urging Force, 

uniformly '-fails through i SA. Let that Velocity be c. 

From A in AB, erelS the Perpendicular AK, and in it 

SA* 
take AR, a fourth Proportional to c % C z , and — sp—* 

and 
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and AR will be the Radius of the Curvature in A. 
From R on AS let fall the Perpendicular RH, and from 
H on AR, the Perpendicular HK, and having drawn 
the right Line SK, the Axis will give the Tofition. 
Make the Angle FAK = Angle SAK ; and if FA be 
parallel to SK, the Figure in which a Body is moved 
will be a Parabola. And if SK meet the Axis in F, and 
the Points S and F fall on the fame Part of the Point K, 
the Figure will be an Hyperbola ; but if the Points S and 
K fall on contrary Parts, the Figure will be an Ellipfis, 
whence the Sedion, in which a Body is moved, will be 
defcribed by the Foci S and F, and the Axis = S A Hr 
FA. , 




A Solution 
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^/Solution of the Inverfc Prob- 
lem of Centripetal Forces. 



LE T VIL be any Curve, which a Body urging by 
Centripetal Force (See Fig . 32.) defcribes, tending Fig. 32. 
to the Centre C : This Curve, the Right Lines TP. ■ 
K^, cut in two Pou I 

which from the Ce| 
C/j alfp with the • 
draw CI. . # 

The Centripetal ; 

Theorem, altho' w< 
another Demonftrati 
Kn parallel to CI. 
angles ICP, IKN, 1 
Triangles IK*, and 

I/orIP:IK:| 
PC : IP :j 
IN : IK :j 



PCX IN :IK*:j 

i. - 

Moreover, theTimL — .._ 

is, as the Area, or the Triangle ICK, or its Duple 
PCX IK j therefore, if the Time be given, PC x IK 
will be a conftant Quantity. And having given the 
Time, the Centripetal Force is, as the Lineola K*, 
which is described by the urging Force ; therefore the 
Centripetal Force is, as the Lineola Kff drawn, into the 

conftant Quantity * '^ ■ , that is> the Centripetal 

Force 



i 
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Force will be as ^L^. x |g!g. f or, as the 
Quantity -_^-~-, Q. E. D. 

The Velocity of a BodV in any Place is as the Force 
run ovtt lireflly jn any Ieaft Time, and, as that Time 

inverftly ; and therefore, as IK X £. l .., that is, 

r\^X IK. 

the Velocity will be reciprocally, as the Perpendicular 
from the Centre on the Tangent. 

If the Diftance of a Body from the Centre be called 
*, and the Perpendicular on the Tangent be called p 

IN will be s= *, and Pp =p\ and the Centripetal Force, 
may be exhibited by z-J- — , by taking any Quantity 

for /4, 
Wherefore let us call the Ceutripetal Fofce e, then 

will U-. s=», and J-LL. = if, and br taking 
p* pt 

their Fluents — T — Fluent of x ti 

2p z ■ ■ 

And when the Velocity ©f a Body is reciprocally, as 
the Eerpendjcular p, its Square may he exhibited by 

-^j . Therefor*, If the Velocity be called v, then will 

/4 

vZ = "^T — Fl««nt of **. But.if A be the Placs, 

from which the B&d^ is to fell, that it may acquire die 
Velocity v in h gr X, and from the Place of the Body 
D te erected the Perpendicular DF = j>; then will the 
JUSaqgfc :DE * t>F ?» £*•' Now Jet BFG be a' Cum 
fc«na,..whofir-Or*ifat»8.«xhi6it the Centripetal Foree* 

•or theQr !! Bnt^es,p.. .The Fluent <jf if m$- bf the Cux>- 

'•>••- " vilinear 
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vifinear Area ABFP = v* = - 5r : Blit if the Velocity, 
be that which is acquired by falling from an infinite Dis- 
tance, v % , the Fluent of ** will be equal to the Area 
ODFO indefinitely protenfed. 

Hence, will £ be always given in finite Terms; when 
the Curvilinear Area can be expreffed in finite Terms. 

Ex A M P L £ I. 

I*et the Centripetal Force be reciprocally as the Power 

(m) of the Diftance, that is, let *?= JL. If the 

x 
Velocity of a Body be that which is acquired, by falling 

from an infinite Diftance ; then will v % = ~; 



. -x 
in— IX* 



— JL ; and, in all thefe Cafes, the Area indefinitely 

protenfed is the finite Quantity. And a Body may be 
revolved in a Trajefiory Velocity, whofe Square may 

be made either greater or lefe than — - g m _ l - » ot 

m — 1 X* 

equal to it. Therefore will v* = IL = * ' »W ? - 

Hence by thefe urging Forces three kinds of Curve, 



tnay be defcribed according as e* is a pofitive Quantity 
or Negative, or none at, all. 

Example*. 
If the Velocity be greater than- that which is ac- 
quired by falling froft* an infinite Diftance, /^ r fr 

jpade = *^zr~ + '*'' but if ^ Vdo^V ** 

w ~ x *"~ 1 r 

lefs, 
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Ids it will be £- -= £— — e*i if equal, 



r „ — xx 



it wiH be A- = L 



xp z «— I 

r fl? — I* 



' Let £ /* be = aV*, and — i— >^==i*/*. And if the 
Velocity of a Body be that which is acquired by falling from 






an infinite Diftance, />*==- — r? — 9 or p = — r . 

But if the Velocity be greater or ,lcfs than this Ve- 
locity, it will be made as has been Ihewn .— H 

2 p* — 

g+e % x 
g m — * 

~ £TT i e * = « • Wheace for f 

m — ix x 

f*> and m-^T p hy P utt5n S thcir Values **'S a« d K* % * 

«— 1 

it will be -£!£l = **'*±*«* «* _ 
p * —- , or _ 



~V- X > thcrt will />* = -«* . Gonfcquently, 

* P±x 

if the Centripetal Force be reciprocally, as the Cube of 
the Diftance, that is, if m — 3, and iw — 1 = 2, ^* will 

be - - k% - % or ^ = s „ , or finally ^ = 



**— x* • 

In the firft Cafe it appears, that the Curve is a Lo- 
ganthmical Spiral, for p = « fotb.a :: x : p 



Therefore 



Therefore by Reafon of the conftant Ratio of b to ^ 
the Angle CIP will be every where conftant. 

Let us put p % = £-£- — , and from this Suppofitlbn 

there arifes three diverfe Kinds of Curves, as a s is greater* 
lefs, or equal to b. 

And Firft, let a be greater than b. (See Fig. 33.) Fig* it* 
With thm Cm**Bm*C^*nd tn afl y ft^ n Pittance, defc ribe 
a Circle . "^ 

duced, 

IPS B 



**-; 



IN : 1 

tfis gr 

thy* . 

Let th< 
CY : 1 



Let x = V> whence * = — -^-, and — 
*. . Alfo a* 1 -*- c* ±= — - c * = «, 



-— x ***— ** : Whence V**— * * a= -— x vV 



Which Values being fubftituted, it will be 
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— baz 



Cy/f — 7? 



Let *:#::*:!. that is, let «a«J 



then will XY, or y^ - ■ •<*?,■••, Bat. • *** 



<Jc z — z\ 4/'* — ** 

1 
is to fZ is «A to r, that is, ih a given Ratio* 

Confequeptly, therefore their Fluents, if they begin to- 
gether, will be in the faTRe Ratio, that is HY> or j 

• - Cz 

will be to the Fluent of - vsnhts) c. 

Wc z —z z 
: feiit if with the Ceiltre C, and Radius CV = c, a 
Circle VL be defcribed, and CG be»= z, and no=x\ 

Cz 
the Arch mn will be = i^ ^ =3 to the Fluxion 

<Jc*—z*' 
of the Arch Qjx,;when the Fluxion is a pofitive Quan- 
tity; but when it is negative, its Fluent is the Arc 
Vm 9 Compliment of the former. For the Compliment 
of the fame Arc, hath the fame Quantity denoting the 
Fluxion, only affe&ed .with different Signs \ becaufe^ 
whilft one increafefcti, the other decreafeth. 

Hence is HY to Vm, as nb to c: but CV is to CH, 

as V* : HY, that is, c : b : : Ye : - hxVe = H Y , 

wherefore it will Be — : Vm : : nb : c; whence 

V> : Vm :: n : r. 

Moreover, from the Natura of the Circle, it will be 

CG : CV :: CV : CT 9 when mT touches the Circle, 

c z 

that is, it will be % : c : : c : = CT = #s hence 

z . 

if the Angle VC* be taken to the Angle VG», as n 

to 1 ; and Ce be produced to K, as CK may be =s 

Secant CT, the Point K will be in the Curve fought. 

Here 
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Here it is to-be n oted, if « be a Number, that is, if 
a be to c % or a. to V** — b x 7 as Number tp Number, 
VI will become an Algebraic Curve ; for in this Cafe, 
the Refctiqn iwG to the Sine of the Aijgle YC* is de- 
fined by *ri Equation^ and thence \yilj be h^d the Relation 
of thp Sin? of the Angle VCe to CT, or CK, by a de- 
terminate Equation ; and thence will be given an Equa- 
tion, which will exprefe the Relation between the Or- 
dinate intercepted beginning from the Point C. The 
Orders and degrees of thefe Curves by an Algebraic Scale 
9f Equatiorls are different for the Magnitude of the Num- 
ber n. Irj all theife Curves fo defcxibed, the Pofition of 
the Afymptote k determined by this Ratio. Let the 
Angle VCL be made to a right Angle, as n to i. In 
that Angle thp Diftance of a Body from the Centre ap- 
pears infinite. Now the Square of the Perpendicular on 

the Tangent PC = * * i ; where x it infinite, PC* 
= ^!fL, or PC=* , draw the Perpendicular CR to CL, 



and equal to a right Line *, and if thro' R be drawn RS, pa- 
rallel to the Right Line CL, this will be a Tangent to 
an infinite Diftance, or the Afymptote to the Curve. 

If a Body in any of thefe Curves, by defcending come 
to the lower Apfide ; hence again it will afcend in infinitum , 
and will defcribe another Curve, like to the former, 
or by afcending, will defcribe a Portion like the fame 
Curve.. 

Thefe Curves may be defcribed about the Centre by 
many Revolutions, before they begin to converge to the 
Afymptote, and the Angular Motion of the Right Line 
CK will be equal to as many Right Lines, as there are 
Unities in *. 

Example 

- Let n a 160, twenty-five whole Revolutions will 
be made before the Diftance from the Centre appears 
infinite. 

Mm a Having 
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Having augmented », a remaining tie feme, e is di- 

H €& 

minifhed : for — = c 9 and — r = c * = a* — £* ; 
n % it* . 

whence «* — ix *?* = »***; and therefore it will be 
0* : ** : : «* : »* — i j wherefore, if ** come to the Equa- 
. lity of # z 9 »*■*— i will alfo come to the Ratio of the 
Equality with n* ; and therefore n will be augmented, 
and in the fame Ratio will c be diminifhed. Wherefore, 
let us put b % to be almoft equal to a % ; therefore, as 
when the Difference is infinitely fmall, n becomes an in- 
finite great Number, and the Radius of the Circle e will 
become infinitely fmaU, or the Circle will be drawn into 
its Centre. But ( vanifliing thus, CT does not vanifh 
at the fame Time, if the Angle VCM is almoft a right 
one : For in every Circle, tho* very fmall, the Secant of a 
Right Angle is an infinite Quantity. Wherefore this 
Curve, by Reafon n being infinite, will go round the 
Centre in infinite Revolutions, before it will begin to 
converge to the AfTymptote, 

And wjien c vanifhes, fc=#, and pzs —f-*- — . Andbe- 
fig- 34- caufeineveryCafej=-~ L=, w hen <: vaqifhes (See Fig. 

jfrking the Fluents y =? 

fttity. 
• i 

j M Spiral, which hath 

ly Radius be drawn to 

pd the Periphery of the 

♦ « he raifed the Perpendi- 

jve in I, and the Right 

! a conftant Right Line, 

N * which Property it re- 

the Suhtangent of the 



Fpf 
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For let the Radius of a Circle CE=A, and AfcVE 
men, let CI be called x> and Y V be j. Becaufe ha s 

xxy will be -^ =jr, and J^iL- = j. MoreoverCY 



•CI::YX: 

therefore is 4 

i 

that is x: -J 



ie Rii 
totli 

xCPi 



If with th 
fcribed the A* 
tween the Ri| 
be equal 
ing VL x 
:CF::VL:i 
IftoCGfrod 
or FG, or a i 
right Line C ¥ 
For MS is eqj 
of the Curve! 
whereby the J, 
Diftance incr^ 
minifhed in irk 
any Right- Ll 
Afymptote to 

Now let b be greater than a ; and likewife (as in 

the former Cafe) will be found KN = 



fix 



y/x^h 7 ~a % 
and feeing b exceeds a, It will be c»= ** — *% a pofitive 

Quantity, and KN = ■ . and by putting the 

ftadiu? of the Circle tfY ?= A, will be fountf XY=; 

< • box 



l 



ha* ' r% • ' . 

' i" ti ,'; k* us put* ^JL^ivilly ;,. 1-s . 

•^r-, and -^— == — «-~- ; alfo x* =» — , and x % 



whericc vV+r* » -— - x </'*+**- Thefe Values fa* 



£ 



ing fubftituted, it becomes - haX =.«- .*** , 
= — y. For the Beginning of the Arc HY may b$ 




J, and 



li z : f * t that is, ia 

jt the fcaorCXY 

i 

fen Ratio. Where- 

^ill fee in the feme 

«- M v, «. ... « ^ to begin. And the 

Fluent of the Seftpr GXY is the Seaor CYY, and the 

Fluent of J^ ■ . Is , the- Seftor of tl\e Hyperbola* 

which is thus deoionftrated. 

With the Centre C;;an£: Semiaxis Tranfrerfus CY 

% 35- =? f V Sec *«• 35-t)- ^efcj-ibe ^n T equilateral, Hyperbola, 

and from the two' Points Tf and J F; bfc drawn 

the • Ordinates DB, EF, to the Conjugate Axis* 

l&ewtfe 



r*?* i 

likewifedraw CD, CF. And the Increment or Fluxion 
of the Triangle BCD will be equal to BE * BD — 
the Setter DCF: Wheiice the Se£tor DCF (which .is 
the Fluxion of the Se&or CVD) . will be equal to BE x 
BD — the Increment of the Triangle BCD* And 
if BC be called z, (by Reafon of the Hyperbola) BD* 
= BCH-CV* = %*4- * ; whence Bt) = <££?£, and 
BE * fcD «= k * €*+*&. But the Triangle BCD is 
J4 5c tf* + ^*i whofe Wttxion is fix i/**+»*" + 
^ zxz % . This fubtrafted from «Xf*+s; l U and 
there will remain the leaft Seftor CDF of the Hyper- 

**** Wherefore the Fluent of the Seftor 



'^HpR*' 



r»z 



CDF is equal to the Fluent of - P.; ■ ■ 5 wherefore 



the Sedor CVD will, be. the Fluent Of J ^* 



Moreover DT is a Tangent to the Hyperbola, and 
meets the Conjugate Axis in T. And from the Na- 
ture of the Hyperbola it is BC : CV :; CV : CT } 

that is z : r :: c : — ■— = CT *s x ; and from hence 

arifes the following 

Construction. 

With the Centre C, and Semiaxis Tranfverfus CV 
{See Fig. 36.) defcribean equilateral Hyperbola Vm*, Fig. $6. 
and alfo a Circle V*. Let the circular Sedor CV*, be 
taken to the Hyperbolical CVm, as n to 1. Let the 

Line 
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Line Tm touch the Hypbrbola in>ai, meeting the Conju-> 
gate Axis in T ; produce Ce to k> that Ck may be =a 
CT) and the Point k will be in the Curve fought ; to 
wit, that Curve is fuch, that if Ck be called x \ the Per- 
pendicular from C let fall on the Tangent will always be 

equal to a * _ When #is infinite, b % vanishes, and 

7+xW 
the Perpendicular is made == a ; and then CR coincide* 
with CV. If therefore on the conjugate Axis, CR be 
taken = a , and RS be drawn parallel to CV, this will 
be Afymptote to the Curve. 

If a be augmented, that b 2 — *a % become infinitely 

fbull, then c % will vani{h, and ■■ becomes 

*** =y ; whence if the Fluents of thefc Quanti- 



ties be taken, we (hall have ==y = and ha±=xy, 

that is, theRe&angte under the circular Arch, and the 
Diftance of the Curve from the Centre will always be a 
given Quantity ; and by this Reafon, the Curve will be 
an Hyperbolical Spiral. Wherefore that Hyperbolical 
Spiral may be conceived to be formed, either by the 
Sedor of the Circle, or Ellipfis, or by theSe£tor of the 
Hyperbola, whofe Axis Tranfverfus is diminifhed in infi* 
nitum, and in the fame Ratio is n augmented. 

Hence come we to* that Cafe, where a lefs Velocity 
of a Body is that which is acquired by falling from an 

infinite Diftance, and where a*~=; j and here bv 

b % — x % J 

the fame Method of Reafoning, as in the former Cafe, 
will be found KN = ■■ ■■-, where it is ne- 

ceffary that b x be greater than a\ Hence, if 4*— ** 



Im ] 



ax 



be called c * ; then KN = ■ "" , J and confequent* 



\y XY, or y s, 



hax 



Z. will to == •"- — i- 



, of 



A- XC* X*\l 

« 

Let *:±= — , ahd 

— — % and ** — #* will be as — p x 

x z ** 

z % — * c % which Values being fubftitutcd is madd 
— A<?z hax = . — - — . — 



cxz % — c*V xxx 1, -< 
ning of the Arch VX is 

with the fluent of *-— 
c x ; 



= iZy = Seftor CXY; 
inb l z 



But 



is to -9 



in a conftant Ratio. "W 
lame Ratio, that is, tL 



**— **1* 



will be to the Fluent of , * - T as nh % to *\ And 

**—?/* • 

the Fluent of iby = Seftor CVX; and the Fluent of 

ic % Z 
- j . ^ ■ is the Seftor of the Hyperbola^ which is thus 

demonstrated* 



Nn 



DEMONSTRATION* 
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Demons thation. 

With the Centre C, and Semiaxis Iranfverfus CV=c, 
defcribean equilateral Hyperbola j and from two Points in- 
finitely near to Band D, let the two right Lines BE, 
DF be drawn as Ordinates to the Axis ; alfo draw CB, 
CD, and the Fluxion or Increment of the Triangle CBE 
Fig. 37. = Triangle CBD -f BE x EF (See Fig. 37.) whence 

»*« T,i- i »1n PBD , or the fmall Seclor CBD will be 

ment of the T riangle CBE— BE x EF. 

f E wiU be = **— ^Y% and Bp x EF 

j . > Alfo the Triangle CBE = £ * x 

Fluxion is f z x ViC^T-l. ■■**** ?, . 

z* — c*\? 
I fubtraa k x a»— c 3* the finall Sefior 

j Vhence it appears, that the Sector CBE 



■ -!— . Moreover, if BT, the 

I z 2 — c zx * 

■Hyperbola, meet the Tranfverfc Axis 
K ature of the Hyperbola it is CE • C V 
that is 

z : c : ; e : JL — CT = x . 
z 

Hence we have deduced the following 

Construction.. 

With the Centre C, and Semi-Tranfverfus CV == c 9 
defcribe an Equilateral Hyperbola VB, and a Circle OG 

from 
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from the Centre C (See Fig. 38.) draw the right Line p^. 3^ 
CB to the Hyperbola, and let the Tangent of the Hy- 
perbola, BT f meet the Axis Tran/ver/us in T. Let 
theSe&or of the Circle CV*, which is to the Hyperbo- 
lical Sedor, CVB, be as n to 1. In Ce let CK=CT, 
and K will be the Point in the Curve fought, whofe 
Perpendicular from the Centre C, let fall on the Tangent 

K, if CK be called x, is equal to 



ax 



Ahd in this Curve, by the urging Centripetal Force, 
wWch is reciprocally & the Cube of the Diftance, the 
Body will be moved, if according to the Direction of 
the Tangent it go off with a juft velocity. 

When the Velocity, with which a Body in any trajecto- 
ry is moved, be reciprocally as p, by afluming any conftant 

Quantity a, it may be exhibited by — ; and if right 

Lines be drawn as Ordinates to the Axis CV, which are 
reciprocally as the Cubes of their Diftances from the 
Centre, or, as the Centripetal Forces ; and by this Ra- 
tio are formed the Curvilinear Figure, its Area inde- 

finitely extended may always be exhibited by — 4 -> as ap- 
pears from the Quadratures. But that Area is as 
the Square of the Velocity, which is acquired, by falling 
from an infinite Diftance, and the Velocity fought in 

this Cafe will be as . Hence, if that Velocity be 

x 

called y, and the Velocity with which a Body is moved 
in a Traje&ory be called v, and a and b be taken fuch, 

as in any one Diftance from the Centre y : v : : ; 



every where it will be in all Diftances y : v : : 
P 

JL : J^ : : p . ™ . whence, if y = v, p will be 
x ~p b 

XT aX 



l* 7 6) 



ax 



t= — — •; and the Curve will be a Nautical Spiral defcribed by 

this Velocity ; or Circle, p being = x 9 and a =szb. 
If y be greater than v y then p will be greater than 

J^L, and it will be (as appear from the preceding) = 
And the Curve will be conftru&ed by the 



Hyperbolical Se£or, as was (hewn in the Iaft Cafe, 
where the Diftance of a Body from the Centre per Gon- 
cjirfum of the Tangent of the Hyperbola, with theTranf- 
yerfe Axjs is determined. If y be lefs than v, but in fo 
fmall a Ratio that b may be greater than a, the Curve 
will be formed by the fame Hyperbolical Se&or : But 
the Diftance of a Body from the Centre is taken from 
the Concourfe of the Tangent with the conjugate 
Axis. 

If y : v : : p. : #, it will then be a ^= £, and the Curve 

is an Hyperbolical Spiral, where p = ■■■ ■ ■ ■- * — . Hence 

if from any Place be proje£ted a Body, according to a 
given right Line with that Velocity, which is to the 
Velocity fought by falling infinitely, as the Diftance of 
3. Body fropi the Centre to the Perpendicular from the 
Centre to the Line of Dire&ion let fall, that Body will 
be moved in an jlyperbolical Spiral. 

Laftly, if v be fo much the greater than y ; as like- 
wife a greater than b, the Curve will be conftru&ed by 
Circular Seftors, and by this Ratio having the Velocity 
given, the Relation of a and b might always be deter- 
mined, as the Curve will be defcribed, in which, a Body 
will be moved with that Velocity ; and again having 
the Curve given, or <7, and £, the Velocity will be found 
\vherein the Curve is defcribed. 

The Areas of all Curves (except the Circle ) which 
by this urging Centripetal Force may be defcribed, are 
perfect qu^drabje. For Firft in the Logarithmical Spiral ; 

becaufc * = ~ KN witf be ■?= a * = — 
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by putting . i*—fl* = c* (See Fig. 32.) therefore will Fig. 3Z . 
the Triangle CKI = -i^-, whofe Fluent is -£L 
= Area of the Curve. 
If * be = .. 'j *»3 * greater than J, it has 

been fhewn, that KN =p f* ; v f T ™ T • 

I CI == . -.**** . whofe Fluent is ia 

Area of the Curve, 

But if a fee lefc than J, KN = — 

**- 

x id as 4Srr-, its Fluent = U * 

= Area of the Curve. Put x = o 9 and 

— -Qj=*. Whence Q==£*r, and tl 1 

Curve is made = \a x jr*+^*l T — w*f . 

In the Hyperbolical Spiral, c vanifhes,, 
of the Curve is {ax. , 

If P = ° X '-y it has been fhewi| 



<7jt? 



— ; whence i CI x KN = -J 



r* — x*)* 

Fluent is Q^-4* * c % — x % ^ =?= Area. Make x = <?, and 
will Q^— J** =s *, or Q =s i*r. Whence the Area of 
the Curve will be always equal to i ac — ia X c % — xtfr* 
Make c % — x % = o, or c = x, and the Area of the Curve 



is i ac. 



Whence, if the Beginning of the Area is not taken 
from the Beginning of x 9 or where x = o ; but when 
x = c , it is a Maximum, that is, if Area begin from V 

(S<* 
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Fig. 38. (Sec Fig. 38.) the Area will always be ajual to ± d 

Problem i. 

Fig. 39? Upon the right Line AG, as the Axis (See Fig. 39.) 
from the Point A to draw infinite Gurpes, fucb as ABD 
of that Nature ', * J *A* • contatt Radii y and every where 
drawn in all the Points B, may be cut by BO of the jfjfh 
AG in C, i» a £iV« Ratio, viz. /r/ BO ** to BC, *r 
1 to n. 

Then to confiruli the Trajectories EBF* cutting the fitft 
Curves normally. 

Draw the Ordinate BH normally to the Axis AG, » 
let the Abfcifla AH = z, Ordinate HB z=x> the Curve 
AB = v. Then by the direft Method of Fluxions BC 



will be = -r-**, and v flowing uniforml y, BO =3 
z 

Whence by the Condition of the Problem BO 
T -rr- I ; BC \ -r-*xk : 1 : «; confequently 



z 

vt 
z 



% * 



— nzx = 0. 

This Equation being compared with the fecond Form 
of Fluxions according to Dr. Taylor*s 9 at the End of 
Propofition 6. of the Method of Increments, is 

found z x = v<t *. being the given Line, by whole 
Value A 3D may be accommodated to any Problem* 

For v writing its Valufe x % — z*|*, the Equation be- 
comes z x = va in this.z = ** 



a* 



-7f 

Whence x being given, z becomes known alfo by the 

Quadrature 
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Quadrature of the Curve, whofe Abfciffa being #, it* 



Ordinate is 



%9 



Let * aad r be whole Numbers, either Affirmative or Ne- 
gative, fuch as it may be the moft fimple of Curves coming 
out in this Manner, whofe Abfciffa is y, and Ordinate it 



I — *r)~2fn 



.X 

» 



y an x &—y\ > then that will be the moft 

Simple of all Curves, by whofe Quadrature is given the 
AMcifla z from the given Ordinate x. 

•The Curve ABD is Geometrical ; as often as the Re- 
ciprocal of any unequal Number is taken for n. 

In the preceding we have confider'd the Curve ABD, 
as Concave towards the Axis AQ, where x 9 the greateft 
Ordinate, is equal to the given Line «, which let us 
call the Parameter of the Curve. And in this Cafe, the 
Curve meets the Axis, Aftu. Whence if the Fluent of 



• 

X X 



d — * 



. be duly taken, that is, that % and x 



may vanifh together, the Curve will pafs thro' the given 
Point A, as the Problem requires. 

But if the Curve ABD be fought, which is convex 
towards the Axis, after the fame Manner, we get this 



Equation »,= . r y, which likewife may be 



a x 

•* ST)!. 

derived from the former Equation by changing the Sign 
of n. And in this Cafe, the Curve ABD is Geometrical, 
as often as the reciprocal of any even Number is taken 
for n. And in this Cafe, the Ordinate x being the leaft 
of all is equal to the Parameter <t ; and therefore the 
Curve no where meets the Axis. Wherefore the Prob- 
lem is limited to the former Cafe. 

From, what has been faid it is eafy to gather, that 
all the Curves ABD are llmilar among tfiemfelves, and 

fimilarly 
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fimilarly placed about the given Poittt A, thfeir Ho- 
mologous Sides being proportional to the Parameters a. 

Hence it is h : z :: * : x. But BC : BH : : 



v : z, whence it is BC : BH : : a : x . But from 
the Condition of the Problem BC is a Tangent to the 
Curve EBF fought. Wherefore, if now we take AH 
(%) and BH (*) for the Co-ordinates of the Curve EBF, 
the Curve EB being r 5 then by the direa Method of 

Fluxions r : — x :: (BC : BH ::) X ■: x. Whence 
x 9 -X 



n 



In the Curve ABD fuppofe the Equation * =1 
to be transformed into this Equation not 



XX 



* — X '* 

n 

affe&ed with Radical Signs %=A* *j- B x 



x* 



~ h &c. Then by' taking their Fluents % 

a, ' 

by introducing no new Co- efficient, becaufe by the 
Condition of the Problem z and x is to increafe to* 



n 
X 



gether. Hence, inftead of * , by fubfttfuting its 
Value ^-. Then will % = -I-A* — H £— 



-*• 



B, ^ + &c, 

Now 



Now let r flow uniformly, and a being a ptttni* 

" n 

oent Quantity, let — r— ■■ -~-» The Valuo of 



' 



-*> being fubftituted In the Equation laft found, 



r 
and drawing the. Equation into — » it becomes — «— 



JgAT-fjZ*— JZ* ^ ^ 



&c. which in Fluxiom is * 

A" 

' , n ! s . , 1J Which laft is ma- 

m ■ 






n 
x 



nifcft from the Analogy of the Series Ax —7- + &C. A/ 

a 
* 
* + i hence for x and / having fubftituted their 



n 



Values, being collated from the Equation — *- s* — ^t 

* a 

the Equat. is »i*fc2 — xx'zz — n #****— x xx % sa o, which 
is reduced into firft Fluxions after the following Man- 
ner. 

In the laft Term — x xx* inftead of * x, write its 
Value..—- % z 9 then the Equation applied to z is made 
n**z— xxz-^nxxz + *x'z=sd 9 which Equation drawn 

mto * is the Fluxion of — xx X-f- x z =» 

. _ !-•* 
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a r\ 


(« 


and 


• 

r not being 


Fluents.) 


1 Therefore - 




%~%-x 


z 


= i 


x— n 


r, or 


• • 


»— X 


• n 
XX 



The Fluxionary Equation of the firft Step is to the 
Curve fought EBF. 

But in this Equation, * is the Value of the Ordinate 
BH, when the Point H falls on the Point A. 

It is not eatyy.thtf %x—<zx x a =rwr ,» remain- 
ing in general Terms, to reduce it to an Equation in- 
volving only the Fluents* or ad quadtaturajn Curvarum. 
But the Points of the Curve EBF*, inay * eafily be found 
by the Defcription of the Curve ABD* an( l of any Geo- 
metrical Curve. Here by * Geometrical Curve, I mean, 
whofe Equation is not in. Fluxipns, nor Fluents in the 
Indices of the Powers. For let the Curve ABD be cut 
in B, whofe Parameter let be «, from the Geometrical 

Curve, whofe Equation is * a x — - %a x = xa x 

a — # ' , and that Point of Interferon B will be to 
one of the Trajectories fought, to wit, which paffeth 
through the Ppint E, AE being = a 9 and to the Nor- 
mal AG. Confequently, if ABD be a Geometrical 
Curve, then EBF will be a Geometrical Curve alfp. 

Scholium. 
Atfo by any other Method may be found ix—zx 
x a~~ =»r*. For by a certain A^ajyfw, I made- 



A 
A 



IT Txn.:~L t-~:~*. -~ ™.j :^ X 



. Which being compared yf\%h, — - 
zz^-xx r A 



^X-y by rqefting a and a , then tycget zx — xx 



•x a =± rx \ 



Example, 
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Example. 

, 'Let * *= i, in Khich Cafe ABO it * Semicircle <& 
fcribed by the Diameter AG, and Jikewife EBF is a 
Semicircle defcribed by the Diameter AE ; and in this 



r».r- xx _ xx l xx 

i^tie j v > .-.gg * .. . » whence z as ■ ■■■ t. ^ 

«» -*- X - — w 



Coofequently a 
a Circle defcrit 



. Likewlfe, wri 
rx m jnad< ** 

r by the Help '. 
r=f — x; confcq\ 



i 
op 

#-f a, which Equation fa to a Circle defcribed by the 
Diameter AE ~ * , which was to he done. 



Ooa Of 



■ "".T 
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Of the Length of Curve Lines, 

Lemma. 

CT*0 divide the Sum of two Square*, into two •ther 

^ Squares. 

Let z% s % be the two given Squares, whofe Sum 

• • • •■« 
35* *f- s* is to be divided into two other Squares **, y x ; 

and let m and n be any two Numbers taken at Pleafurc. 

Now from the Condition of the Problem x % -\-y % = 

• • • 
J5 X +*S whence (it is manifeft ex Diaphonto) » will bee* 

fnm — nn x z-i-2mns • /i«— -mm x s 4- pnnz 

Q;E,I, 

FlOQIBM I, 

To find innumerable Curves ', which may be of the fame 
Length, with any propofed Curve> whether it le Alge~ 
hraicalor TranfcendentaU 

Let s, s denote the Coordinates of the propofed 
Curve ; and x, j, the Co-ordinates of the Curve fought, 
which let be of the fame Length with the propofed j whence 

from the Elements of Curves #*«+■}* ?= z*+s*, Tbert^ 
fore by the preceding Lemma, 



♦ __ mm^ nn x « 4" tmns 
mm+nn 

tnm+nn 



Whoft 



1**5 J 

Wbofe Integrals are 



jr = 



iim«-|-»» 



> * mm+m . 

And thus becomes known* '&&* Co-ordinates, *, y 9 
of one of the Curves fought ; likewife from this 
Qne will be found a Second, from the Second, a Third; 
and fo will innumerable Curves be found. 

... _ Q-E.L 

P.&QB fcE M 2, 
Suppofe x y = 5000 ? ^^ x aiid . ? 

y ss 3OOO -J 

Solution. 

Put 5000 = * ; 3000 = b ; it is evident * is fome- 
thing above 4, but under 5, and y fomething under 6, 
but more than 5. c = Hyperbolical Logarithm of 5000 
==8.517193; d = Hyperbolical Logarithm of 30602= 
8.0061. m = Hyperbolical Logarithm of 4 = 1.3863 ; 
n === Hyperbolical Logarithm of 5 == 1.609436 j then 
by the Quqftion, 

^-f-x—:*, 5 + vx== J f > from what has been faid above ; 

then (Log. 4 + * - ) * «K-j -£- + -T^T 



- .. * 4 H — , &c. X5+v = f. 

1024 5W 

(Log. 5 + -=) "+T~l*~ + m 



v+ I «' 



. -\ *— , &c x 4+* = <?. Hence --j-- 

250Q T 15625 ++" 

~~* T "50 **" 375 *5 00 X 5 62 S 

** Put 



C *** J 

Put * =</-4», /.JP.TJ !-.# *J£-l*= -±p 

and then ^T"* =?,#r^H'*4-^ 5 ---&*+/ t ' 5 » & c « 
and by Reverfion of -ffefiet- w* have w = ■ f"~"?'* -f- 

7 4/4-/* 

fe^^^.^^CoDfcffwrilr by the firft 

and reducing all, and fcfranfpofing the Terms, we have 
in Numbers, v/z .1740Z — .ojaoz*— oi8#z J -J~ 002 S z4, > 
&c. = .I043e *^°W, -if ** leveft the Series, the Va- 
lue of z will be = .7001, neatly; hence * = 4.7001 ; 

1 PRCftf t £ M 3. 

Snpjiofe * t = 123456789 j cpic#e x f. 

• 8 : 6HfTION. 

• fcet^4rf4*^: *, then by 'the Nature of Exponentials, 
we (hall have ./'.^.x i6-y8z + *# ^ '; * 2 345 6 7*9 
*= 1&.6314005 whence byReverfion of Sclricsz=:,24655. 
and.coi^equently * ^= 3.7I5345.; 

Q^E.I. 

• x . - -;- - 

, Problem 4/ 

, -j- - - 1 -^ ~ "*T~ •• , C 

. Supjpofe # -f- * * =i 100. Quere x i 

Put ji^z* 5 **, then;j>*r Qutftipn n + *) •■ * -f. 

; rv -. " • — v * ~i ~ / * 

h-J-z) ~ = 100 = £. To find a Series that will 'ex- 

pre& 
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pre!* the Value of n+sH **f mar, put^S ~.d> 

m = /: it, **=»+*> and fct jty* =» u+z\. j then fcp 
the Nature of Logarithms it will be 

n-f-a x /: » + * = »i» + r2 -tf- -^jjp,; — ~^r > &c 

'•• -7— ^' * ■•■—'+■=■"»■• *<; - 

By reverting the Series yfesira -J- - *'.' ■ aHr 
6«* - - 

Secondly, T«» -fia4 a S«k» that wHl cxprefi die Va* 

lue of itsM*"*"*, put~S* =g, m = l:n t * = «— 1, 

1 1 

and let ^-f-w = n-^-^l ^ * ihen ^' r ^°Z- »+* 
X /:^t= /:*+*> but "J~= ~ ~ -5^.,+ 

-Hg3*toV&a ~/:*4-^"+^. &c; b«f 

. JL ..**.: v JL,_ ±L, &c . =. -. ^4^2Z3 

if g H n 2 * 3 

% % 9 &c. And by reverting the Series, as above, it will be 



Vj'ftfc*' 1 

Now 



[ 2«8 ] 



1 



Now if forTp***, ancTTp "+* , their Values 
are fubftituted in the above Equation, it will be 
jjL r JL dcn% —Z e ~ i Zcin+d+dnt+irnng— yig+e % g 

%* 4- .7 — • *V Sec. = b. Put A— y— d=q 9 

and let tf*+J**+f**, &c. s j ; then by reverting the 

Series, k will be «. J i*L + 2*!z2f f 3,&c. 

* tf i r as * * 

If n be aflumed nearly s= *, the above Series will con- 
verge very fwift, if not, fo very flow as not to be fit 
for Ufe. I find in the above Equation, that it is impoffi- 

JL ' ' 

Me far-** to be greater, or fo great as 2. Wherefore 

1 put * sb 98, by which x is nearly ss 3.59 = *, 
then the above Series converges fo very fwift, that 
the two firft Terms will give £=.00098 V ^=3.59098. 

Q.E.I. 

Problem <« 



Quere the Value of *, when x * is a Maximum. 

It is evident from the Nature of the Problem, that 
1 

the Fluxion of * * being. rs o. the Flufcion of its 

• • 

Logarithm, viz. —■ £- — — — x I: x is alfo =0. 
xx xx 

Whence ( dividing by — -£-) 1 — /; tf = o, and /: 



x = 1, which in Brigg** Form is . 43429, He. and 
the Number anfwering thereto- is 2,7 182^8 » *• 

Proplem 
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Problem 6. 



X 



Given x — -x —y 



* 



Quere x and y ? 



and y +JT = x J 

Put i + z=*^ and i — t/ = .y> then by Tranfpofition 

. i+s ..i-j-g 

i+z =2 + 2 — v, and i — w = % + v. 

Now by Sir j^w* Newton's Unlverfal Theorem 

m 

p+pq; = p -r + -v AQ -+-^- BQ + 

JgI^~CQ+ m ~~l n - DQ, £jTr # 

n =1+2+2*+-- -^ 1- 



Hence i-h* • 2 3 



i+« 



.JL- + -2 — , &Tr. = 0.4-z — v. And i— */ 

12 ~ 4^ J , 

= i—v—zv -\ + t + 



,4X2,-^-2^ + ,^ &(; =g+y< Bythefirft 
24 

- 2 3 2+ Z 5 o z 6 

81* • = !-»' r 5 1T~V' &C - 

and by the fecond Step, i—iv— zp+ P ** ■■ + 

tr'XZ— Z* P*X 3Z — z»— 2Z3+Z+ _ 

6 + ^ ' &c - - z " 

Then if for w, and its feveral Powers in the fourth 
Step, we fubftitute its Value found in the third Step, 
and reduce the Co-efficients to one Denomination, we 
fliall have 

And by Tranfpofition and Subftitution, (Sixth Step) 

4% te* + cz3+</*4 ) &c. =1. And by the Method 

Pp o£ 
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of Reverfion of Scries — H r . — 

a a* a* 

5abc—a*d+sl> 1 & < C- ^ *, Hence % = .748 iiearly j 

and confequently * = 1.74&J and ^=3. 905 &. 

CLE. I. 

Problem 7. 






Let - *) + * — x +*+* = 200 « Qs cre * ? 

Solution, ' 

Let x = a, then by a Tfyal or two, * is eafily found 
to be more than 2, and left than 3. Therefore put x = 
2+y, and m = Hyperbolical Logarithm thereof \ then 

x 

im-\-my = Hyperbolical Logarithm of # . Therefore 
by the Nature of Hyperbolical Logarithms i4-2*»-j-»iy-{- 
2OT*4"4.w*y+ w *>* i_ 'iTn i-\-iom *y--\-(>m*y % -\-m'ty* *,„ 



6 



X 



Now m is s d? + i+^' , i + 3> + 3y x +^ 
2-t-jy 8+8>-l-2^» 24+36^+18^*+^' 
&c. And by writing this, inftead of m t in the above 
Equation, and reducing the Fractions, lie. we have 
5.4819+ 2.6498.? + 2.8333J* + •55903^ 3 ---3524Sy 4 » 
frc. = x , which multiplied by m 9 gives the Hyperbo* 

X 

Ikal Logarithm of"7> =4.ooi86+4.i05>'4-2.i9i6y* 
if 1.4837^— .339^— .i666y5+.i056y 6 — .058^7, &c. 

which put = z. Then 1 + z -f- ^1- + 



2 2.3 

*_— -r &c. s= #, . But as t'bis will not con verge, 

Jet 4,00186 5= Hyperbolical Logarithm of 54,677 be de- 

dutfed 
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flowed from %\ and then wc have 4.105^-f 2.igi6>S 
& c# _. z _ i 4.00186, which put^w. Then by the 

Nature of Hyperbolical Logarithms, i+«4 H 






»' , «+ 



J*L -4- J—> &c. = — % 4 and reftoring », and 

6 T 24- 54.677 

Writing the Value thereof in the Series, fcfr. we have 
1-1-4.109667+ 10.4677/*+ I 9' 8 534J 5 + 33-°543r 4 + 






45.17375+6.1.804/, &c. *= * ■ , and by Mul- 
tiplication, 54,677+2a+.704y+s6i.347jr*+io8s.052y 



it 
* ' 



+ 1807. 31 Jjr* + 247°- <W ~ 3379- 27/ = ** • 
New x being already found as above, x = -«—. i$ 

eafily found « .1814— .o88i«y— .0516^+ .05199^ 
^.000785^— .026sy5 + . 00577/, &c. and by. change 

— X 

ing the Signs,, becomes — x . 

Again,, (w being = the Hyperbolical Logarithm of x) 
1 
— = Logarithm of **", and (* being = 2+y,) i + 

_m_ 1 " ' ■ «* J. w3 -, &c. 

~Z+f T .8 -f ty+2/' T 4»+7V+3^*+^* 

I 

= **, that is, reftoring ^, and involving it, lie. 
1.50686— .so86j+\i8442y* — •i5 I 9T , + •"443J' 4 -" 



i 
x 



.0667^+. 0515; 6 , &c =x 

And now we have four Series expreffing the fevtral. 

* _L 

Values <>f /,"?»* , — *~*. and * * , the Sum of which 

+ 2+J = a, that is, .63.6656+228.0457 + 564. 3657* 

4-io85459>3+i8o7.768>+ + 2470.i49y5+ 3379 .327/, 

P p a & c - 



t 292 ] 

&c. = 200. Hence y comes out — .2681045—, there- 
fore x = 2.2681045. Q. E, I. 

Problem 8. 
Let <fe"+R«'^ + S«-+" + T«**-' , f &c.= 

.4 + *•*- + «/+ 2 " + ^ &c# auere the 

Valu^of z in Terms only affected with w, and known 
Co-efficient?, a, *, <•, & c . being given Quantities; and 
Qi R. S. & e either known Co-efficients, or any Powers, 
or Sums of Powers of the Quantity v ? 

Put ,*> + bv*r +c J±*' + d r*\ &c. = Qy; 
then wifl »-,- + ^l1' + J^+l* T^ 3 " 

_ * g-f 11 2»-|"I 3»-f^l 

&c. Affume z = x" +B* M +Cx m +Dx m 
&V. or ** xi+B/ + Cx m + D** , &c. 



And there will b e z" = *x 1 -ImB* * + mCx 
J^rnDx m , &c. 



m 



2 " z* 



*x = Bvr+«x5=£BC* *\&c. 



m — 1 

B-x -t-m x - 

1 

2 3 * 






&c. 
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in n 

>+*, m x l + m x j+^fStor^ &c. 

&c. 

• . > - -* 

fc ~ * - - X I* &C. 



And by fubftituting thefe fcveral Values in a -f» 

fn A mn r 

Bz ' ,- &c, = x tranfpofing x, and dividing the whole 
Equation thereby, we fhall have 

n * 7.n 3* 

mB* m +mCx m +mDx m , &c. 
JiZL . 3» -. 

2 

;■ • ■ ji 

m — I M *w — 2i 



* x '^r & x * m +m x ^^BC^ • ,&c. 



W X X- 

2 3 

2* 



•B3* m , &c. 



«• 



R* m j_m+nRBx m , ot+hRC* » . 



J* 



l=BO 



&c. 

+ -£. ,&c. 



2* 



&c. 



Whence 
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Whence by comparing the homologous Terms, we have 

m x^=lBCCy.»x 2=? x 2=? B3Q4- 2±2 RC 4- 
\ 2 2 I 

*±£ x ^+«— I fiaR i n+*n BS , T 
^ i a i ' 



mQ 

the Law of Continuation is manifeft. 



9 &c« where 



J ^r •:• * »±j 



— R* 



jks=* !" **-{- 1 -f 2«RR — 2mSQxy 



3«fh' i " ' " . 
X X *" , &c. 

Which m&y be readiiy reduded into Simple Terms of v $ 
When the Values Q, R, S, &c. are affigned. 

C OTt o L l a r v. : 

NoW from the above general Expreffion a Series more 
limply, efcpreffing the Value of x 9 in any particular 
Cafe, : may be very eafily determined^ For Inftance, 

Let z-t-fa^tzi^-dz*, &c.!:= x; fhen by com- 

m R 2 *+* S** +2 * 
paring this Series with z, -rf -f*-— - 7^ — » &c. =#, 

we (hall have 015=1, «=i, Q== 1, R=£, S=c, &c. 
and by fubftkuting thefe Values, in the Jaft general Ex- 
preffion, it w ill become z = a? — bx z + zb z — c x *' + 
Sh— &~-4 x #+, &c. But if z-\-bzt-{-cz 5 -\- <fe7, &c. 

5= x 
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rc#; then will 771 = 1, » = 2, the reft as before, and 
confequently % = *-r-£# 3 ~J-3^ — c x #* -j- 8fi — iz£3 — ■</ 

X x7 9 &C. 

Likewife, if %* -f" **' "f" * * 4 4" ^ z5 > & c - = *; then 

2 ' 8 ~ a 

X *% &c. 
Alfo, if z*4- to4+CT »4.<fe« t &c. = 5*, then will 

X 5^) , &c. the like of any other. 

Qi E. I. 

Problem g. 

Suppofe an Equation of a Curve be a*x — a % xx->~, 

* • • .. . . 

a 7, x x + x xy % = o , and (a) the Radius of Evolution 

at the Vertex = ioo, to find the Value of**. 



% 



n • . »— 1 



By affuming x = Ajr y x = «Ay 9 x = n x n — t 

Ay ; x = « x « — ix» — 2 Ay , and fubftituting 
thefe feveral Values in the given Equation, it will becomes 

—3 in 28 — 2 



x x n — 1 x n — 2 ha*y — n % x n — i A 



a" 



a»—j . A *— *. 



— nxn — ixn — 2 A* a 7 -y + »A*y* =0. But 
becaufe the Exponent of the Power of y in the firft Term* 
is lefs than in any other Term in this Equation the Va- 
lue of n cannot here be had by comparing the Exponents! 
1 therefore make the Co-efficient of that Term == o, and 
find n = 2 ; which muft be the firft Exponent of the 
Power of y, in our required Series ; and becaufe the 
common Difference of the firft Exponents is now found 
to be 3, wefhall by adding that Number continually to 
the Value of n, have 4, 6, 8, f$c. for the reft of the Ex- 
ponents; 

Therefore 



*$ $&?' ^Therefore itffitming x = Ay % + Bj4 + Q? 6 + Py*, 

/ i : ^cq. =» £ = i r we' fhall have *, = 2 Aj? 4- 48;' 4- 6CyS 

] . ^SD?*, &Ct #— zA4-i*By% &c. and by writing 
thefc Values m the giver* Equation, making A = |* 
(according to the Drffc?) and comparing the Homologous 

» . Terms- there will come out B ±z — ' . C=*— - JL_ # 

<*" ■' 4-6tf? 5.6.6*5' 

D =?= * , &c. and tiierefore x =zj£-JL — J* 

7.9.10*7 a * 4.6** 

^ /^ ■ H ^ — - , &c. when y =40, will be- 

5.6.6*5 7.9.10*7 ' ^ 

come 8.10905 = Value fought. 

Q^E.I. 

Problem 10. 

Required the Value of v y in Terms only affe&ed with 
*, and known Co-efficients, in the following infinity, 

Equation, viz. — b — 2^ + ^*4" —**+-— ->&c. — $zv 

2 3 

~-6«— z 1 —- ~, &c. =0. with a Method of 

Inveftigation, when in the firft Term &, neither of the 
unknown Quantities v> z are concerned. 

Let v = A+B«4-C**4-D*4, & c . and fubftitute in 
the given Equation, and compare the Co-efficients, and 
we fhall have , 

^ _ 2+8B— aB* I-4-8C— B?-—6BCA— 4 BC 

4A— 4+3 A '+3*' ~* 3 AX +4A— 4 

Q.E. I. 

AT. 5. If * be greater than the Co- efficient ©f the 2d 
Term {i.e. here — 2) a different Equation muft be af- 
fumed frpm that above ; or (which may in fome Cafes 
happen as well) find the Value of * and v> and then re* 
ver* the Series, 

Problem 



Problem ii. 

if Gentleman meeting a Company of young Mehy driving 
their Sheep, ask'd them, how many Sheep there Was, one : 
of whom ahfwered , if you'll divide the Nurtlbtr of Sheep, 
amongjl us equally, 9 twill be double the Number we are ; 
hut if to the firjl Man you count one Sheep, the fecond, 
two \ the third, four ; the fourth, eight ; and fo on till 
the lajl Man y the Sum will be the Number of our Sheep. 
£>utre the Number of each ? 

Let y = Number Sheep, # = Number of young Men* 

then, per Queftion, -i- = 2*, and y = %xx. But in 

a Series of Geometrical Proportionals, wherein the firft 
Term is = 1 5 common Ratio = i ; laft Term = y ; 

Number of Terms s=*j 1x2 == y, or 2** = 



a , by putting for y its equal 2xx. Now by theNa- 
ture of Logarithms, the Logarithm of the Power of any 
Number is equal to the Logarithm of the Root multiplied 
by the Index of the Power. 

Suppofe 6 <{-y = x ; and the abovg Equation becomes 

(inftead of %xx = 2* *) 2 K 6+^* = * 5 or6-fyT 

Now to find the Hyperbolical Logarithm of 6.+ y, we 
• ^« 

muft find the Fluent of -J 1 -?- = 'yx -t4— , this will 

be jx -I— A-+JL. £U--fr ft ■ , fccT and to 

7 IT 36 T 216 1296^ 7776 

it add the Hyperbolical Logarithm of 6 == 1. 791756 = m. 
The Fluent of this is m + -|- — * |j- + -g^p — 



* Put » =• Hyperbolical Logarithm 

5184 T 38880 . _ 

Q.<1 of 



of 2 = .693146 ; then by the above Rule im -f- -£- r** 

36 324 2591 ' 1944a ,T * 

2/w — 4« = y} » — x =za » tRd tranfpofc the Terms, 

Tl»<r+X - .£. + _£ ZL-, &c. - 

36 324 *5 9 2 19440 

4; or putting Letters for -i- } — } — L_. — I — 

36 3*4 »59* 19440* 
fcff . ay-\-by x — ey % -\-dy*—fyi t &c. = j, and by Reverfion 

of Series, , t- i - b f -j ^-^-'^SP+S'k 
a a* a 5 al 

q\ &c. = 2, when carried on to a fufflcient Number of 

Places , confequently a- =8, the Number of young Meo» 

and the Number of Sheep is = 128. 

Q;E.I. 

Problem 12, . 

Given the Parameter of the Semi-parabola ACB (See 
Fig. 40. Fig. 40.) = 88 Chains, and in the fame is inferiied a 

Right-angled Triawh* Q ii£^f the angular Prints of 

. the other at the bound" 
\t Angle is at the parabo- 
\Triangle is equal to half 
Required the fevet&l Sides 
Wa and Ordinate of the 

1 

hd felyed usitboitf Ftox- 
j= 4* = 88 5 and let Ff 
its, ?nd where a Perpen- 
b - o£ thie Triangle on th* 
Abicina; =*•; tnen tf-t-# — A§, and per Property of 
the Parabola a+xx 4*)£- == Cf . Now £*r E. 6. 8. 

as x : V'*+*X4«l: • i/^p?X4a|: «— — — s=jD. 
Confequently FD » >"+«* t w Hfence ■ ^^V 
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V«+^X4^== twice Area of the Triangle, which is equal 
to the Semi-parabola, which is equal a\* '"^ Af T4 fl i 



\J c 



1 *T ta% i x 4*;'xf, whence x = 104.14* £s>V. 



Confequehtly AD the Abfcifla = 232.729, and DB the 
Semiordinate 143.109; FC = 148.14; and CD=t 
139.875 required. 

CLE. I. 

Problem 13, 

Let DAB be a Parabola AC = b, Parameter = d, and 
let CE = c f and drawing AG parallel to BE, and EG 
parallel to AC ; then upon G as Centre, let a Circle be 
defer ibed with the Radius GE : // is required to find the 
longefl Line, ^ SK, that can be drawn through both 
Curves, parallel to BE ; as alfo (mn) the near eft Approach 
$fthi two Curves to each other. (See Fig. 41.) #>. ^ v% 

In the Flgf ^ ^° — *= — <— ^e — ^* — ^__ 

ssnc, Parame 
eft Line, at 
Nature of t 
Nature of th 
Quantity \ j 

in Fluxions] 

we have **+ ~ ** = .£1. 
4 4 

Now for the neareft Approach of the Curves, nm 9 or 
which is the fatoe to find G* , Let xG W = AO ; then 
On = Jd*^ t an d«W = r— V^T> C onfequehtly /*r 47. 
E. 1. »G = V^^r-f-jrj^-^c^/^V a Minimum. In 
fluxions is.rf*4-2**— ii^==:o. Reduced is . 

4^3 -f 4 <&* + d\—rd = q. Q. E. L 

Problem. 



* 
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Problem 14. 

7 hern is a Tree within the Arclic Circle 20. 157 Yards 
high, that with its Shadow, on a certain Day of the Year, 
tffcribes.an- EUipfts, containing 9 Acres, and another 
Tree 40 Foot high, in the Latitude 36 52' N. that on 
the fame Day, with the Shadow of its Summit, traces out 
fuch an Hyperbola, as being turned about its' Axis will 
generate a Conoid, containing 840372 Solid Feet, be- 
tivixt its Vertex, and its Depth of 40 Foot ; hence it is 
required to find the Sun's Declination^ and the firfl Trees 
Latitude? -':. ; : ' 

This Problem contains two, for th$ two Trees ; and 
the latter muft he fohted firft, to get the Sun's Decli- 
nation. • * ' 



Let GAH be the Cone of Rays defcribed by the Sun 
Fig. 42. ; rt his Parallel (See Fig. 42.) whofe Vertex is A the Top 
of the Tree, let the Plane of the Horizon CDB cut it 
m the Hyperbola BF, whofe Tranfverfe is BC, let AF 
fee the Axis of the Cone, draw B\, CE, AD, Perpen- 
dicular to AF, and BW Perpendicular to EC, and Ai> 
Perpendicular to CB, and AP will reprefent the Height 
of the Trees then, becaufe its Latitude is given, there 
is given the Angle FAP (its Co. Lat.) which it makes 
with the Axis of the Cone ; and its Comp. PAD. 
Therefore in the right-angled Triangle PAD, we have 
AP = 20.157 Yards, and the Angle PAD; hence is 
found by Trigonometry, PD, AD, and the Angle PDA. 
And in the Triangle BAC, here is AD bidding BAC, 
and the Angle ADB given. Now to determine the Tri- 
angle BAC. It is known from the Property of Conies 
delivered in this B<mk, that IB x EC — Square of 
the Conjugate, whofe Tranfverfe is BC ; but EW = 

£5±£P, and bD^BD^+CI^^CExEW^BB* 

—BI x CE ; therefore BIxEC = 5E\ X — SET = Square 
of the Conjugate, \which call bb. - But BE = 

BA+ 



1 



BA + AG 



=s *, 



anc 



proved, tlj 
qftheHyr* 

this Equati 1 j 

thefe Datas 

and thence | ' !'. 

The other Probl$tn is inanag'd the lame Way. 

Let BC be the Tranfverfe Axis (See Fig. 43.) AP the %.43* 
Height of the Tree, AP the Axis of the Cone. 

Then, becaufe we .have now the Sun's Declination, 
therefore in the Triangle BAC, we have given AP, Per- 
pendicular to the Bafe, and the Angle BAC, twice the 
Compliment of the Sun's Declination ; and confequentljr 
from this we can find another Equation frtm the given 
Area of the Ellipfis CFB ; for if we put y = BA — AC, 
BC = a, we (hall find (the fame Way as before) the 
Conjugate b = v r aa — yy\; but .7854** or .785412 X 
*J aa-^-yy}— s, the given Area of the Ellipfis 5 whence we 
have enoughito determine all its Sides, and consequently 
the Angle DAP, the Compliment of the firft Trees La* 
fitude. Q^ E. !♦ 



Fc S • -**e 



B 



A - f 
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Problem XV. 

Ufe of comparing Curves and 
Fluents, &c* 

T Shall here exhibit a new Ihveftigation of the firft Caft 
in the 7th Proportion of Sir IJaac Newton's Quadra- 
tures, applied to find the Length of an Arch of the Ellipfis* 
by comparing it with the cor respondent Arch of the cir* 
ciunfeibed Circle. 

Put R~H^/»" +****+ ** 3 ", &c. and let A, B, 

C, D, tic. denote the Areas of Curves, whofc Ordi- 

^ •■*•» *>**-* Wif^n^t 8+ai»-*-i 
nates are % R , z l R , » 

R ~" , s* - ~ R , &c, relpeftlvely ; then from 
the Principles of Quadratures, we get the following 
Series, 



A =*= z zR 



isB*^'" "«R 






^•f^rf^ 



And let usaflume, 



B = 



H-« R A—I 



8-f» 
84-2» _ A— I 

C = Z , R c 



D = 



«+3» 



-rf 



Tfeea 



[ 3°3 ] 



Then it follows that, 



*— ' _ fl-H» n * —a a, 
* a= » , - a >' R R 



02 



And consequently 

9±H • 



• 29 fl+2* • 



Hence, beeaufe a = y* z 9 R*~ 2 R, *R (will be)=* 

^ z*R *""*&, in which for R in the firft Part, and 

R in the fecond, put their Values *+/z* + £»** 
+bz*\ fee. nfz^ l k+2ngz % ^ l i+2*bz**~ l i 9 Stc. 
and we get. ae*\- afz -\- agz , fee. = -£• x a — i 

x/z ' zR - +2£z zR +3*a 

zR , &c. 

For az y az , azr , &c. put their Equals from 
the Fourth Series, and multiply the whole Equation by 9 ; 

then we have this Equation, viz. fl^+fi+w x 

ft -f 8+2M X gC -f fl +3* X &df, &C. as tl X A — I X 

fz zR + 2 £ z * R +3 te 



z R A— \ &c. *h? Fluont of whic h may cafily .be fou nd- 
from the firft Series; tften 8 f*+8 + H x/*+0+2w x 

g*+fFF* M > &c - — «**— * x/B + vC+3* D » 



f 39f 1 

For a 9 i 9 r, d % &c. put their Values from the feconi 
Series* which gives the following Equation e % K K l 
-*8A +fz 6 +' 1 R^ 1 -/B x TJp+ g J+ 2 " R *-« 
^^CxH^+te 8+3 "R A ~^~*Dxrp3^. &c . ^ 
» xT=5xfB+2£C+ 3 bD 9 &c. but ^2 9 R X—, 4/ a; fl 4^ 

,, A— I . fi+2» -.A— I , r»A— -I ^ I 

R +g* R , &c, = z R x R = z 

R * ; hence z R X — *8 A— /B x Q-f* — g C x3+^_^|j 
xfi+3w, &c. = n x *-^i x/B + g gi -f 3 6i), & c . or 

laftly, a R^9 A-/B x am+^C x 2A » + fl-4 

Dx^AH-J-ft, &c. = 0$ from whence the Proportion is 
awnifeft, Q. E. O. 

Therefore, if the Curves are of the Binomial Kind, 

or R = e+fz 1 5 then g , b, Sec. are equal to no* 

thing, and 2: R — rfA— /Bx A»-f • = 0, or B = 



fas of two Bum* 
k R , and 
/*) then Q==^. 

I Jr. Dmeivrt's fix 

1 
l 

* 278, are eafily de- 

To come to the Thing propofed; let ABG (See 

% 44. ffr- 44) be aSemi-ellipfis, whofe Tranfverfe Axe AG 

» « 2r, Senu-conjugatc Axe BN = f, any Ordinate to 

the 
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the Tranfverfe ML =.y, and its Abfcife MD ±= % ; let 
AHG be half of the circumfcrib'd Circle, which is cut by 
ML produced in F j call the elliptical Arch MB, £ ; and 
the circular Arch HF, C. 

From the Property of the Ellipfe r*j* = r % e % — c % — 

c*z % ; v j = c x %* and ? . =r <*z 2 g/ a = c * z x «'* , but 

E 3= VV*+/^ = *V* + rVg 7 ^ , and therefore E *■ 

r 4 — r*** 



z V r4 — % z xr* — c 2 l % put c % = 5 then we hive 

E # = z Vr*— * 2 z*1 ; but when- *-= *, x>r * = <?, the 



X* 



Ellipfe becomes a Circle, therefore make **=*, thence 

C = rz. ' ' . . 

But vV-*'z^ — - — --^ 4 8.8r7 

&c. which being put for <] r*—e z x x *\ in the Expreffioil of 

E, we have K.— ; -- — ■ ^ — «. 

r 2_js^ 2r^/r x — » z 1 2.4rVr a -z^ 

iJiliL - *:**** , , fcc. Now let us 

put*, j3, 7, <J\ €. &c for the Fluents of the ift, 2d, 
3d, 4th, &c. Terms of the laft Series, and (make 
gx = 1) let *, ; 3,7 i 7> * *> *> •> & c - be compared with the 
Ordinates pz*~ l R K ~~\ q**+"~ l R*"" ; From 
•whence we get »=2, *=f, #*=r% /=*— 1, and the 
Values of 6 are fuccejfively 1. 3. 5. 7. &c. thofe of p 

arer,--^ - - '— - 3^ J^i &cand 
' ir > 2.4r3* 8. br' *~ 48.8r5 

of J- ; § 1 , JL-, 3£l, -|£l, &c. which being. 

p 2r* 4r* * Or* 8r x ? 

rcfpc&ively fubftiuited in the Theorem ( Q== -£- X 

Rr />s 
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a— i-B*\ 
r z * — : ] we have the following Values rf 

*, 0, >, &c. 
* = C. _^ 

8X— I 
.where the Law of Continuation is manifeft 5 hence E-^. 

COROLL 

- Since R=H-/* 7 = ,*— a %th 
and E is a fourth Part of the \vi 

Cafe *=C, 15= , y = — 

2,2 4 

5_-7£^ & c . and then E= * +' 
0.0 

Purpofe. Q.E.L 

PaostEM 16. 

Let A H be a Horizontal Line AZ = 100, and Z B 
perpendicular to AZ ; and, if we fuppofe an infinite Num- 
ber of Circles paffing thro' A, and having their Centres in 
the Line AH, it is required to find that, along which an 
heavy Body, defcending by the Force of Gravity, {hall 
reach "the given Perpendicular ZB in the fhorteft Time I 

fir4c (See Fig. 45.) 

*»- 4 S- Solution. 

Fiz 46. ^et PLj« be a Semicircle {fee Fig. 46) whofe Radius 

FO=i. Call PSO, Qm, xi L ? , z * and let PQE be 

the 







he Arch required, 
■TheDX+*i:Oj: 

PQE, whofeFluxio 

Queftion, we get 2 y 

• 
equal to * tmive, 

mqi ' 

— — t = x into i * t , , , o i tit — , etc. 

whence y = x «+• 2.1— -I- 3'7 ' * 3 & c 

4.3 4.8.5 

fcribing L y by a Body already defcendq 
of its own Gravity from the Point P, 
2*6222*, the Time of defcribing PL,! 

2.62221 +x^ + H£, &c. = , 

Subftitution above, Tranfpofition, &c ' 

3*V^^+^ 5 , ftc = . 
2 4 2.8 2.8.10 

we have x r= . 35918. 

The Radius P T ==74 fere, or =xy^i 

69 . 234. Qi E. I. 

Problem 17. } 

Sappofe an invariable Line (a) =64 ^otx rtg. 47; ici ^. j 
the Relation of the Ordinates and Abfcifla be determined *' • ' 

by this Equation, ax x = jr . it's required to in'vefti- 
gate the Area ABCDA, and the Length of the Curve 
ABC, when the Abfcifla AD=4. 

S01 u T ION. 

Make CD perpendicular to the Middle of the given Fig* 4*. 
Line AF (See Fig. 48.) and fiippofe mn to move uni- 
formly fronj the feme towards EF, put y = mr 9 or 4 -f- 
ysxmn ', and 2-\-x=iAn : Then, by the given Equation 

of the Curve w« b*ve 64 x a +x) ■"* = 4+^ 4 . "*"' i 
*r in Logarithms 2+7r L : 2 + #4-L ; 64 = 4-l -^L: 

Rr * 4+* 
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4^, that is, ^+^+^-^4^1^, fcc. = 

y + m y + ^ — rr^' &c * h Yv m]n & c =' 1 * b — 

^ 4, « = hyp. Log. of 2- m =hyp. Log, 4. wherefore j = 

.7066* + .0765** — .0214* 3 4- .0058* 4 , &c. and 

. 1.; confe quentlv the Fluent of y x = .3533** + .0255* 1 — 

'•'■• \ " : "~~e. which when x = 2 will be 

J |erein we write — x for + *, 

1 (0255*', &c. =sAreaDBgD. 

*.. I - }■ fi 6^B = 16 + .051*3 + 

f • ' j [he required Area ABEFA. 

r C E there is the Value of y found 

4 , L I 

" ! V .0961**7 t- .0144***, &c. 

1\ ^48^* — .0048*3, &c. when 

jbeing doubled, and all the 
\ Powers of #, rejefted, will 
t. =4.921 =BDE. 

Q;E.I. 



.' \ 



The Area of any Exponential Curve whofe Nature 
is expreffed by this exponential Equation, 

x =jf (making \ + v =*) will be 

* V x A */*— • : «/++ V$ 

o.i.z 0.1.2.3 0.1.2.3.4 O.I.2.3.4.5 



1>\ &C. 
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Problem i$. 

If, at the Time of the Earth's Arrival at her greateft 
Pittance from, the Sun, the Law of Attra&ion lhould be 
changed from the Square, to become as the Cube of the 
Dift&nce reciprocally ; but fo that the Centripetal Force 
*t thatDift^nce lhould ftill continue the feme : I defire to 

know 
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know how long, after that Change, the Earth would be 
before fibe fell into the Sun's Body, fuppofing the Eccen- 
tricity of her prefent Orbit to be 173 fuch Parts, whereof 
the Tranfverfe Diameter is 20000? 

Solution. 

In order to give a compleat Solution to this Problem, it 
will be requifite to premife the following Lemma, becaufe 
of its Ufe in all Queftions of this Nature, The Invefti- 

fition may be feen in that acute Analyft, Mr, Simpfon'% 
luxions. 

Lemma. 

If the Velocity of a Proje&ile at any Point A, at a given 
Diftance A© (a) from © the Centre of Force, be to 
the Velocity, that it ought to have to defcribe the Circle 
ACD at the fame Diftance as n to 1, and the Centripe- 
tal Force be every where as the m Power of the Diftance, 
then the Velocity at any other Diftance ©B (x) will be as 



«+i zrr~* Let the Direction of 

m + 1 l Fig. 4* 



m+i ! ] 

the ProjeSile at the Point A (fee. the 49 Fig.) be what 
it will. Moreover, if the Curve AB be drawn to denote 
the Path of the Projectile, and the Space ©AB® be put 
=S, the Circular Arch AC=A, the Sine of the Angle 
BA© = s y and Radius 1* j then will 



\ naxx . \ 
=S and 



s — r T~ 
V»H — t- x**— n % s % a* 




2 • *— I • «! 

na xx 



i*A=- 



TaS 






m+l m+ix*"* 1 



Now 



C 310 J 

Now .to apply ihefe Theorems to our prefect Purpoic, 
lot ABHRA rcfcrefent the Earth's prefent EllipticalOxbit, 
A the Aphelion, and ABGS the Pith which (he will be 
compelled todefcribe, after the Law of Centripetal Force 
is changed. Then, becaufe the Angle © AB is a right 
one, and the Law of Attra&ion is firft: as the Square, and 
afiferwards as the Cube of the Diftance, inversely ; by 
writing 1 for j, and for m, — 2, and — .3 fucceifively, 

the Value of S.,will be found, 



\na xx 



\na x x 



?ZZ*te x a'^T^i refpeaively. 

Now it is evident, that, whenever a right Line, drawrl 
from a Proje&ile to the Centra of Forces copies to make 

light Angles with the Traje&ory, the Value of S will 

then become infinite m refpeft to #, or, which is the 
feme, its Divifor will then be =c *. Therefore, if 

20* r— n z a*+nn— % -\-ocx) '*, the Divifor of the Value of 

liin our firft Cafe, be made = ; oc will be found to have 

two Values, viz. a = A®, anrf =H®, the Sum 

2 n n 

of which = — — = 20000 = 2b = AH, rnuft be e- 
2 — nn 

qual to the Tranfwerfe Diameter of the Ellipfis, and half 

their Difference = 1 "~** * a = E© = 173 = </, its 
• 2 — nn 

given Eccentricity 3 whenqp »*= 1 £. ^^j- 



i/2-mn\ 

ER > the Semi-Conjugate : Therefore the Area of the 

Ellipfis 
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EHipfis will be ss ^*V/» P bein S tke/Area *>f a Cif- 

- ' 2 — nn\ * 

cfe whofe Serai -^diameter }s Unity. In like Manner, if 
^^**}i, the Divifor of the Value ofS, in our fecond 
Cafe, be made = 0, x will" have only one Value (a) ; and 
therefore the Trajectory . can nowhere make right An- 
gles with a right Line drawn from the Centre of Force, 
but at the Point A,; Confequently* -the Earth, in this 
Cafe, would be continually carried on in a Spiral ABGS, 
'till at Jatt {he fell into the Sun's Body. 




^Hl be found =—£===- x Log. ^ ? g'^AC, 

from which the Earth's new Orbit, ABGS, may be rea- 
dily conftru&ed. 

Moreover, becaufe ~ S is = — _ , S 

Will be a - ■■ ** ■. . x* — /;T7Zr^n, or when at = 
2^/1 — jui 

* = ( n aa - ) the Area defcribed about the Centre 

of Force, from the Alteration of the Law of Attra&ion, 
to the Time that the Earth would fill to the Sun ; which 

is to JlfllL, the Area of the EHipfis before found, as 
2 — nn\x 

*—nn\ to ipy/i — nj?: And becaufe the Areas defcribed 
are as the Times of their Defcription, the Times of de- 
ferring thofe Areas will be in that fame Ratio. Whence 
we have as 2p^i — nn\ toT, the Time of one Revo- 

1 . ^v ■ . r • ■ s 2 — nn] \ X T 
lution in the prefent Orbit, fo is 2 — nn \- to : * 

2p V 1 — nn 

=> tt£ x J i+jC x T (by fubftituting for » a its 

2pb y b 

Equal, 
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Equal, i ^, before found) = i Year, 87 Days,. %l 

d 

Hours, nearly ; and fo long would it be, after the Altera- 
tion of the Law of Centripetal Force, before the Earth 
would fall into the Sun's Body. 

Sch o LIU M. 

I. Altho' the Sun in this Solution is confidered as ab- 
solutely "at Reft, the Error thence arifing is very inconfide- 
rable, and will not amount to one hundredth Part of a 
Day, by Reafon of the very great Proportion which the 
-Body of the Sun bears to that of the Earth. 

2; If the Velocity at the Aphelion was to be intirely 
deftroyed, the Eart h would then fall direflJy along the 

right Line A©, and 2 ~** ^ * T » the Time of Dcf- 
2p*/t-—nn 

cent, would'thea become ^- x • — =s ~ TT Years (be- 

P 2V* 1 ** 

caufe n~o> and T = — I* \ or 59 Days nearly. 
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3 . ThelhortHiftory ot the regal ©uccejiion, Oflavo: Y rice 4'. 

4. The Shepherd's Kalender, containing twelve fcglogues, pro- 
■ £ortionably to the twelve Months } an4 a.Cut fuitable to each 

Month, per?. Sfencer. Price 5/, 

6. Nepos DeJphmst, Oftavo. \ 
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< 1 11; Al- 



jB K$ . Printed for John Fuller, in 
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it. Allein's Alarm to the Unconverted Sinners, izmo. 
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Hundred. " - 

14. Thacker's Mifcellany of Mathematical Problem*, Oclavo. 

ijj^Calvirjo J^utheraniiimus, or an Eflay on Predeftination^ 
OdlavQ. ' s x . 

16. Prayers and Offices of Devotion for Families 5 and for 
k particular Perfons, upon fnoft Occasions, by B. Jenksl late Re&or 
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1 7 . Reading made completely eafy ; or an Introduction to read- 
ing the Holy Bible, that the Learner is lead on with Picafurc from 
finipls and eafy, td compound and difficult Wordfrj which is al- 

. low'd by all to be the rooft regular, fpeedy and rational Way of 
teaching^ by J. Dick, School-Mafter in London. \2mo. Price $ d. 
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